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' .,As a part of the activity of the' writing gixjup of the 
School Mathematics Study Group, working at Yale University" . 
in the summer of 1958, the Committee on Grades 7 and 8 . ' , 
• prepared a number of units to be t?led out by' a/ large number X 
of teachers in thesje grades during the- academic year 1958-59. 
A number of the units are on conten<t which has rarely if 
ever been treated in grades 7 and 8; others are based'on the I 
more traditional-content, but developed from a new point of 
view and with new emphasis . A Teacher » s. Guide / prepared for 
each unit, included a statement of the purpose 'of the unit, 
indication of previous pupil mathematical experiences which • ' ■ 
are assumed, teaching suggestions and" background informatioh ' 
for the teacher. ^ | , ■ ^ . 



\ 



The topics of these units ai^e: 

f 



1. An Introductory Unit on -"Why Study Mathematics?" 

2. , Decimal and Non-D^cimai Numeration. 

3. The Natural Number's and Zero 
4. . Factoring and Primes - ' '* 

4a. Divisibility (a Supplementary^ Uni't) 

5. Unsigned nationals 

6. ' Non-Metric Geometry , . 

7. Measurement . ' - 

8. ^ Informal Geometry I. f Angle Relationships) ' 

9. '.Informal Geometry II. (Congruent Triangles, 



P^erpendiqular Bisectors, • 
Parallelograms, Theorem of 
Pythagoras) 



• 4. I'O. Approximation ^ 

11. Mathematics in Science The Lever 

^ " ' •■ / (a Supplementary Unit) 

12. Statistic^ - A Unit on Mathematics in the Social 

. Studies , ' . . ■ • 

13. Chance _ ... 

1^. Finite Mathematical Systems ( A 'Supplementary Unit) 

,* The Committee makes no recon^ndatlons about' which of 
the two grades 7 and 8, woul'd be more suitable for teaching 
these units. Also, the ordfer of teaching the units is not 
|Of great importance, but there are some ejcceptlons. For 
/example, it would be pre ferable\ that Units ^, 3,' 4, ^nd 5 be 
.in sequence, as numbered. Also, it would be preferable that 
►the four units on geometry (6, 7, 8-, and 9) ^e taught irr* tKat 
order. Units 4a, 11, and 14 are labelled as. supplementary'. 
The Committee does not propose that these units be used wlt*h*' 
all students in a class.) 
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.The Committee has made free use. of materials, prepared 
at the University of Maryland Hathematics Project (Junior > 
High School). In some cases (Units 3,_4, and ih) the 
Maryland units ha'^e been used with only slight modification.' 

It must be \inderstoo(J that all of the units are ex- 
ploratory and that, .the Committee for C^rades 7 and 8 has 
made no attempt to. outline a complete mathematics sequence 
fo^' these grades nor to identify any particular topics that 
must be included in the mathematics of these grades'. Decisi- 
ons like these will be based on teaching experience with the 
new materials during the academic year 1958-59. 



NOTE: Unit 7 'is not included in tViis volume . because of 
delays in editing and printing. - 
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UNIT I • , - 

I . ' WHAT . I_S MATHEMATICS AND WHt^YOU NEED TO KNOW IT 
. ' *^ • 

"Once, on a train, I feU^into conversation with , .- 
the man next to me. He asked me what kind of t 
. work,"l do. I "told him I was a'" mathematician. -He 

' I exclaimed, 'you are'. ^ Don't yoU get tired of adding 

columns of figures all day long?' I had to explain . 
l«^ to ^him that adding numbers can be dgne by a machine. 
, My^^^ob is mainly logical reasoning." • ^ ,. " 

What is this mathenjatics that 'so many people are "talking 
about , these days? Is it* counting and computing? Is it Wasuring 
and drawing? Is it .a language that uses symbols, like^a code? - 
No, mathematics- is much more than this. Mathematics •is a way 
of thinking, ^ ^wdy of reasoning., "it is a science of . reasoning 
called- deductive t*easoning . - . - 

< —————— ' vl 

Let us take* an. example of reasoning. Suppose there are 
. - - * ■ ' /" 

. thirty pupils in your clas-sroom. How can you prove that there 

Tare at least two pup'ils who have birthdays during the same 
mohth? To prove- this ,sti^temeW you don't need, to know the birth- 
days of the pupils in your -room. Instead, you reason lilce this. 

^rpagine 12 boxes, one for each month of ^the year. '^Imagine 4also 
that your t'eapher writes each pupil's name ofi a slip of paper, 
then puts each slip intd the proper box according to the pupil's 
biJi^thday. • If no\box',ha3 more than one name, then the-re could 
not be more than^l2 names. Since there are 30 naiids then -at 
.least one box must contBin more than one name. . \ 

This is what a mathematician does. He pro ves*, statement s . 

^ing logical reasoning. N6tice exactly what you proved. You 
proved,' that if there are pupils in your room then there are 
at least two pupils who wer^ b^rn the ^samewnonth . Jt is not the 
niathematician' s Job to find -out ^^ther there are 30 pupils ''in 
your room. This can be found out b-y observation; the teacher " 
can count the pupils. The mathematician's business is the ' ■ 
"if'-- then" statement. By reasoning he tries to' prove that i£ - 
something is true, then something else must be true. 



In arithmetic you have learned how to .'prove simple state- 
ments* about numbers . You can telLr^ithout;; seeing the bags 
of peanuta and without counting, 'lihat i"f you have 7 Wgs with 
5 peaivu'ts in each bag, then you have 3 5i peanuts altogether. 
You can solv^' more difficult* problems b^ reasoning instead, of 
calculation. 



Exercise . • ' . , 

1. What is the least hu^Jber of students that could be enrolled 
\ in a school, so that .one. could be sure, there are' at least 

' two students with the same birthdate? ■ , * . 

2. What is the largest number of studenits that could be enrolled 
in -a 'school so that" one could be sure that no two students 
have the same birthdate? 364? . 365? Less than 364? 

. ■ * ■ . * ■ 

3. If there are 12 movie houses in a certain town, how many • 
people have to go to the show before you can he' sure that 
there will be at least , two people in' one show? 

4. If there are fiv0 movie houses in a town what is the smallest 
number of people that would have to go, to the mo-vies befoTe 
you cari be sure that at least two -people ' will see the same 
show? ' 

5. What- is the le^st numiber ■'OS people that cQuld' go to the 
mo^vie houses so that '^ou could be'jtfiire that no two 'people 
see the saine show? . . ' 

m 

6. If 8-candy'bars are to be divided among 5 boys, how many 
boys aan receive three candy bars if each boy is to receive 
at least "one bar? ' ' 

Y. A 200 pound man "and his two ,sons each i^ighing 100 pounds 
wsint -to cross -a river. If they have only one boat which 
' can safely carry only ^00 pounds, how th^y cross- the 

•river? " , ^ § 

» - ♦ 

8. A farmer w^ts to ''take a goose, a fox, 4nd a bag of corn 
across- a ri^er\ left alone the fox will eat the goose 

^-or the goose will eat' the -corn. If he has only one boat 
l^rge enough to carry him and one of the others, how does 
he cross the rlvfer? . 

5RAINBU3TER ^• • ■ 
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9. Three cannibals and three mis-sionaries want to cross a 
river,'' They'must share a boat which is large enough to 

; . A 



carry only two people. At no'ti^e may the c&rmibals out- . : 
number the missionaries, but the missionaries may outnumber" 
the cannibals. >If they work together, how can they all 
crosa the river? 
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.10. Eight marbles all' have the same^ size, color, and shape. 

Only one marble differs in weight. Using a; balance sc^le, . , 
can you find the heavy marble if you make only two weighings? f 
* * ^ ^ ' ' ' ■ , " , 7*^ ^) 

One way to solve problems is to try- all possible ways to 

see if any of th^ works. This method, is called the - experimental 
method . When y^u use this method you experiment like a scient^Bt 
in a laboratory.. In many problems such an experiraeniai method 
works. »Can you think of some problems that have %een solved in ■ . 
^ this way? A good ^example is the story of how Edisoh invented 
• . the electric lamp. Try to find^oiit how Edison developed some'- 
of his inventions'. ^ ' 

'Of* course the part of mathematics which you k^w best right 
.now is arithmetic. .Even in arithmetic you can obtain results 
by deductive reasoning which would be hard to obtain by ordinary 
calcHlation. When Karl Priedrich Gauss was about 10' years/old, 
N his teacher wanted to k^ep- the cla^ss quiet for a ;^il^. ' He ' ^ 
told'jthe .children to add all ;bhe numbers from 1 to 100. In • 
.about two ^inutes Gauss -was up to mischief again. The teache^ ' 
asked him why he wasn't wo;pking. on the problem. He replied "I' ve. ' 
done it. already! " ■ "impossible!" exclaimed the teacher. ' "I'ts 
easy, " answered Gauss. "I wrote ' ^' 

i + 2 + 3 . f 100 and thefn I reversed the numbers 

100 + 99 +• 98 . . . -f ■ . 1 ' and then r--added each - pair of numbers 

101 -f 101^+101 ... + 101 . - ^ '. 

When I add, I get^a hundred 10l4, which gives m? ' • , 

V 100- • 101 = :|.0il00. But I used each- number twice, so I divi<Jed---i^ 

my answer^'^by 2." 'lO.lOO . * • 

Answer, is . . • ■ . ' • . 

^ Who was Karl Gauss? Where did he live?- When did he live?' What 

did he .do fgr a living? , ^ " ' - 
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Exercise. • ' . v * 

I. , Add all the digits from 1 to 5 (1 !+ 2 + 3/4 4 -{■ 5) usirrg 

Gauss* method. Try to discover tl>e "short" method used 
by Gauss} . ' 

■ ' . ' ■ ■ . • 

2. Add 0+2+4+6 + 8. Can you do ^th is mentally^ How 
many digits are there in our problem? What is the sum of 

' the first a^i^d last digit?, 8 +-0 = ? Find .the product ;^ 

■ 5 ' 8. Tak.^ half of this answer. l/S of 4D 20. Is 
. this the correct sum? ' . j,'-' ^ 

3. Add 1 + 2 + 3 liusin^ Gauss* short method. . ■' 

4. Add 2 + 4 + 6. Does the short method work? . * 

, . ■ - ■ ■ . • • 

5. Add the numbers 0+1 + 2+3 ... + 8. Does the short 
method work? , ' • * 

(three dots witten . . . mean^ ''and so on." a 'dot is tised 
for each word.) ' 

6. ' Add the odd numbers from 1 to' 15. 1 >f 3 + 5 ... + 15. 

7/r^dd the even numbers, uji to 20. Start with 0 + 2 + 4 -f 6 ... 
• 2 20. * ■ ^ 

Bi:^ Add the ^niambers-l + 2+ 3\>v^25. . 

9. Add the odd numbers 7 +^9 + 11 ... + 17. * ' • 

10. Add^the even numbers from 22 to 30. 22 +.24 + 26 ... + 30. 

II. Add all the numbers from 0 to 50. 0+1 +^ 2 +3+4 . + 5 
BRAINPUSTER • ' . v 

12. Add all the numbers from 1 to 200. 1 + 2 + 3 + 4 . . , 200. 
Then add all the numbers from 0 to 200.. 0+1+2+3+4.. 

< 200. Are- the answers for these two problems the same? Why? 
/ Will this method work if we start with.O? If we start with 
1? Will this* method work for. a number series if we start at 
some place other than 0 or 1? Can you determine why? % 

A mathematician reasons about all sorts of thj^ngs. :^e 
thifiks about numbers and shapes. He tries^to l'ig\ire out . the 
lifting force on "an airplane wing. -He tries to predict how. many 
automobiles will be ,^3jd next year. EvSiTyi^ere ^^u look'you 
♦Xind things to wonder 'about . If you are full of curiosity you ^ 



\ • • ■ ■ \ 

will .enjoy being ..th^ detective in a 1 if e-lon§ mystery story. 

The physicist and the engine'er make «xperl;ments to find 
out the laws of the flow of air. "Mathematicians start from 
the laws which engineers have discovered by observation. 

-Mathematicians try to find out, by reasoning, how airwill 

■ flow around .a wing of a certain shape if the "airplane is ^ i 
moving with a certain speed. 'Riey try to predict the"liftihg 
force on the wing. The -engineer then makes a model airplane • 
and tests _ it in a wind tunhel. If the mathematician's predic- 
tion Vorks, then the engine^ may use it to design a new air- 
plane* If the mathematician's prediction does not wortc;. he will 
have to change the "if" pa:^ of his reasohingj^and' try again. " ' . 
Nowadays, it;; .takes 100, opo h^urs of paper yfork before an " ' ] 
engineer can 6egin •.^feh^solanning work for designing a pew air- 
plane. . ■ , • * ' ■ 

t ' When Walt Disney considered setting up" Disneyland, he -Wd 
mahy questions . He^ wan.tfd io know haw big^it should be, where ' 
.it should be, itfhat actoji^Slon price sfiould be eharged,' what • « 
s'pecial fatuities he, should have for. thfe Fourth of July and 
other rioliday»s. *He didn-' t wan^ to start building Disneyland «• 
at a cost of 417,000,000 yntil he^knew the answers to these 
questions. No one likes to -tgke a chance on losing that much 
money. Di-sney went tjfo, the Staiiford Research 'Institute whepe 
there is a group of mat4iema,t^qjitfly ^trained peopl^ wb^ are 
specialists on applying mathematical -reasoriirig %p business 

.problems. They gave him the ^swers he ne,eded to start building, 

On^'topic of interest \o mathematicians is probability or 
chance. Probability. is important in many games suph as a 
game with cards. Probability i^ also imp'ortant;in .business , 
in government, and in science. For example, a "mathematician 

,us?s probability to predict how many people will be killed in 
automobile , accidents . Government, experts predict how much * 
fgo^ will be produced by farmers, even before the grain, is ' . . 

^ v.. ^ 
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plante(^. A scientist will ' predict how mainy radioactive 

molecules will fall on your yard tonigi)t. The weatherman uses •. 

» 

probability to for^c^ast tomorrow* s weather. ,By using probability 
with~^grl!cultural, experiijients scientists obtainik -hybrid' corn ' " 
end' rust resis,tant wheat. ' . 

Most mathematicians are not mainly interested in airplanes ' 
or farming or business or government. They are mostly interested 
ih the- reasoning which is used in solving ;the problems which- 
arise in these fields. They feel about their work more as a. 
painter or a composer or apoet. Mathematicians find beauty 
ah^ fafe conation in the^ new ideas they discover.' You may say 
th&t mathematicians v^ork for the hm of it,* But the rest 6f 
the world pays .them to'enjoy themselves because they find the 
results useful .V Sometimes a mathematician* works on I practical * 
proMera. Often his work tui^s out to-be useful only -after he 
J;jas passed away. . ' ' ^ ' 

Exercise. ^ ^ • • . 

/ To see how probability works, imagine that you toss two 
pennies. There' are 4 possible ways that^ the' coins can come* 



up : 



First Penny 

Second Pfenny 
^ ■ 



H 


H 


'T 


T/ 










; H 


T 


' H'- . 


. T 



^We are using, H to represent heads and T to represent tails, : 
*HH describes the^^ven't of 2 coins 'coming up heads. We say then 
thsCt the possibility of tossing 2 heads with 2 coins is 1 out 
of k or 1/4. We cannot predict what will happen in any'one 
toss, but .we can predict that if the two. coins are^tossed 
100,000 times then - it is likely that two ' heads wiy. come tip '"^ 
abo.ut 1/4 of the time. \ ' .-. . 

1. .What; is the 'plrobability of drawing the ace o'f spades from 
a deck of cards?- ,^ _ - ^. . 

2. "What is the^ probabil-ity of drawing any ace -from a full dec^ 
of cards? V / ' ' - 

3. "vwhat is the probability of .thrpwing a -die ^dne of a pair of 

dice) _-^d having two dots pome up? / - " - . . . • ^ . 
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, \. What is the probabilit^y of thiTQ^jing a pair. of ones (one dotj 
on each die) with o|ie pair o/ dice? * . * 

' . *' ' • ' ' k ■ 

.5. What, is the probability of having 3 heads come up if 3, : ' 
pennies are td's'sed? 

' * 

yhy you' need to krK>w mathematics ' - • ., 

-You are living in a^wp rid which is changing very rapidly.. 
Scientists are making medical disQbveries so that people liveV 
.longer. Scientists and engineers are finding new ■^hings to 
make and do each year. . ' 

If you want to know how much our world has changed, ask-, 
your parents and grandparents wh^t life was 'l;ike when tjiey 
, were. in school. How did their w^y of life compare wi*^ ours? 
You will probably live thi»ough more changes and face more new 
kinds of problems than either your parents or grandparents. 

No one knows what these changes* will be, or what thin^ ' 
you will need to know when you grow up. ' In fact, you will 
need to learn very many things which haven *t as yet been dis-' 
CO veiled. Therefore, you need to know,- more than anything else, 
how to get new knowledge. Since any Job you get will change 
very rapidly, your employer will not be so much int|rested in 
wbat you know as' much as how will you know how to -find things 
out. ' " ' , , , 

There are two main ways of learning about the world around 
you. . One is the method of observing and experimenting. , This 
• is cal'led.'the Inductive method . This is the. main method used 
by tiie; scientists. The other is the method of logical reasoning 
Thlp- is the deductive - method . 
[ The scientist, -engineei^, and mathematician use both of 
these methods . You will understand the world around you better 
iFyou know how to use these methods. 
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You 'Should also leam as much as possible about mathe- 
matics. in other Jobs because "aiv ever -growing nii^nber bf jobs 
demand more, and more matheihatical Jbraining. I^s an exan^le 
take the departments of the gov'emment.' ■ ' 

J!any departments o-f the govemmeiit use mathematics in their 
daily work. ' The government apd V^^ivate industry employ many 
mathematicians' and matheTnatically trained people in physics, 
chemistry, biology,' engineering, economics and psychology, 
s There are now about 7,000 p^rofe^sional mathemat'icians in the 
United States. THe^omputing machines now on order would 
.require nipre than twice that number of mathematicians . Even 
if you donH use 'mathematics yourself in whateveS* job you get, 
and there will be fewer ^dbs -like that as time ^oes -on, you will 
also have to know how mathematics is used in every phase of 
modem life in' order to b^ & good citizen, !For example, most" 
of the bills before Congress today involve mathematics or 
science in some way. . 

Finally when you grow -up , you will have more Ore isure than 
'people have had before. You' c^n choose between a duri, empty 
life or an exciting, full lifp. When you leam a way of"^ 
creating beauty yourself, and appreciating the creation of 
cr^hersi you will enjoy art exciting life. By leamiTig- mathema- 
tics, what it is and how i^i works, you will be prepared for *a 
successful and creative life. ^ 



uiir II 

. *Vb&t doM tb« maMTftl 353 mtimi ' ( 

r ' ' • ' .r X' 

358 can »l»o be writt«a «i J IloDdred*;* S. t^^ .^^i'Sit^ ttew 

piurts. the vbol« otoMral muis^m three boxaaired flHy ei^. 

' ■■ ' r / . ' 

Peopli^'&i! »ot ftlveye. use tble ^itea fo^^idf ing^mjaenOe, ¥1mb 

- •*' *" ' ■ " . 

priaitlTe^ psople kept a ree^<^^ « mmber, thej often did it by mkiag 

ccratcbfts is the dirt or o& a etoso, cutting notd»i« is a sticky or ^ 

tylBg knot* in a 'rope. They kept track of their sheep or other snisals 

fagr plaeisg pebbles in s pils» one for oach aniaaX. Later they knew 

that sheep were missing if there vas not o&e sheep for each pebble, 'Ve 

do Buch the ssM thing wbes we cwaa t^to votes in a class eleetiottf 

making "Oce Mark fo^ each TOte, like this 1^4-^ Ui • The-iiqportant 

thing aboi^ those ways of recording numbers is that mark stands 

for one object, and there are as many marks as there, are objects. They 

did not ha^e as^ marks which stood for seTsral things^ such as oar "8" 

to stand for " IHIjM i " or tiie Rcass "V" to stand for ■ImTT^I ' 

Much later, people begsfi to use a single fyabol to stand for 

several objects. The Sgyptiaits used symbols of this kind. Thoy had 

different symbols for 1, 10^ 100, 1000, 10,000, 100,000 and 1,000,000. 
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TImI/ i^bols are thown l)«Iow; 

. .1 - i ^ Stpok* 

' 'XO Yl , H«el b<ae 

» • . ■ ■ . , ^ • 

100 ' ^ ^> Coll«d rop« 

lOGO I - Letufl flov«r 

10,000 • . r . ^ B«t reed 

100,000 ' , <^ ' Burbot fi«h 

1,000,000 J^cmiilwd ■!» 

Tfaftjr rcp««t«a th« i^mbol to ihon other mnbsrs. Thmir igrsbol fca^ 100 
*^vmi r«f«Rbliiig a e^«d rq^, ^ "^N^ wrot« isrcn hufidrcd a« 

"ff??9^, Th* ord«r"/lii which the.»jmbola wer« written was not 
iaportant, and hundrtdt ecmld bflt^ittan aitjier before or af^ar tjbiou- 
■asds. They eoold write' "35" either as a aa ^[^ or "| n a A • "lO^l." vaa 
wrltteaj f 1 or ?t7f fftA/*-^ » or {maa t?9 If • Notice that the 
BUBerioal value of an Egyptias ^mouiraX ii the rxk ofV,the mabers 

. ■ . - ^ X' 

reprfsented bgr the individual otiaerala* ^ 

The Babjlottiana,. who lived Ixmg ^go in the part of kiia which we 
call the Middle East, had en intereeticg w^r^y writing ntmerals. They 
di^their writing on clay tablett with a wedge^like initmaent called a 
•tylus. Their iTKbol for 1 was Y «Bd their ayMboX-for 10 waa • 
Tbey repealed and coabined these syabols to write the nnsbers up to 59» 
For exsaple, "-^VT" meant twelve, and '44 " aeant forty-five. 

To write suBb^rs larger then 59 they uMd the saae syiibols, but the 
position ih which they were written chanf^ their value. They «s^ 
the xnuiber sixty ^ the same way that we use ten.- If we write 452, it 
U X 10 X 10) *- {$ X 10} * (2 X When the Babylooians wrote 




.^44 T*-^'^^ ^ ■ it {32 x.60'x 6p) ♦ (52 x 66) * fl6 x 1),. 

< ^ - ' ' ■ 

Sijac* th«y bad no lyaibol foi* s«t^ tintll about 20Q B. C, they 8<»etl«e9 V- 

• . • . - "' • _ ' ) • ■ * 

laft'iapt^jr spsces ia their numerals where ve would write ier<iis7^ It i« 

thought that our.wigr of dlTidixig aix hour iotp sixty- minutes «^a mimite 

into sixty seeonde is related^ to the w«y the Babylonians uabd sixty in 

writing large nuBbersl 

-l. How would the Babylonian nua^ral above be written in rair 
' nuasrals? ' ^ 

2. Since order made no difference in the meaning. of the Egyptian 

numerals, in what other ways than those shown might they have . 
written 2341? How might the^ have written 37? 1,111,111? 

* " ' ' ' ' 

^Qf have often seen Roman numerals. This system used strokes, 
which many historians believe were pictures of fingers, for the numbers 
>ftrom one to four, like thiss | u (U . Then thay used a hand, 

for five, like thiss ^ , Gradually they began to leave out sow of^ 
• these marks and wrote ,^five this wairs V, They put two hands together 
for ten, X , which later became I. To write other numbers they com- 
bined these by addition. For example, XVII = lO ♦ 5 ♦ 1 1 '= 17; 
CLIIIII = lOd.* 50 ♦ 10 ♦ 1 ♦ 1 ♦ 1 ♦ 1 = 164 ' 

3» Vrite the following in Roman numerals: 

(a) 51 (b) 75 (c) 160 (d) 512. (e) 1958' 

^. Write the f oUowiijg in ordinary Hindu-Arabic numerals: 
. (a) VIII (b) CV (c) IXE (d) MCCL (e) Dili 

>tach iater, the Romans began to use subtractioi|! to write scbe numbers, 
and wrote four as IV, nine as IX, and forty as XL. As you know, L 
aeans fifty, C means 100, D means 500 and H means lOGyp. Scmetimes 
they wrote^a bar over X, C, and M, uid that multiplied the v^ue'-ty . 



'\1 



erIc \ , V 



■J 



10004 X »»*ns 10,000, C a^s -100,000, aod K aoass l.OpOjjXX). 
5* i/xtk. i^ . tl^ 'Gr««k,. Hal^roy Make cl 

of these oot*tioB8 for display in your, classroom. 

6. Hov would the sum of 3 and 5 have "been writtes hy a Greek 
child? How would he write *30 ♦ 50? How do«s this compare 
with the usual way of solving these two problems? , 

7. Look up Al-KhMarl«mi, Ger^^ (Pope Sylvester II), Adelhard 
^ of Bath, and Leomrdo of Pisa (Fi^KWiacci). f 

8. ,FiDd,out where our word "digit* ^uaes frco# ^ 



9. * number and write it in as maiay diffj^ent kiuda 



of^muaerais as you -can . 



i. 



18 



. ■ ■ ■ • ' ■ 
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'li \ mR DECIMAL KUMEmS • v> " 



*3 



Our \my ol* vritlstg nuaer&la was invented Ipdia, brought to 
Europe hgr iribs. V^or this reason they, are called Hindu-Arabic nuniBrala, 
aXjbhottgh iymbo^s the Arabs use now are different fro& oiir s^FmbQls. 
the iaysortant 6b&ract4riatio8 about thil system of writing' moaerals are: 

(1) ^aeb sysbol is the naflte of a moaberg^, 

(2) the positi^ of a sji&bol in a numeral tells the 
V sise of a grou^j and 

(3) there is a symbol for sero, which is used to 
fill places which would otherwise be smpty 
azui might lead to misunderstanding. 

For example, 3 is the,nia»ral for a set of three things. 30 is the 

numeral foir.3 collections of ten thiijgs each, or thirty things. 300 is 

the ziuiumU.yfor 3 eollect^^^ of ^e hundred things each, or three pmi" 

dred things. TiSdit ion, mat ipli*at ion, subtraction, ai^i division are 

usually easier to perform with our system tjjan with other systesis, as 

you will see if you try to add or multiply using Egyptian, Roman, or 

N^hy Ionian numerals. 

The ayiptem we use ^f or writing numerals is called a decimal system, ' 

The %K>rd **deoimal" comas frodi a Latin word which means ten. Ve can . , , 

write the numeral for any number, however large or small, by using just 

ten mimber symbols, 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. This is possible, 

because the way va write numerals o&kes^se of place value; that ia, 

the poiition in whict a symbol i^ written, as well as the symbol, ^" 

» 'I 

determines the number for which it stands. The 3 in 358 stands for 
three hond^Sr the !5 f or $ tens or fifty, and the 8 f or e^ht. When 
we coast a group of objects, we usually groups them in tens. For exsaple,. 
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in the x*s balov a line is draws around a group of t#& x's. So w« say 
thfxv u% 16 X** on e group of.^es, and six aorttv 




Suppose ve had a large group of x*s« , Ve caii dravc liaes arouxid 
iproups of ten until* fever than tes fire left. Then ve cfan drav another 
lioe aroimd each group jof ten ^t^Sj.;bra^ho^ . 




K 
K 
K 

K 



< 

< 
< 



In this picture the dashed lii^ is ^rmmd 1 group of 10 tens or 
1 hundred; there are also 2 tens, and So there are Ix(lQxlO) * 



2x10 ♦ 3x1, or 123. 



10* Drav tventy-seiren x's, and dx^v lines around groups of 



ten to shov vbat 27 owans. / . 

11. Draw a group of x's in vhioh all of the x's are in groups 
. oi^ 10. Write the numeral for this group. # 

12. Write the meaning qf these nUBerals in the way shown for ^^B. 

48 a (4x10) ♦ (8x1) : 



(a) 


354 


Cb) 


6421 


(c) 


709 


(d) 


- 320 


(e) 


2€jgO 



1^. Cop7 and conplete the following multiplication table, using 
Rooan ma&erals. 



^0 



{ ' 

! 

f , 







f ■ 




























JL 










































it* 






P 
















•{5, 










N 







Ub«c v« add xnnbera 'v« oako utt grov^ of ten also* - When va^ 
•ay "How aaxcb ia^V+ 7?«, w« asiuii *Bow i^ii^jr tans , and ones?" So we do 
not-aay, ■9+7fe5*ii," althou^ that wou^be correct. We can regroup, 
ae Allows; ' . - • 



9*7 = 
9*Cl*6) = 

16 



or 



9*7 a 
(6+3') +7 = 
6*(3>7)= 

6+10 •= 
16 



Ve say our aya-tm of writlng niaBorals bas the ten. 

Starting at ones» place, each place to the left is given a value 
iq tixes as large as tije place-before. The places ftoa rigl^t to left 
fiave the v&lues shown below^ 
I lOxlOatiOsclOxlO | lOxLOxlOxlO t 10x10x10 \ 10x10 | 10 | 1 | 

Often, we write these values aorc Isriefly ^ using a saall noaeral 
to the right and above the 10.- This niaeral ebows how aany 10*s are 

1 * ■ , « _ » ' 

aultiplied together. In this way, the vsalues of the places are written 

-^J05 ] 10^ I 10^ I . 1^ ^1 I ' i . I 

and are read . ■ v. " - 

10 to the f iftS" pov^r/ 10 to the, fourth power, 10 cubed, 10 squared, * 
10 to the first power, 1, 



Ifwerals used as the 5, 4, 3, 2,* and l^^^uaed ibove are called 
■easponents" and the nuaeral with irtiic^ they are used (in this ease, 10) 



4 ■ ■ ■ . ■ 



is called baaa * The ounbei^ represe^ad "by tke entir^N;xprassion| 
^eh fts^ loS c&llad a tx>ver » ^ 4^ is « |ihart wojr to write 4x4x4* 
U. Vhat is a short wgT to wite 3x^x3? ^ 

15. What -is t\e meaning of 5^? . ' * * . ' . , 

16. 'Vi^iat number is represented isy 4"^? 

17. Vhich represents the larger mmber^ 4^ ^or 3^? 

; The meaning of 352 aay now be written using exponents, like thiss 
(3x10^) (5x10^) ♦ (2x1). f 

18. Write the numbers below using eacponents. " : 
• (a) 468 (b) 5324 (c) 7062 (d) 59,120" /' 
Probably the reason that we a numeral system with ten as betse 

is that people have ten fingers, and whan primitivje jkbix began to count 
their posse£ssi6ns they oaunted on their fingers. This accounts for the 
fact th^t the ten symbols, 0, 1, 2, 3, 4# 5, 6, 7, 8, 9 are called 
"digits." We speak of these sjtebols as digits when we wish to refer 
to thea apart Troisi the longer nuBierals In vhich they are izse^^ For 
example, the '^digits^' in U5B are 4, 5, and 3. The Celt^ vfio lived in 
Europe more- than 2,000 years ago, used twenty as baseb and so did the 
Mayans in Centtral 'America. Can you thiiik of a reason? What special 
word io we son^times use . for twenty? If. Martians had a different nuaber 
of fijpgers they might use sotte other nuaber as the bg^se of their 
numerals. Let us see how systems with bases other than ten work^ 
19., took up the French words for "eighty* and •hinety," Do 

you know. an English word which indicates that some people 
used to count by twenties? (Think 'of Lincoln's Getty8bu:g| 
Address.} 
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NDHE3itLS IN BASE SEVSN j 
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SuppOM \m have A fyateia vlth »ev«ip as base. What sym^s shall* 
vm have? . ^ • 

• ^ 0, 1, ^, 3, 4, 5, 6. ^, 
TKay« are seTcn digits q|r aymbols needed ?f or a ^stam of numerals to 
-the bas^ seven just as there were ten needed for base ten. Let us 
group the x»b b^ow go as to write the nisaber t>f x'^ i^ base- seven. 




«^ ■ 

We draw a line around seven r's, and see that there- is 1 group of / 
seven, and 3 »3re. There are 13^^^^. We write the "seven" to show 
what base we are uAing. "13^,^" aeana 1 group of seven and 3 ones. 
Up to 66g^^, you My t2iiik;(jf the ^lambsrs in terms of veteks and cla7o# 
wien no base ie written^, v^, understand the nuiiwral is written in base 

.-»,.__.,L.„__: 

Then write each of the aboVe in deciaal notation, 

21. Suaerals in base seven can be written out like this: 
^seven * seven^) ♦ (4 x seven^) ♦ (6 x one) = 
(2 xc7 X 7) ♦ (4 X 7) ♦ (Vx 1) = ? 
How would you write this numeral in the usual deciaal 
notation? 

Write these vnymerals with ex^nents in^he above wys 
- , 568„en <t)) -2a.^^^ ' (c) TO^^^^' (d). 4120,,^ 
Then ^ress each in declaai notation. 

22. .Below is the beginning of a chairt of the numerals for the 



* 



QUKbars tnm. Q to 110 (base tat])* Frm hor^ on, in ixKiic&tifig 
bftt0\t«B9 vrite it ip nords (^baso ten*^) rather than ai a , 
myMral* ^Thia is xiacaa^ary sicca 10 aaaup of tba baaa, 

wbicsh say ba Y or asQr iiu&bQr;^' H&ilb the charts aa you will 
naad 14 latar« 



> 



0 


10 20 


A ■ 
30 


1 

.40 


50 


60 


70 ao 90 100 110 


"1 


ii ; 21 


31 


a 


51 




71 


a 


12 22 


32 


42 


52 


62 




3 


13 23 


33 










4 


U 24 












.5 


15 












6 
7 


16 
17 










4 


8 


18 




> 








9 


19 













23. 



Copy and coo^ete tbM follov^g table.. Mike a *chart Hka the 
one in Ex. 22 to ahov the Dmerale fxroi^Og^^ to 11O0«v«q. ' 



0 
1 
2 

3 



10 

n 

12 
13 



20 
21 



30 



40 
42 



50 60 



4j 14 



) 



15 
16 



55 



r 



24. 



?#^g Bage ^fffi Suffent^-P 
When v« laam to add nusbers ascpresaed in base ten ve learn 
100 "baaie" caabinationai^ Thftae coabinaticea mre arranged in 
tba chart belov. Finish the chart. 







0 


1 


? 


Second add«>d 
3 4 5 6 


7 


8 


9 




0 


'6 


I 


2 


3 


4 


5 


6 


7 


8 


9 


} 


1 




2 


3 


4 


5 


6 


7 


8 


9 


10 




2 






4 


5 


6 


7 


8 




10 


11. 




3 








6 


7 


8 


9 


10 


•11 


12 


rirat 


4 










8 


9 


30 ♦ 




12 


13 


addend 


5 












10 


ii 


12 


13 


U 




6 














12 


13 


U 


15 




7 
















U 


15 


16 




8 


















16 


17 




9 






f 

















24 ^ 



n-ii 

■ - . ■ > '■ ^ , , / . > 

25. CompRi-e the part of the t«hl» .you haT«/fili»d in with the' - 
part which ia there now. tfbat'do jroii notice *bout the two • 
parte? ^ — "V. . ^ 

26. Finish the chart below, ei^wing 'th^ mas in. base seTezu' 

. , Sn^God addend 



0- 

' 1 
2 

First 3 
addend 4 

5 
6 

Zt* When you add nuabers expressed in base seiren, how juauy basic 
combinations are thisre? 

28. Draw lines, in the addftioc cha^ for base seyen like the lines 
in^the chart for base ten. *Are the ttto paries of the tJlde 
alike? ■ ^ f 

I • ■ . .... 

29* Add these ntsabers in base ten: 25. 

As you know, ^u "carry" when the stai of a co^ump is ten or 

% more. 25 = 2 tens + 5 ones • t 

48 a L tens ♦ 8 ones ^ ' -^ 

6 tens *-13 ones = 7 tens ♦ 3 ones * 

Add: 24^eYen ^ ^ sevens + 4 one< > 
l^seren " 3 sevens *■ 5 ones 

5 serens ♦ nine c^es = 6 sevens ♦ 2 ones = 62 
f30. Is it possible to "carry" in addition in base seven just as 

you do in addition in base ten? » 
31. In base ten, you "carry" when t^sum of a colmsn is ? or more. 
>2, Xn base seven, you "carry" when the sum of a coluao is ^ or 

■ore. 



0 . . 11-12 • / 

• •• . > ■ 1 ' . ■ ' • \« 

» ,■ ■ . • • \ 

33. Add thew amber* in baso 8«v«n. : 

l^a^^en Ua«ir«n 25s«^ ^ ^^^»even P^^sew 



34. For Ex." 33c, write ou^ th« addil^^to show how yoxir answer 



f 



was obtained. Express the* nuaibers in Ex. 33 to base ten, and 

check your angers ^ adding in the usual vay. 

35. Subtracts 435even reaaii^er 25s«Ton^ - 

iiseven 



To subtract 43aeven » think "41 se-rens ♦ 3 ones = 3 ssTens ♦ ten ones 

1 seven ♦ 5 ones = \ seven » 5 ones 

* 2 sevens* 5 ones' 

■\ * ■■ . ' 

■ 'M' 

36. Sn^fcSract these n^bers in base sevens , 
(*) 56seven 'ei^^e^ (c) 3^^^^ (d) 06 

seven a 

l^seven ^seven 25»even .2^geven . *▼ 

37. For ibc. 36c, show how the 3AaeYen ^* chianged, in order, to 
sake it easier, to subtract. . y 

38. CoBplet6 the Multipl^-cation chart below for numbers in base 
^ seven. Are two parts of this table alike? 







0 


1 ■ 


2 


3 






6 


0 




0 


0 


0 


0 


0 


0 • 


0 


1 




0 


1 ' 


2 


3 


4 


5 


6 


2 




> 

0 


2 


4 


6 


11 


• 13 


15 






0 


3 


6 


12 


15 


21 


24 






0 




\ 










6 












# 







39. Hoitiply these base seven numbers. 



(») 52seyen 34seven 42l8even (d) 21 

seven < 

j _6 ^ • ^. * 12s0ven 

40. Here* are so«e nunbers in base seven. How would you write • ' 
them in base ten? , 
(*) 43s.,«n (b) 526^^^^ (c) 3043.^ 2^8even ' 



26.,- ■ 
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41. Change the snmer&ls in ths «z&aples la Ex* -39 to numerals in 
base t«n^' and Bszltiplgr again. C^eck ycmr answers changing 
tfa« answers ^ Ex. 39 to bass ten^ 

42. Explain the division of these base ssTsn cumbers. (The base 

. . " ■ <■ " 

is not writteii in the body of the workj).. \-J^thasssSk 

6)4053«eTen 

(a) 6|42,«^^ .(b) 6|4a0.^n 

45 



(c) ' 6i435 



seren 



33 



•' 43. DiTide SOig^^^ by ^a^en- 
44. Divide 6$2a^^eo Igr 

^seveni 



TESTS JX)R DIVISIBILITY 



V 



45. *Look at the counting chart for nuabers. written in base 10. 

■ 

How can you tell which mmbers are divisible bgr 2? &>w tsxa 
you tell which are divi8ibXe|by 5? ^y 10? 
4i6. How look at the counting dl»rt for numbers written in base 
seven, and c^py the first ten noBibers which are exactly 
divisible by 2. Is there an easy way to tell whether a 
umbfir is dlTisible tgr 2 from its expressions in-bass "'seren? 



) 



47* ^nroB the oountixig chart in base seven, copy the first five 

nisibers which are divisible l^. seven. How can you tell t^ether 
a. number written in base seven is exactly divisible by seven? 
48. (a) In the counting chart 1^ numbers written in base ten, 
look at the ones >^eh are divisible by nine. Vhat do 
you notice about the sum of the digits of each numeral? 
V Can you guess the general rule? 

(b) Think of four numbers, 'larger than 100, which are 

divisible bgr 9* Add the digits in each numeral. Does 
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r 



■ ■ • ^ • * ■ 

tb« n^e that' 70U bav« just gu«tMd work? 
(e) Think of four sumbftrt^ iUrg^r than 100^ Wch are got 

diviiihls 92^/^*0 tether tb« rult 70a found vorka 

• . ■ , •• 

for thoas ntmbcra^ 

(d) Can TOtt tall bov to dacida vhathar a numbar ia diviailila 
^ tsgr nina adding tha digita in ita haaa t«& nuaaral? 

^9. (a) In tha counting chart for nuah^ra vrittan in baaa aavan, 
, look at tha onaa vhieh ara aapactly divia^hla a|x. 
Add tha digita in aaeh &ua«i«l. Do you notica a ganaral 
rula? 

(b) Think of, four numhera largar than fifty, uhieh aro 

/ •'■ . t ■ 

^ diTiaibla hy aix. Write th« in nuaarmla in haaa aaran^ 

than add tho digita in oach nisMral. Doaa your'mla 

atin work? ^ 

(e) Oq ti^ aaoe for fo^ nusihara larger than fifty, vhiefa - ^ 
\ ara diviaihle by aix. IkMa tha rula vork for thaae * 

nukbara? V . 

(d) Can you tall hqv to daeida i&ether a snaber ia diviaibla 
^by aix IQT adding tha. digita in ita haaa aaran ntaaral? 
50. Why afaould-^hltaat for diTiaibility by nina with maarala to 

I ^^^^ ♦ J 

)' baaa tan ba lika thatta^ for diTiaibility by aix with fiuaarala 

"to baaa aaran? 

51- (a) m tha counting chart for baaa tan, cho9id.fiv8 two-glace 
nnabara which are aactly diviaifala Igr >. Find tha sua 
of tha digita for each nuabar. ' Can you diacovar tbs 
2 general rule?- ' 

^ (b) Chooaa five nuabara between tec and one hundred vfa|ch are 

not exactly dirisibla Igr 3 and find tha^'aSl^^the baaa 
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ten digits* Do«s the rule still vork? 

(c) ^.-Mb&t seeiss to be a w«y to .tell whether a ousbdr vritten 

in- base ten is e»etly divisible Jq^ 3? 

(d) Look at the counting chart for base seven and choose 
fiT6 tvQ-pXaoo Duaber^ which ar« divisible Idqt 3» Does 
the a#ttod you stated f or mrabere vritten. in base te& 
8e«B to. work for bafte seven nmox&ls? 

(e) Can you suggest another base for which this test works? 
If so illustrate* - ^ 

52* ^Urite a nuKber pi base ten which can be exaetl;^ divide 'bfy 4. ' 

Urite the sam ntimber in bftse saves • C$n it be exactly 
A divid'ed by 4? - ' 

93* Think of a nunbes* whigh can be Txactly divide 5« Write 
the Qvmber in base seven numerals and in base ten xosMrala. • 
Divide by 5« writing the quotient in base -seven and. also in 
base ten. Are the nuaerals the sajae? Do they represemt the 
saae n\m^r? 

CHAKGIKG fHOH BASE TEN BASE' SSVEN ' 

lou have learned how to change a nuaber written in base seven 
numerals to base ten ntimerEls* tt is also easy to change froa base 
ten to base seven. I»et Mti^^B hov that is donsa 

In base aevenj^ the values of the places ar* 1, seven^, seven , 
seVen^, and so on. 

sevcn^ 7^eu 
sevan^ 

seven^ 343^^ . ' 
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Example: Change 524^^^^ to base seven nueaerals. 

Since 524, is l&Tger than 343* first see bdv i&any saven^ there are. 

3431524'' The division shevs there will be a 

181 Jrin ^® seven'^ position. 

Kov see Hbv many 49' s there are ini^l. ' 

49 1 181 There «ill ^ s 3 in t'he 'seven^ 

m 

34 positiQn. 
Now see how many aevep*. there ar^ X% 34. 

■,-6 ' ' . : ' ' - ■ V' 

There wiH'be a 4 iJi the seven 
6 position and 6 in ones' place. 

So 524<^^= (1x7^)^* OxV) ♦ (4x7^) ♦ (6 x1) ^ 

54^* Change 5QteD sftven suniral^ 

55* Change to bahe Sdven nuneraXse. 

56i Divide 195a^g^ ten.- What is the quotient? What is the >* 
^r««sinder5 D^ide the quotient by ten. What is the new 

quotifapt? Continue, in the same way, dividing each quotient 

- ^ ' I ■ 

by 10, until you get a quo^fient of sero. How are the sue- 
^ oessive remainders related to the original ntaaber?"! Trj- tbe 
sane process wj*fi 123,456,789^^^* other 
ma&ber. 

57. Divide 524ten ^ seven. What is the quotient? What is the 
Remainder? Divide the quotient by seven, and continue as in 
bbc. 56, except that you divide fey seven each ti«e instead of 
ten. Ck30p€ure the reaiainders with 524^6,^ wrii,ten in base seven, 

58i Can you give SLi4ther method for obangiiig froo base ten to base 
. seven? , ' 



OTEEH BASES, . ' ' / 

.■• ' ' • ■ : • ■ 

lou bftT« st\|dled nuanbers writtes in base ten and base ceven. Nov 
l,tt tt« try BQGie other btsaa« \ 
59 •> Hov maoy symbolg vould ther« be itr a systea of ^t&tios 
.in bftiB« five? ; base three?, .base four? 
' '*60« Draw six^e^ x*s on a paper. Qr&u lines aroiind the groups 
you wpviXd iise for base five., then vrite the numeral showing 
the nunbet of x's. in base 'five. Be sure to vrite "five" 
after and below the nuneraZ to show the base. 
'61. Now draw siicteen x^s again » draw lines arouxKi groups of x's, 
az»i -write the nuaersi in base four. 
■ 62. Draw sixteen x's again and show hov to write the nuneral in 
base three. - 

63. Make x|^s to show the nuabers represented by . , 

^'^>' .2%o«r ^4hree 

■ . . ■ . \ ■ • . ) 

(d) Do you have the saae naiaber bf* x»s in all three grpups 

' ' of i's? ' • 

^ 64* C*) Hov aany threes are there in 20^^^^,^^ ^ 

(b) ' Hpw aany sixes are there in 20^^^? x 

(c) Hov 5;any nines are there in 20jj^g? 

' 65. .Vhat^ is the smallest i^ole nunber which can be used as base 
for a systea of number notation? 
66. Here is part of a roll of tickets. Use d^^farent bases to 
4 record the xnwber of tickets. 



3| 



7 






, " ,1 




V 


. • -2. • 
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67. >67^^^ = U X 82) ♦ (6 X 8^) ♦ (7x1) 

Whft&'we write the aoAxilxsg of & aaB«ral is this vay, say 

we m?i writing it in "e3C|»ndod notatiou." ^ '^V^ 

. • . ■ ^. ■ ^- ■ 

Write the following nuab€irs in expanded notation. 

W ^ • (b) 245^ (o) Vm^^ 

3v iif^ each of t^se AuRbers written in Imse ten? 
Lte in expeinded notation t 
Ul 234fi^, ^^fire 

■ ' * ■ :\ ' ■ * 

(d) If these ntmetals stand for aticunts of none;^, what 

' '■ • ■ ■ . . ■ ' ■ ■ ■ ■ ■ 

^ ' ' doen ^ch place represent? ^ 

V 

Duodeciaal Huaerali 
Tfaare are two bases of special interf9t« One of these is base . 
twelve, wlii^^ is the base of a s^rsten e&liad the duodecioal ^stes. 
W« group aai^ things ia*s, and call eacH ^poup one dosexT. We speak 
of a dosen aggs, a dosen roUs, a dosen peiacila* ti;ben we have ^twelve 
tvelT«s ve o&H that one gross. Schools often buy pencils. ^ the gross. 

■ 32 • 



V 



'1^ 



To Witt numbers in tese twelve, yon mist havt twelve symbola, v 

. ■ * 

lou e*s sake up sTBbole for ten and eleven, or use «t« mnd *e^« The • , 
Z^s^below ere. counted in beee %m end in base twelve. 

X X I X X X X X X X X X X X X I 

'1 2 3 4 5 6 - 7 8 9 10 Xl la 13 U 15 U6 Base ten - 
"1(2 3 '4 5 6 7 8 9 t 0 10 11 12 13 U iBeei twelve 

70. ''Write in expended notation • 

Tbwx •xpresfl the to numbers in base tfts> 

71. Muaj people believe that twelve ie e better bese for a e^atem 

^ . ■ 

than ten is. See if you can find out vlqr they think bo. 

Binary Nuaerale 

The other base wi^oh hae special iaportance (is basis two, o«lle4 
tbm binazy 9y«te9i. Just as va use bast ttn tha Btbyi<siians UMd 

^ ' ' ' r ' 

^■ ♦ 

bt8€ vixtyy Bomm sodem bigh speed TOopiitii^ aschluss uss bsss tuoj 
or the binary systen. . i 

Suppose we use two as base. What ayabols will there be? Only 0 
and 1.' \r . 

72. Draw thrae x»s, draw lines aroiaad groups of ti», and wri|e the 
nuaber of x»« in base two. . / 

73. Make a counting- chart in base two, for the nuabers fron sero to 
* seventeen. Rmesber the places will stand for powers of two. 
74* liake ma. addition chart for base two. How aany addition facts 

are there? 

75* Make a ■ultipUcatioo chart for basa two. Bow May JKiltiplica- 

- tlon facts are there? , Would they be hard to leaiii? 
76. Below are soae n»bers es^essed in base two. «TiM first is 

. ' / . 



vritt«Q to sbbv the MA&i&g of tb» digit is'taeh plae*. 
Vrit« th« othdTS Is MbM^t w«y» 

(c). lOlOltvo ^ j 

77« Vb»t maaber do«8 2^ r«pr«8ect7 2^? IMtt the powers 

of tl^y .Up to tVO^f in bftM t«D. 

78* Wbftt au^bars mxm r«pr«s«&ted ia Ex. 76t? GiiTo. jour uiivor 
is bftte tftt notftti^. 

% ■ 

79* Add thei« nunbtrji vbiob «r« •aqxress^ is Maary notatios. 

(») lOXtw (b) 110*^ (o) lOilOtTO (d) aomtvo 

J2tiro iStiio noptw ^ unitwo 

Chtek bgr •acprssfisf tb« ai»b«r« is.bt«o t«s «sd addisg is 

tht UAMd lilftj* / 

80* 3ub^ot tb*M bMe two mMbtrc* 

U\ mtwo (b) llOtw (e) lOUtTO (d) 'UOOlti^ 
lOXtwo ^two liOOtwo XQXXOt vo 

£L« Cb»ek tgr •s^reifiag th« maibftrf is bM t«s and subtraetini:' 

is th# ufual vajfa * 
82» Vbas >p«opl« opts<it« icba kisdf of bi^ ipeed eoapitisg^ 

aachisoa tbay umaally •xprcM siabfri is bato tw; K&mxugt 

tbaat baM tas noBbera to baa* ttfd. 

U) " 3$ (b) 128 (a) 12 (d) 100. ) 
83* If yott bfiva a pag bofid asd %om» aateh stieka, you can 

rapraaa&t baaa two suoibarf on tha boax^* Ltava a bola blank 
for 0 asd pat is a aateb atlck folr om* Rapraaas*^ tvo mabera 
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on th» board, one below the other, and try adding on tl^ 
^ • board .V ' 

84« How you bave warkad with aevaraX different lasaber baeea* 

/ Do ^flBA bare apedal adrantages? 
85* Have you erer leen a iireigbing scale which uaea weight a for 

J. . ■ ' ; ' 

balances? Ion pizt the thing to be weighed qn one side and 
esou|^ weii^ts to balance it^ on the «^tber side. • Then jao. 
add up the weights you haye used to, find the wi&ight of the 
thing. 

Suppose you want a set of weights which will aake it 

/- ■ ■ 

< possible for you to weigh a package of 1 pound, 2 pounds, 
3 pounds, and so on up to 15 pounds (no factions}. . What • 
, is the fewest nuaber of it^ighta you will need, and what must 
• their wei^s be? > 
S6. Rex^ is a set of cards you can use to do a trick. 
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9 




2 


10 


3 


11 
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11 


5 


13 




6 


u 


I 






,7 





4 


12 


5 


13 


6 


U 


7 





9 13 
10 14 

a IS 



Tell a person to choose a nunber between 1 and 15, and to 
pick «out the cards containing that nusiber and give thea to you. 
By Elding the numbers at thi^top of the cards be gives you, 
you can tell hia the n\imber he chose. 

See if you can figure out how the trick Msrks. Then see 
if you can aake a set of cairds which you can use for nunbers 



l^o 31. 



3ir 



froa 1 to 3i. . / 
67. Here is a Mthod of aoxlti plication, different from the one 
you use. 



• 11-22 



25 xW 1 
25 34 



ev«ii 12 
3 



. cross 
68 out 

cross 

136 out 



throwing aub^ any resM^Adersy tfitd asaltlply iiim 



272 put th* xasabtrt in thi Mcood coluan vhicb are 

544. opposite sTsn muBbftTS In tlw first coluony snd 

add thtt mmbsrs in ths scqond coliam vbich are 
l«£t. I}o«8 this givs the eorrsct prodtict for 25 x 34? .Try to 
figurt out vfagf this s^thod ii^rks* (BuosiS^ base 2^) 
8S. Do you bsTo an abacus in your claasroos? If not, try to borrow 

one frost a priaary room or aiake^s. Than aake one to use for 

■ ^' ■. . ■ . ^ ■ 
ni^bers aaqpressad in bass tvo« 
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- UNIT III ♦ 
NATURAL HUMBEBS iHD ZEi^ / ' - 

Ve use "nistbers is counting. *Ve call them natiirsl nuabers, .In ton^B 

f&x&ily thare five childreii. Ji&e buys tvelvs ormnges at the store. 

Thttjre are five thousand foUr hundred eighty-five people is tha aiKiitoritn. 

^^'^^^^iT^'iiftTe learned that snserals are ^saaes of numbers* If ve are using our 

usual system of numeration, thez^ the numerals 5> 12, 34B5 are the names 

of ti^ numbers mention^. Man invented numerals when he recognised 

numbers in the world around him. ^ * 

— «* ' , • ", 

Ve know that there is. ths same number of people noses in tiw 

room. If there are no t^allf lowers, tl^re is the same number of boys 

ancf girls at a danca. There are 36 pupils in the room and the teacher 

hasvwrltten the name of each pupH on a^>fiaalX card. The slmber of 

» - " 

cards and the number of. pupils is the same,* assuming that teacher 

has no biazik cards. The number words ,^^,jh4ieh we usekform a standaxni 

set which we memorise is a certain or^er, and match with^any ist that 

we wish. 

V \ ■ 

We may have learned about numbers in different ways. Some of us 
may have learned number names snd then how to count. V« learned that 

♦ 

the last name we us^ gave us the number of th? grtmp counted. For 
exSmpls, here we have a collection . . ^ 

or sot of marks. • Ve ask how margr are 
the^. By counting, we find that the 

last name we used in the matching process of a name with a mark was 
eleven. So im say the niMber q^^marks is eleven* If these are arranged 
in SOBS way to form a pattern %fe may 
reoogtfise ^ pattern of elev«i without 



" 1 




i 11 i i 


1 




Ml II 


4l 





countlog each mark. And that was ■ Is this easier? Do yeu need^o count? 

•> 
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the M17 wi iMTped to meognisa groups vlttout c(»mting. Ve just knew 
hov many i(0r# there • Many of us can recognise ;ths oumbSr of 4 set of 
thizigs \^ithout counting unless they are so niixed up that ve can*t 
see a* familiar pattern. ^ ^ 

Oth«r|i of us vaay hay« Isarnod tlM^^oiber of a set first without 
coiSBting. W« v«re told that hsre is a picture of tv^ books asd of two 

boxts* * 

... • - < 





Perhaps vs voi3der»d what it vas that was tvo but'soaebov we saw it. 

^ - ■ 

L - 

Things my SiiTS aany properties in cocu&on like site, color, shape, 
use, taste* Th« same i&ay be said of eollecti<ma or sets of things. 
They bare the property of containing the same number of maEabers. This 
"ssnsness^is called nimber. Any time tvo sets of things can be matched 
like this — 



V 




two ^"^^^ . 

the tvo seta have a "same as" , relationship. They both hare the same 
number property. Ve use the same numeral to describe this n\nber 
property. 

We know that this is not a picture 
of 3 balls.. We call the number of this; 




set "four." Ve learned number names for 
different collections. Ve found that we^ould arrange these In an 
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ord«r, Mcfa mxaber being j«st on« ■or«.than tl» me befora it 



L 



• • o 



y 



ERIC 



1 2 -1 -t-l 3 - 4-3 + 1 

«t«rting with 1, 1 and 1 aore is 2, 2 and 1 more is 3, 3 aod 1 more is 

A. It w«a than that va soon learned to group tens, plaee value, azxi 

it 

-a s^t^ of nuiMratloQ. < 

What woiiid it have been like if we had leartied a cc«plete3y dif- 
ferent naoe for each mnber? 

■S, m ' 

We can, of course, count the nuaW units in two sets, provided 
that there is a' tern that applies. For instance, tvo'oovs and thrae 

horiies sake a set of five anioals. Also three c«s and two b»s are five 

' / , > 

letter?. . ' 

Exercises - 1 
1. Which of the following are natural susbers: 

U) 1 (b) 7^(c) 3%\(d) .6 (e) 20 (f) 1/3 
J is) 3/3 (h) 100 (i) I 
2* Bearraoge these natural jnaabers in tl»ir usual order, 
(aj 1, 2,. 3, 6,' 4, § 1 

(b) 1*1, 2 ♦'l,''l ♦ 3, 0 ♦ 5, 1 ♦ 6, 5 ♦ 1, 5 ♦ 3 

(c) IV, V, XI, YI, VII, VIII, X, IX 

» 

3. Which of the following numbers are not natural numbers between^ 
one an4 ten? 2, 5, 7, 8. bet^ten slip and eleven? 4, 9, U, 15? 
' between one W fifty? 1, 15, ?5, 28, ^0. between one and ten?" 
13, U, 22, 78, 86. • \ 

4* Here are sets of objects arranged so that the maber of obiects in 
the set nay'*be*i3bogni»ed without counting. Write the na»e of 'the 

. -mSaber of ejects in each set._ 
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.ALA ^ ' 







f) 






o . 0 






v.. 


O. 0 0 


o 

o o 






P 

o 


o 0 d 



ERIC 



5, 



6. 



7. 



H«wite the following Egyptian numerals, so tbat th«y may be easily 

■ >J ' ' ■ *■ . • 

r«ad without coonting ' ' 



(a) 



1 1? nnm\ 

•"rrrrrrrnnn'nnnn 



n 



3bow a growping of aarka which c(Hjld easily be read witi»3ut oounting 
for the following 

(a) 10 (b) 12 (p) 16 • ^ ^ (d.) 25 

Tell how »ax7 dots are in tiw figures without counting each dot. 

c) 



*) 














rsjonrm 






8. Sfltte peojf^le' are standing in a rcon, in which there is a set of 
ehiirs* lou \^t to find oat if more chairs are needed. Is it 
necMsary to count the people and the chairs to find out? Vhat 
can you do to get quickly the needed information? Do yoia then 
know how pasy paople are in the rooA? 

A tiMater owner wuQts to know bow aany people attended the show 

V ■ » 

last night. Be knows the first tickst sold was imbered 60586 
and the last ticket sold %<m 60715* Doei be n^ed to hire a mn 



to count tbft p«opl« AS t!»jf coofi in? Bov aaijy people attended th« 
thMtar for that show? ^ 

* # < • 

l0« A tMiebcr bfti gradad hoMvoark papers recorded the grades in his 
gradebOQk. How can he quicljOar check to see if each student handed 
in his h&Mvork? 

11. Tell how aai^ i^re iQfsbols are in one set than in the other. Do 
^ not count each set. « 

* - ■ 

o o o .000' 



12« M^e tvo 8«ti of dif fer«nt figures And group theift to BhoM that one 
•#t it 5 aore than the oth^. 

13. Wh«a count tl» mmW of people in the rooa^ doee It matter 

• * ■ * ■ 

wh&t order .you count?- What «ustj you bs earefUl about in counting? 

H. Soaetiaes we say that there are ^twice as wuay of one kind of thing 
a* anothsr. Give a^ exsaplss in which you'would know that, there 
are twice as many of one kind aji anotjtwr without counting either 
set. • ' , ' 

th» Coomt^tiv^ Principle ' • 
If you hare two boxes of pencils and in ox» of the© there are 5 
pencils and in the other there are two pencils, bow oany pencils do 
yoii have? What do you do to answar'this qaestion? If you say ytm .*add» 
do you think, 5 ♦ 2 or 2 ♦ 5? 

The arithmetic teacher re^ two Urge nuabers to be a^ed. John- 
'did n6% undsrstand what his teacher said when the read, the first nu»bei'. 
He wrote the second n«ber when she lead it. Theii he asked her to 
repeat the first maber. Wb«t' she read it again, John wrots it on his 



pap^r below the second ouabef.isst^ of abov« it. Will John find th» 

■ , . - • ■» ■ . 

mofi mm a« th« other students who iMtfd aJ4 the dictation the first 
time? Mv say the ma of CCXinV aod CXXUI is the ssoe «8 the soa of 
CXmi and C^IXIV. In the bifiary syettn ve/liud that the sum of 
llOlOU ftn4 loom is the saae as the msB of j^OOlIl Kxk 110X0X1. Is 
thisrigiit? ' 

^ Maybe you were told in el^wstary school that a good way to dis- 
cover « jsi stake atade in addition problems is to add a^in in "the 
other direction." If you "added down^ then you might cheek your ' 
probl«ft ty "aiding up." Even before ^hat ve learaed that to pat 3 

balla with 2 balls gave laajf ti^ same suaher oil balls as putting 2 balls 

/ -/ ' - 

with ji balls. * -jff 

YoQ hm Just recognised the eoaatotative principle for addition 
^ «»tigal niaabers . It laeans that tlie os4er.iii which we add two nuBberii 
doeen*t make any difference in the sua of the two i^Mbers. 
' 3 added to 4 is 7 or 4 ♦ 3 = 7 

4. added to3 is 7 or 3+4 = 7 
Both are other names for 7. Me can write . ■ ' ^ 

U * 3 - 3 ^4? ' . -^.^ 

The statesent of thii law in words it quite claosy. It is 
siJipler ai^ clearer to say thie in Jttstheaatioal langi:a£e: 

"If a and b are natural maibers, tken a + b = b ♦ a." 
Ve have just discussed Hhe case in ^ch a = 4 and b = 3* 
Or, let* 8 suppose Don's patrol goes od, a trip.* Twenty-^iine boys 

• ■ ■ 

go, each taking 3 dimes and 8 pennies for food. Uov many cents can be 
spent for food? How do you find the answer to this/pibblsm? 



\ This way 29 or IMs wajr 
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^ ..■ ', ■ ' ^ ' *' . • . ' • 

Bill*! homerooa has a party, 3B bojrs and girls catte to the party. 

Thay sharad tiM coat of tha party aj»l aach uaa aakad to pi^ 29 eacta. 

Hov ouch' did tha party coat? Do^ you f IzkI tba anivar 

This way 38 or thia way* , 29' 

' Suppoaa wa° have 5 rova of chaira 3 in aach row. Va decided 

to e&m^e the arrazsgaaent to sake 3 rova of chaira vlth 5 In each rov. 

■ .-. ■ • . ^ • . . . ■ 

Do we need more chaira? 

, V 

^ ■ I , ' • 

■ . . ■ V ' ' 

^ X X X s , xxzxx 

X % X ■ . X X X X X 

XXX X X X X X 

{ , . x .x X * ; 

(5 X 3) ■ / ' (3 X 5) 

^ The prodttOt of tvo patnral nuabara ia the aaae, whether the f irat 
be isnltiplied hy the aaeoad or the second be isaltipliad lay the firat. 
, Thia atataiaant ia oaUad the comaitatlTe principle for arultlplication 
' St o*tur»l S2SiS2S]a* aaana that it oa^a no difference which noiber 
•ia the oultiplier and which la the jmltipli^nd. . Thia atAtaaant w 

■■ - ■' ■ I . 

^ B»m eluaay to yoa. Can you atata thia .principle in ^bola? > 

We can uaa thia idea to detect adatakaa wa might aalce in mxltiplying 

^ nifflbar by another. Wf/foimd these products. 

3927 485 

■ X ASS ; xj^ 
iSS! 2395 . 

3ia6 9?D 

ISM^ \ 4365 

1899595 US5 

, * 19CH595 

Aa an application of the caoButatiTe property, ve realiia ve have Mda 
'a aiatska. Find the mistake, ■ \ \^ ' 

^ The idea of uaing ^^tara to atand for any nun^ whatsoarar in 

atating general prineiplaa of arlttaaatie ia a uaaful part of 



fflitbflaatic«i lu^^Eoage. There is a^lasi^r that t^ letter *%* the 
auXtiplicaticm sign a«y be Bifit«k«a for each othar^ so we f^^estly 
uee « dot for aaltiplication. Ppr exMple we can write • 3* for 

X 3", "e • b" for "a x b,* \ 
• In the fixereiaea the ^bol it reai "leas than*^. For ei^ple: 

5 ♦ 3 < 5 ♦ 4 
if read "$ ♦ 3 ie leas than 5+4." 

* Exerciees - 2 

1. (a) la 6 ♦ 4 eqtaal to 4 ♦ 6? 1. (a) !• 72 ♦ 31 eqijal to 31 ♦ 'fit 

(b) la U ♦ 7 equal to 7 ♦ 14? (b) !• ^ 52 equal to 25 ♦ 617 

<e) Xa ^5 + 64 aqual to (e) la 5d <!• 94 cqcn^ to 94 + 58t 

64 ♦ 35? 

(d) la 315 ♦ 462 equal to (d) la 465 ♦ 332 eqtiaA to 

462 ♦ 315? ^ , 564 ♦ 233? 

(e) la 315 ♦ 462 equal to (e) la 735 ♦ 254 •q^ to 

264 ♦ 513? 537 ♦ 452? 

(f) ^la 475 ♦ 381 equal to ' (f) la 851 + 367 equal to 

~"ia3 + 574? ^ ^ 158 + 763? " 

(g) la (13 ♦ 32)^ equal to (g) la 58 ♦ 94 eooviitative 

(32 * 13)^? written in tbe baaa aeTea? 

i ' Isaert a ajr&bol which saa)»a 

the following true etategteti 

(h) 7*44*7 

' (i) 9 ♦ 6 7 * 9 

« 

(4) 12 ♦ 5 5 ♦ 11 

(k) 46 * 81 64 * 18 



(b) 


^« 


5 


♦ 3 < 3 




5? 


(i) 


If 


5 


♦ 2 ;< 3 




5r 


(3) 


la 


5 


♦ 3 < 2 




5? 


(k) 


la 


5 


♦ 4 < 3 




5? 



(I) Is 5 ♦ 3 < A ♦ 5? 
(a) Is 5 ♦ 3 < 3 * 6? > 
(n) Is 6 ♦ 3 ♦ 5? 
2* Add^ and U8« the coaasutative 
j^roperty to qhock addition . 



(1) 39 ♦ 72 
(a) 35 * 53 
(n) 47 + 85 



39 ♦ 72 
53 ^ 35 
81 + 51 



2. Add and uss th9 cooButativs 



dlj 



465 

122 

73967 
ai785 



37,461 
(32)? 



property to th»ek. addititio 

'4 



5,769 
1^ 

(iom}2 
(10101)2 



465,781 

(4t7e)T2 
(I24t)^ 



3. (a), Is 6 le 5 aqiial to 5x6? 

(b) Is 7 X 4, equal to 4 X 7? 

(c) la <3 ♦ 2} . (5 + 2) tqiml 
to (5 ♦ 2)^ • (3 ♦ 2)? 

(d) Is {3 ♦ 1) • (2 ♦ 3} equal 
to (4 ♦ ij. (2 * 2)? 

(a) la 24 X 43 oqual to 
43 X 24? ' 
4< Miiltiply and usa the ecoDiata- 
tiva property to cheek 
aMltipllcatioo ^ 



3. (a) la 9x7 aqual to 7 x 9? , 
(b) la' 43 X 56 oqual to 56 x 43? 



(c) Is 1} 

r 



(4 ♦ 5) equal 

to (4 + 5) (6 + 1)? . 

X (d) Is (9 + 2) • (7 ♦ 8) aqyal 

' ■ . i • 

to (9 ♦ 6) • (5 + 6)? . 
U) Is (4g6) • (501) lass tban 
(501) . im)7 
4* Multiply and u^e the cosaatat^a 
prt^rty to check aultiplicatioo 



476 
609 



^- 305 

7604 
X 1008 



Which of the following are true 

5. (a) 4 ♦ 6 « 6 ♦ 4 

(b) 7-2 = 2-7 

(c) 3 X 9 « 9 ^ 3 

(d) . a X 16 e 16 X a 



76 
x2S 



47503 
X 20057 



(2a) 5 (10n)2 (465) 
- X .(32)3 X. (llO)g X (372) 

Vhieh of the follovizilt a» true 

5; (a) (37 X t)i2 = I 3C 37)12 

- (b) (3^ 7) « (7 - 31) 

(c) ];v - *r a V 

• (d) 49 X 63 « 64 X 48 



12 



I3I-iO 



(•) 


8 A 2 « 2 

• 




' <e) 78 ♦ 54 = 


^ 53 ♦ 79 


H) 


65 - 47 = 


47-65 


U) ' 65 .» 5- 


5 * 65 


(«) 


72 f 12 = 


12 * 72 . . 


(g) 72 * 9 = 


9' t 72 (, 


Insert & 


s^bol to mkt the 


Insert a s^bbl to make the 


f olloviiifi true 
6. U) 25*17 


17 ♦ 25 


• . * * 
foUowisg true 

6. (a) 47 * 182 


ie2 + 47 


(bj 


26 - 4 


4 - 26 


(b) 71 - 56 


56-71 


' (c) 


60 f 20 


:^ f 60 


(o) . 625 1 25 


25 * 625 


(d) 


23 X 12 


12 X 32 ' 


id) 76 X 67. 


67 X 76 




7 * 84 


84 1 7 


im) 25** 575 


575 1? 25 



Addltioo ftad •ubt7&ctio& «re opgratiopti i^ch ea& parf orned ao^ 
xnabera. Tbey 9xm •xuipXtfl of binary epmtitmM, sices they sre psrfoxmsd 
on a pair of nimbers. What other binary opermtions are frsqiiestXy used 

< . . ■ ■ ■ J 

in aritlhsstic? * ^ \ 

Tbe^et ^t the eoBBUtative principle is true for addition aad 



ooItlplieatioB^is • |^ 
betveen the equations 

and 



£2 of these operations. Kotlce the similarity 



a ♦ b ss b ♦ a, 
a • b >' b • a. 



Vfe say that these operations are cooamtatiTe. To find Aether subtrac- 
tion is ooQKutative ve must ask whether a-b-b-ais true for MXty 
aoBibers a and b. Is it true for a = 5 and b =^ 5? Is division a' com- 
sMtatiTS operaticm? Give an exftsp^e illustrating your answer. 

Sxeroises - 2a 



7« Uhieh of the following operations are ooHeotatiTs? 
U) 1*2 (d) 4 - 5 

6*8 * ' . (ej 12 I ^ 

(c) 7 . 9 ^ (f ) ' 9 - 4 

. 4u 



> » — 



Ill-U 



8. Which of th# following activitiei are coBHutmtiv«? 

(a) To put cm a hat and then a .OMkt 

(b) To walk dovB the strcfit and aat a hot dqg 
/(c) To pomrF«d paint into blue paint 

(d) To pull up a chait and sit on it 

(•} To walk through a doorway and olosa tho doer. 

9. What oparatioQs and activitiaa can you list which am comutativt? 

X . • 

Which ara not coBButative?^ (Xou nead not list more than five for 
aaeh.) 

10. Supposa wa ^lafine a new oparation, aymboliiaci by V , like this: 
a V b = a ♦ b ♦ (a • b) 
CoMptite 3 V 4 and 4 V 3. . Is this operation coB^atative? 

The Associative Prineioln 
How dp yoa add 12 1 You thifik 2 ♦ 3 * 5,# sad bring down the 1. 

What have you actually done? Why does it work? lou kn<nf tbst 

12 = 10 ♦ 2. Your problea 12 , is (10 ♦ 2) ♦ 3. Icm actually found 

ID ♦ (2 ♦ 3). We know 12 ♦ 3 = 10 ♦ (2 ♦ 3). *Let us try acne other 
nusbers. 

Whst do we oean by 1 ♦ 2 ♦ 3? Do we aean {1 ♦ 2) ♦ 3, or do we 
Man 1 ♦ (2 ♦ 3)? Does it sake any difference? We have said the order 
we add two nuabers doesn't sake ajay dJ/ference. Now we see that the 
way we group numbers to add them doesn't change the sub, 
1 ♦ (J ♦ 3) = 1 ♦ 5 = 6 
(1 ♦ 2) ♦ 3 « 3*3 = 6 
We call thi* idea the associative fiE^gijgii of isJ^i^^ for natuxul 
iitaibnri. Diiiif both th« eoaniUtlTe ■nd auoeUtin projwrtlei of 

1 ■ 



Addition fliost aoytblQg goes in adding ouBbftTB. Ve c«n mis tbam up is 
Juxtyftbout asQr vfty we ^boos* w« c«& still g*t th» sum ftfiBw«r. 
Maybt w«' don't stop to think about bov w« aIj^ thesa up. For axiMiplty 
Ub«D aakad to add 12 ♦ u 18, John thought, 
•12 ♦ U = 26, and 26 ♦ 18 = i4." Thi» 
•xpreasion reproaanta John 'a procodura — 
(12 ♦ U) ♦ 18. Bin thought, "12 ♦ 18 ia 30, > ' 
* and id ♦ 14 s 44«« His thinking Bight ba 
repres|Mjtad l^- (12 ♦ 18) •*• 14. Hov did Mil 
* know that (12 ♦ U) ♦ 18 » (12 ♦ 18) ♦ Ut 

(I2 ♦ U) ♦ 18 =^12 ♦ (U ♦ 18) " th» aasociatiTS 

principla of addition 
12 ♦ (U ♦ 18) = 12 * CIS ♦ U) BUr th« ccnsttatlva . 

principla of addition 
♦ (18 ♦ Ul « (12 * 18) ♦ 14 Pjr %hm mcKsUtl^t 

prisciplt of ftddltioD ; 
Tht coiButatiTa principla ^aana wa aay chango the ordar of any two 
QUBbara wa ara adding without changing tha mm, that is a ♦ b s b a. 
Tht associatiTeyprincipla oeana that no ailttar hov wa aay group nuadmra 
for porposas oT adding paira of nunbera, tha raault ia tha aame, that 
ia, (a •»■ b) ♦Ne = a ♦ (b ♦ e). ' 

Wbaa'you aultiply 2 • (30) you actually coaiputs (2 • 3) • 40. lou 
know 30 * 3 • 10. Ia 2(3 • 10) ■ (2 • 3) • 10? 

Tha aaaociatiTa p>incipla holda for ooltiplit^tion with natural 
mabara. What do wa aiaan bor 2 x 5 x 4? Lst<a try sona ways. 
(2 X 5) X 4 = 10 X 4 » 40 
2 X (fi X 4) = 2 X 20 * 40 , 
BQtk fiTS. th« m» answar. Vs aay group ths factors of « product any 



MXt BrifiglPif SL imltipllomtloii fox* Mtuivl nuBber*, that is, ^ 
(a X b) X 0 a s X (^x o). / ) 

Siacs sdditiio sad KsatiTiaicaUoo «rs MsocimtiYS, thw is &o 
possibilitj of ooBfusion vs writs X-»2'^3ari*2«3 fitting 
tbs psrs&tbssss. This is sfi sauipls ot iMthnstiosX sXsng vhieh is 
sllswsd siacs it doss Qot Issd to say ooafiision. 

HoiiSTsr in 2 ♦ 3 • 4 it doss asks s diffsrsues hov vs gxtmp ths 
Btasbsrs *|jies 

(2 ♦ 3) • 4 a 5 • 4 a 20 • 
l«t * 2 ♦ (3 • 4) « 2 ♦ 12 » 14 
thsrsfops it is w«ig to osit ths psrssthssss hsrt saS "2 ♦ 3 .4" is 
QCcssBss ualsss vs asks>soas sgrstosat sbout its assaiag. ' 

V Eatrcisss.- 3 

i. Show that ths foUoviag srs trtts. ' 
Bxsapls! (4 ♦ 3) ♦ 2 a 4 ♦ (3 ♦ 2) 

7 -»■ 2 «,4,+ 5 

% » 9 ; 

(s) (4 ♦ 7) ♦ 2 = 4 ♦ (7 ♦ 2) (a) (21 ♦ 5) + 4 » 21, ♦ (5 > 4) 
(b) 8 ♦ (6 ♦ 3) « (8 ♦ 6) ♦ 3 (b) (34 ♦ 17) ♦ 29 = 34 ♦ (17 ♦ 29) 

Cc) 46 ♦ (73 ♦ 98) « (c) 436 ♦ (476 ♦ 1) « (436 ^ 476) ♦ 1 

(46 ♦ 73) ♦ 98 V 
(d) (6 X 5) X 9 » 6 X (5 X 9) (d) (9 x 7) x 8 » 9 x (7 x 8) 
(s) (24 x 36) x 20 » (i) (57 x 80) x 75 =,57 x (80 x J5) 

24 X (36 X 20) 

2. Vs aov know thst sdditisc sad ■altipH cation of aattiril mabsrs 

« 



bftvs «asoeifttiT« property. Let's look at iubtrpction. la it 
fttaoeiativ*? If it vir« for uyr natural oabara a, h, and 

(a • b) - e s a - (b - e). is aiaapla, try it. 

' N 

DoM (10 - 7) - 2 ■ Kf . (7 - 2)? 
Doaa (18 - 5) - 3 = 18 - C5 - 3)? 
Ik«i autatraetioo hata' tha aaaoeiktlTa proparty? 
3« If diYiaioo vara aaaociativai thia would maaa for any natural 
mwbarfty a, and e» (a f b) f e s a f. (b {• c). Tait this vith 
thia axuqpla: (32 f 8) f 2 « 32 f (3 f 2). What eoccluaion do 
you coma to? Maka up aoother axaapla to ib^ again that you are 
right. , ^ 
4* Ravrita thaaa problaaa uaing tha aaaoeiatlva and oooautatiTa propar* 
tiaa %dias xMoaaaary to sMUca the addition aaaiar* 0aa parentbtaaa 
to ahov vhat additiaili are doom firat. 

(a) 6 ♦ 1 ♦ 9 ' (a) 72 ♦ 90 ♦ 10 

(b) 5 ♦ 7 ♦ ' n tb) 50 ♦ 36 ♦ 2(y 

(c) 63 ♦ 75 ♦ 25 (©) 28 ♦ 75 ♦ 25 

(d) ' 26 ♦ 72 ♦ 4 (d) 83 ^^6 ♦ 17 

C^) 340 ♦ 522 ♦ 60 (e) 3 ♦ 5 ♦ 7 * 15 ^ 

it) 45 ♦ 15 ♦ 63 (f ) 56 ♦ 23 ♦ 44 77 

(g) 13 ♦ 36 + 4 (g) 18 ♦ 16 ♦ 24 2 



5* Ravrita thaia uaing tbt aaaociatiTa and cooBxtatiTa propartiaa \Ax(^ 



naeaasary ^.o^^aka tl» aaltiplieaticsi aaai'ar* Uat parantbasaa to 



abov what aultiplicationa ara doM firtt. 

A \ B 

(a) 13x10x2 ^ (a) 2x67x5 

(b) 5 X 45 X 2 (b) 4 X 86 
(o) 7x25x4 (c) 38 x 50 x2 
(d) so z 2 s 33 id) 3 X U s 4 
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6. la the following st&teiaent tru«7 To multiply 2 by the product of 
3 and 6 we cmikamltiply 6 by the product of 2 Ax>d 5. Explain. 

7. Is the followisg st&teafat tjnie? In order to double the product 
of 6 and 5, you double 6, double 5 *nd t«lce the product of the 
doubles. Use parentheses to show what is being deme, lEbcpl&in the 
reasons for your answer. > 

8. l4^the following stateoent true? In order to double the mm of 

6' and 5, you double 6, dmible 5 and take the product of the doubles, 
Use parentheses to stK3W what is being done. Explain ihe reasons 
for your answer. 

9. How many ways can2*3'if2be interpretBd by grouping the 
nuBbers in different ways? - 

Thg Distributive Principle 
Eight girls and four boys — twelve children altogether — are 
plann ing a skating party. For a asrrier party, each girl invite^ 
another, girl and each boy invites another boy. The number of^ girls" 
has been doubled. The nu&ber of boys has be^ doubled. Hap the number 
of children been nultiplied by two? by foxir? by twelve? 

Altogether, there %rill be (2 - 8) girls and (2 " 4) boys or a 
total of (2 • 8) ♦ (2 • 4) children at the party. When the party was 
planned, there were (8 ♦ 4) children. The final nuobe? of children 
is the product of 2 and (8 -^X), Ve see that — 

(2 . 8) ♦ . 4) = 16 + 8 = 24 
2 < (8 + 4) = 2 . 12 = 24 
So, we cast %nrite w * 

(2 . 8) ♦ (2 . 4) = 2 . (8+ 4) 
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You bftv# been using this principle siace the third graade* Take 

What do ^ou actually think? You say to yourself , *3 • 2 =6, y/x 1=3, 
and the product is 36.'' Your method is correct because 

3(10 ♦ 2) = 3 • 10 ♦ 3 • 2 
£^ the qosumitatiire principle it is also' true that 

.(10 4^ 2)3 = 10 • 3 > 2 • 3 
as va see when we change the order of multiplication « 

This idea is familiar to us. We learned that 375 is the same . 

as (7 - 5) ♦_(7 • 70) ♦ (7 • 300). ^ut instead of writing 375 as . 
(300 + 70 + 5) let's write 375 as '(145 + 230). Is (7 • 375) the same 
as 7 • (U5 ♦ 230)? / • , ( 

3) • 45 = (80 . A5) * (3 • 45). This 



.We can write 83 as ( 



may be more familiar to some of us if we wrote 45 axid 4$ ^ 

In the more usual form we haye 45 

135 
360 
3735 

We recognise in the product that 45 • 3 = 135 'and ^5 • 80 - 3600. 

This idea that we have been describing links together the opera- 
tions of multiplication and addition. We refer^to this idea as the 
distributlTe principle of multiplic&tioo over adliji^tlj^. 

If we itse letters to represent numbers, we can say 
a(b c) = a • b ■•■ a • c or (b •♦• c) ^/^^ b*a-»-c*a = a a • c. 



ERIC 
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Exorcises - 4 





A 








C«Ty put instructions 








U) 


(3 . 9) ♦ 6 


• 


(a) 


(4 • 9) ♦ 16 


(b) 


3 • (9 ♦ 6) 




(b) 


7(3 ♦ 9) 


(c) 


5M2.7) ^ 




(c) 


(7 • 3) ♦ 9 


(d) 


(5 • 2) > 7 




id) 


(8 . 6) * (3 • 7) 


(e) 


(8 . 4) (2 . 3) 




(e) 


(6 + 5) ♦ (7 • 9) • 


(f) 


(2 ♦ 3) ♦ (6 . 8) 


/ 


if) 


(8 + 7)- . (9 • 5) 


(g) 


(3 + 9) . (2 .3) ' 




is) 


(46 - 17) ♦ 17 


(h) 


(U - 7) * 3 

V 




(h) 


(7 • 3) + (7 • 9) 


(i) 


(7 . 6) + (7 . 9) 




(1) 


16(7 + 6) 


U) 


7 . (6 ♦ 9) 




(j) 


(16 . 7) ♦ (16 . 6) 


Show 


that the following are true 






Example: 3(4 


* 3) = 


= (3 . 


4) ♦ (3 . 3) 




3 


. 7 


12 


♦ 9 






21 


21 * 


(.) 


4(7 + :5) = (4 • 7) ^ 


^ (4 • 


5) (a) 


9(7 4- 5) = (9 • 7) 


(b) 


(3 • 4) ♦ (3 • |) = 




(b) 


(11 • 3) + (U . 4 




3 • (4 H 






11(3 


(c) 


(5 • 2) * (5 • 3) = 


5(2 ♦ 


3)(c) 


12(5 ♦ 6) = (12 . 



(d) (6 . 3) * (6 . 2) = 6(3 ♦ 2)(d) (l? . 6) ^ (15 • 5) = 15(6 ^ 5) 

(e) 7(9 ♦ 8) = (7 . 9) + (7 . S)(e) ^23(2 ^ 3) = (23 • 2) ♦ ^3 .3) 

(f) 2(16 ♦ 8) = (2 . 16) ♦ (2.8)(f) (3 . 99) ^ (5 - 9»9)'= 99(3 ♦ 5-) 

(g) ' (3 . 6) * (4 • 6) = 6<3 ♦ Ciii) 128(10 ♦ 20) ^ jfl28 • 10> ♦ 

* - ''^(128 . 20) 

(h) 9(1 ♦ 2) = (9^« 1) + (9 • 2)(h) (1000 \ 10) + (1000 + 20) = \ 

1000(10 ♦ 20) 



■ ft 1-18 







.(» 


(10 . 6) ♦ (3 • io) = 


(i) 


(g'. 7) * (8 . 7) = 8(7 ♦ 


7) = 








10 (6 ♦ 3) 




7(8 + 


8) 






(j) 


(6 • 8) > (6 • 7) = ^' ' 


(j) 


15(3 +-3) =3(15 > 15) 




s 






6(8 + 7) 








3. 


Insert a aymbol to make each a 


true 


sentence . * 








(a) 


3(4 ♦ 3) (3 • 4) + 
(3 - J) 


(a) 


3(6 + 4) = (3 • ) + (3 • 


) 

f 


4 




(b) 


2(4 5) = (2-- • 4) ♦ 
(2-5) 


(b) 


7(2 > ) = (7 • ) ( • 






« 


(c) 


(5 • 2) + (5 3) = , 
5(2 > 3) 


(c) 


. ( • 2) + ( • 5) = 8( 


) 






(d)r 


'7(3 ♦ 4) (7 • 3) 

(7 3) 


(d) 


( 4) M • 0 = (6 

; / 


♦ 7) 






(e) 


(2 • 7) + (3 • ) = 

7(2 > 3) 


(e) 


n( ) f ( • 2) > ( 


• 3) 






(f ) 


(3v 5) + (3 • 4) = " 


(f) 


8(5 6) = ( ■ ) ♦ ( 


) 


I 






3(5 ), 










D«ing the distributive property rewrite each jof the following j 










Examples: (a) 

(b) 


■ 5(2 
(6 ■ 


+ 3) = (5l • 2) + (5 • 3) 

\ ■ 
, 4) + (6-4 3) = 6(4 > 3) 




• 




(a) 


4(2 * 3) 


(a) 


<5 . 26) * (5 • 7) 








(b) 


7U ♦ 6). . 

(9 • 8) + (9 • 2|*^v 


(b) 


8(14 ♦ 17) 






r 


(e) 


(c) 


7(213 ♦ 787) 








(d) 


6(13 ♦ 27) 


,(d) 


(27 • 13) + (27 • 11) 




















(«) 


(12 . 5) ♦ (12 • 7) 


(e) 


(18 . 19) ♦ (17 - 'is) 
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Try those: Dsing the idea of-.the distributive property we can writ© 
36 ♦ 42 as (6 . 6) ♦ (6 . 7) = 6 . (6*7) 
18 ♦ 15 as (6 . 3) ♦ (5 • 3) = 3(6 ♦ 5) 

Can you rewrite these in the saae way? 

Chock yoiar work to ses that yow are right. 

Exfiu^le: ' IS ♦ 15 = (6 • 3) + (5 • 3) = 3(6 *^ 

I 

33 18 ♦ 15 • 3 X 11 

. ' ' . , 33 ^ . 33 



■ 

A , ' B 



.(*) 


(6*4) 


' ^ f (a) 


(8 ♦ 12) 


(b) 


(12 ♦ 9) 


(b) 


(U ♦ 21) 


(e) 


(ID ♦ 15) 




(36 * 18) 


(d) 


(24 ♦ 18) 




(40 ♦ 16) 


(•) 


(28 ♦ 32) 


* 


♦ 481^' 


(f) 


(21 ♦ U) " 


(f) 


(56 ♦ 42) 


(g) 


(25 ♦ 15) 


(g) 


(72 ♦ 27) 


(fa) 


(3 ♦ 6) 


. (b) 


(7 ♦ 63) 



Using the idea of the distributiTO principlt, we can write 45 as 
(4Q ♦ 5) and 23 as (20 ♦ 3). Then the product would bo 
45 • 23 = (40 ♦ 5) • (20 ♦ 3) = 4D(:^^* 3> ♦ 5(20 * 3) = 
4O-20*4O.3"»-5-20-»-5-3=^ 800* 120 + KX)tl5 = 1070 
Chock this result by amltiplication of 45 and 23. Rewfite the 
following products in the «aiae way, and chock the results. 

A ■ B 

(•) 78 . 45 86-34 

(b) 13 - 76 53 - 19 

(c) 567 ^ 84 , 623 - 72 ' ^ 
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7. Which of the foilowiiig ar« true? 
(») 3 ♦ 4 • 2 = (3 ♦ 4) • (3 ♦ 2) 

r 

(b) 3 • U - 2) = (3 v^) - (3 • 2) 

(c) U ♦ 6) . 2 = U • 2) ♦ (6 '2) * . . 

J 

id) U ♦ 6) f 2 = (A i 2) ♦ (6 1 2) 
Si Si^poso we introduct the now 8yiBbol^''A ^ ^ the definition 
a A b = b^. For exaaple, 2 A 3 = 3^ - .9 

3 A 2 = 2^ = 8. 
Which of the foXloving are* true? 

(a) 2A(3 • 4) = (2 A 3) • (2A4) 

(b) (3 ♦ 4)A2 = (3A2) t UA2) 

(c) ' 2 A (12 f 3) = {2A12) f (2A3) 

Iba Q^9ffw^ property ' 

There is another property of natixral number a associated with the 
idaa of addition and nultlplieaticm. If vm add aziy two natural numbera 
(they. Bay be the aaxM nunber), our aasvar ia also a natural number, 
tor .a-pl.. I 

4 ♦ 7 « 11 and only 11 

All are natural 

5 ♦ 5 = 10 and onjy 10 

nuabera. 

85 ♦ 91 = 176 and only 176 

We Bay that the aet of natural number a ia closed vith respect to 
addition, or cloaed uniler addition. That is, if we add any two natural 
nunbera, we ahall always get one and only one natural number as their 
auM. 

The same thing ia true for multiplication. The. product of two 
natural nuabers ia one and only one natural number. For example, 

X 8 = 16 and only 16. It ian't ever aoae other number like 38, 51, 
•tc. 
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Th« oparations of addition and multiplication hare the proparty 
that whan either is. applied to a pair of natural numbora, in a given 
order, the result is a uniquely detersaiaod natixral number* 

V 

We can j|ay the set of natural numbers froia one to t^ 1^ not 
closed to addition. (2 ♦ 4) is a number less than 10 but is (6 ♦ 5) 
less or equal to 10? 

Is the set of natural numbers closed with respect to division? If 
we find the quotient of 8 and 2 or 8 f 2, we get another natural number, 
But if we try 9x2, then we >do not get a nat\iral number for an answer • 
We say that the set of natural numbers is nol closed with respect to 
division a Too, we cannot always subtract one natural number from 
another and get a natural number. 16 - 4 = 12. All of these are 
natural numbers* But what about 4 • 151 Can our answer be a natural 
number? We sa^ that this problem is impossible to solve if we must 
have a natural number as an answer* 

i ■ ■ ■ 

Exercises « |*5 

1. Is the sum of two odd numbers always an odd number? 
Is the set of odd numbers closed under addition? 

2. Is the set of even numbers clos^ under addition? 

3. Is the set of all multiples of 5 (5^ 10, 15, 20, etc*) closed with 
respect to addition? 

4« What is true of the sets of numbers in Exercijj^st 1, 2, and 3 under 
multiplication? 

5 a Are the following sets of numbers closed vith arespect to addit^^n? 

(a) Set of natural numbers greater than 50? 

(b) Set of natural iambers from ICX) through 999? 

(c) Set of natural/ numbers less than 48? 

(d) Sat of natural numbers aiding in 0? 
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6* Are tha 8«ts of numbers in Exercise 3 pXosed with respect to 

^ oultipllca^on? 
7« Are all sets of natural nuabers /which are closed with resp«ct to 

addition also closed with respect to ■ultipllcation? Why? 
8. Are any of the sets of nimbers in Exercise 5 closed under subtrac- 
tion? 

9* Are any of the seta of numbers in Exercise 5 closed tukder division? 

Ipygfag Operations 

Often we do scsnething and then we undo it. Ve open the door; we 
shut it. We turn on a light j wd turn it off. We put on our coats; 
we take thea off. We put two sets of things together into one setj 
we separate one set of things into two sets. 

We call subtraction the inverse operation to addition. The inverse 
of adding 5 is subtracting 5. 

What does the grocer do when you buy soaething for 31 cents, and 
pay for it with a dollar bill? Does l^e say, "100 - 31 = 69, hare is 
69 cents change, "? No, be 'does not even mention the nmber 69. He 
counts out money into your band, "32, 33, 3^, 35, 40, 50, one dollar. " 
He finds out how aaich to add to 31 in order to have 100. He answers 
the question: 

/31 ♦ ? = loo ^ 

Can you s^abtMcVlO f ran 58 by adding? 

23 ♦ ? = 58 ■ . 

Xou aight think, ■ 3 ♦ 5 = 8, 2 + 3 = 5, and the mls^g number is 35." 

You have used addition to check subtraction. Can you use aulti- 
plieation to check division? 

We call division the inverse 'operation to multiplication. The 
inverse of aultiplylng by 5 is dividing by 5. The operation of 

as ■ 
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V ■ . ' 

aultipljring 2 bj ^ gives 8: i x 2 = 8. Mow what cin we do to 8 with 
4 to give us 2? We divide. To describe the operation we can write 
8/A = 2 because^ x 2 = 8. 

We have ysed this idea, too, as a check for division. How many 
23 'a in 856? Study th^ operations. 

-IZ : . 23 

23)^1 ^' x32 

SQ / 161 

161 690 

1^ • 151 • 

When we ask the questi<m, "What is 851^ivided \sy 23t" we are seeki 
the answer to the question, what number nrust 23 be multiplied to 
obtain 851?"* In the division and the check above, we see that 37 is the 
answer to ^Sth-^uestions. 

If 4 and b stand for two natural numbers, and a is greater than b 
there is a natuiral niasber, such that 

a ♦ x ♦ b. 

The number, x, is ths pumber we find subtracting b from a. We can 
explain the meaning of subtraction in terms of the equation a x = b. 

In a sjjkilar^-way, if a and b stand for natural numbei's, the& there 
may or may not be a natural number, x, such that 
; a . X = b 

If there is such a natural number, then x is the number we find 
by dividing b l^y a. We^can Explain the meaning of division in "^ras 
of the equation a • x = b. If b = 15 and a = 3, then in dividing 15 
by 3 we are seeking a number, x, such 

3x = 15 
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Add th« followlug nuabera and check by the inverse operation: 
^ A B 



U) 58 
(c) 86 ♦ 27 



(b) 37 



Cb) 427 
535 



(c) Eight hmidred and aevsnty-six 
plus four, iuindred and ninety- 
five is what? 

(d) One hundrfd and six plus (d) What is the mm of 32,098 and 
«ight bti^red and hinety- 80,6057 

Seven is what? 

(e) .Find\he syn of ^798 and 508. (e) Adding 20,009 to 89,991 gives 

wtat nutber? 
Subtract the following and cheek by s^ljitioni 
(a) 86 - 240jfe (b) 67 - 28 (a) 916 - 805 (b) .1110 - 1010 

(c) 167 - 78 ^ (c) 899100% minus 6989 

(d) If one bookcase will hold (d) A theatre sold 4789 tlekete one 
128 books and another 109 month and 6781 tickets the ns«t 

^ books, how Bsany more books aonth- How aany aore people 
does the former hold? , eaae to the theatre the second 



(e) If one building has 900 
windows and another 811 
wtfidows, bow aany more 
windows does the first 
building contain? 



month then came the first month? 
(e) The population of a to%#n was 

19,891 people. Five years later 
the population was ^39, 110 people. 
What was the increase of popula- 



3. 



tion for the five je&rs? 
Itiltiply the following numbers and check fay the inverse operations 
(a) 2 ' 2a (b) 73^ • 9 (a) 2X3 • 23 (b) 518 • 76 
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(c) 20 • 841 (d) 239 
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(•) What is tha product of 
67^ and 49? . 



(c) 509 • 4800^ 

(d) What ii 87 tijoe« itself? 

(e) If one truck viil carry 2099 
box»8, bov uny bom will 79 
trtiekf carry? 

Do the Indicated divisiona and e&eck amltlplicatiozi! 

(a) 2§ (b) 2^ (c) i6g (aj 70300 ^ (b) Divide 20972 by 107 
3 900X,^^^ - 12 13 - 

(d) ^' ^ (c) Take 214 into 108712. 

21 

(d) Hov< aaay racks are caeded to 
rtore 208 chairs, if each rack 
holds 16 chairs? 



bers. Bach aaaber is to sell 





At & party there were 312 


(e) 




pieces of candy* If there 






.Were 24 ohllchren at the 






party 1 hov many pieces of 






cai^y could each child have? 


Find 


siApler naae for; 




(«) 


39 - (2 ♦ 5) 


{*) 


(b) 


(9 - 3) ♦ 15 


(b) 


(c) 


119 - (?0 - 6) 


(c) 


(d) 


(20 ♦ 11) - (6 - 2) 


(d) 


(f) 


(5 • 16) ♦ 800% 


(•) 


(f) 


m 

(35 • 42) - 8 


(f) 



bo»8 of cookies. If the troop 



bas 5$8 boxes to sell, bov nuiy 
bo^s will eaoh^sl^Te to 
sell in order to sell them all? 



(g) 9 ♦ 20i ♦ (128' • 239) 



(b) 2^.960(% 



U9 

V » ^25' 

(g) (19 • 17) ♦ (^o^) - (35 * 37) 

(h) (104 ♦ 21) 

5(2 ♦ 3) 
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900% 800^ 



(i) 



135 

6. Pcrfortt tba foXIowlcg opcr&tioDs: 



(m) Add 16 and 17. ^roa ttm (a) 
mai subtr&ct 1^ 

(b) Subtract 2A from 89. To (b) 
this difXeresee add 19 « 

(c) Multiply 27 bsf 34. DlvidB (c) 
tba product by 9 and then 

add 100. 

(d) Find the mm of ^t^T^ 9.{d) 
From it subtract 4i 6 tlaas. 

(e) Take 308, divide it 28. (e) 
Multiply the quotleot hy 5* 
Subtract 9 from the prodiust. 



(3 • 3) . 300<fe 
35 X (12 ♦ 700^ 



Find tb» difference betveeit 
47 acd 3d. Divide thie dif- 
ference by 3 and then add 17. 
Divide 272 W 16, nwltiply the 
quotient by 12 and subtract 
100 from the product. 
Multiply 12 times 13 and add 
39. Divide the sum by the 
product of 2 and 7. 
Add 26 and 42 and divide the 
sum by 17. To this add 117 
and divide this sum b> 11> 
Find the difference between 
87 and 49. ttoltiply this dif- 
ference 10 and subtract 40. 
Divide this difference by 68 
and then add 6. 
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Betweenneas 

Earl4.er we talked about ordering natural numbers. Ve now locate 



the sequence of nature P^mberB as dots. 

12345,67 ' 89 10 



(How far can we go?) 



low we are ready to ask some questions about numbers between numbers. 
How many numbers are between 1 and 7? What did you do to find your 



answer? l^t's try thes^ exercises. > 



a: 
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Exercisea - 7 

H«rt ii a row of dots running across the p&ge. Beginning at the 
Ittft end, taking steps one after another in succession, label each 
dot with a name for a number. Starting, it alght look like this: 

one two three four fiTe 

Continue labeling, as far as the edge of the page. Writing the 
word names aakes the picture cimbersome. If we again use the 
usual numeration, ve will have 

123 

This !■ callsd a oimber ^c&Ie, Flnlph l)&belisg the dots of thm 
number sc«l«. 

(a) . Write a xmmber scale, using the binary nuaeration. 

(b) Write a mxmber scale using the seven system. 

In the roiaining questions use the declaal mmeraticm: 

(o) Vflsat numeral is the label for the dot nearest the right hand 

edge of the p&ga? 
(d) What museral is the label for the dot just to the right of 

the dot labeled '7'? 
t«) Vfeat numeral is the label for the dot just to the left of the 

dot labeled • 7' T 

(f) Between the dots labeled '6' and »a« there is oniy one dot, the 
dot labeled «7«, How aany dots are between the dots labeled 
'11' and »13«7 

(g) How aany dots are between the dots labeled '2' and '4' 7 

(h) How aany dots are between the dots labeled '5« and '8»7 
We have aore mnaerale which we have not used as labels. What 

« 

numeral should be the label for the first dot beyond the paper's 
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(i) Vhftt xnaMr&l abcmld b« ths labfl'for tha tecozid dot b«yoad 

the paper edge? 
(J) If the label 121* la glTas to the fifth dot beyond the paper 'a 

edge, where doaa the label '47* appear? 

I 

(a) Hov aany dota betveen the dote labelad <1* and (12'? 

(b) Bov aacj dota between the dota labeled *12' axui '1*7 
) Hov mny dota betvean the dota XabtXed «51* and J 58'? 

Bov aas^ ^tm between the dote labeled '27' and '5'? 

(e) Hov auLny dota between the dote labelad and t532'? 

(f) Rov aany dota bet%wen the dota Ubeled '3S271' and '52964*7 
At a drill all etudenta line up in a alngle f 11» and eonnt off 
In otie, tvo^threa faahlon. At her turn, Mary aaya, ^^i^eren." 
At hie ilarny Ham aayat "aeventyr'Uiree.* How aany etudenta are 
between Mary and Tob? * ' 

In a Hat of town 'ratere, arrange alphabetically, Mra* Beach la 
Hated aa ncoiber 197 and her aiater, Mrs. Warren^ is mmber 15841 • 
Hov amy naaea are on the reglater between the naaea of the alatera? 
If a maiber ecale Is labeled fttai left to right, the dot labeled 
'8' will lie on the left of the dot labeled '10'. Since the nnaber 
8 ie Mailer than the ntaiber 10, we uae the maieral '8' aa a label 
before we uae the namfml 'ID*. Ve have aeen that symbolLa can be 
uaed to aay that the mntber 8 la lesa than the number 10. Ve have 
written "8 < 10". The nmber aoale ahova ua thia aentenoe i^an it 
ahows that the dot labeled '8' Ilea on the left of the dot labeled 
'10'. 

(a) The dot labeled '12' Ilea on the left of the'^ot-'iabeled '17'. 
Ooea that MjUi that 12 < 17? 

(b) Hov do ^ dota labeled '482' and '516' Ue7 
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\ <c) How aany dot* bttvetc the 4ot« l«b«Xed »31» and •35'? 

(d) Vh«t is the labtl on the dot aidw«y botvten '31' and '35 »? 
6* la a stadium, the benches on the same level are labeled with 
numerals in a maaber scale. Don is sitting in the seat labeled 
'24', and Ed is sitting in the sVat labeled '37'. Several very 
fat people wai^t to ait .between Don and Edi Eac^ one of the fat 
people needs two seats. How aany fat people can squeese in 
between Don and Ed? 

7. There are uniform notches on a shelf. Each one holds a regular 
sise box. An econoajy si|^ box needs three spaces. Notch labeled 
'52' and notch labeled »li2» are fiUed, l^t the- shelf between is 
empty. How many regular sise boxes may be put in? How many 
economy sited boxes? 

8. Parking spaces in a factory parking lot are labeled like a number 
scale. Two cars are parked in th# spaces labeled 'S?' and '80'. 
The spaces between are etapty. Can a fleet of 12 t^cks be parked 
betvean the t%#o cars, if one truck occupies two spaces? 

9. If a and b are numbers, and a < b, can it ba true that b < a? Is 
it possible that a = b? If a, b, and c are numbers, and a < b and 
b < c, thenN4^ is the relation between a and c? State yojir answer 
in the form: ^ « 

If a < b and b < then ? 
10. Which is larger, 3 or 7? If you add 2 to each number how do the 
results compare? Is there a general l*w? If a < b, then what is 
the relation between a ♦ c and b + c? State your answer in the form 

If a < b, then 7 
U. If a, b, and c are numbers, and b is between a and c, can c be 

betwean a and b? Is b between c and a? If b is between a and c, 
and a is between b and d, where d is a number, what is the relatieai 
Q aaoog b, o, and d? ' ^ 
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The Suaiber One 

The number 1 is the amllest of the natural numberf • It baa aevez^ 
special propax*tiea which ahouXd be noticed. Firit, all the natural 
nuabers may be built from 1 hy additios; as ve hsTe seen: 1 1 = 2, 

f 

1 ♦ 2 = 3« 1 > 3 = 4i etc. Second the product of asQr natural nuaber 
aiA 1 is that natural numbers l*i=l, 1«2 = 2, 1*3 = 3i ate. 
It is therefore aometiiaes called the id^tity element for multiplica- 
tion^ since no number i^ changed when you aultipl^ it ^ !• Also if 
you divide by 1^ the natural number is not altered. 

As a matter of fact, if you assume that 1 • 1 ^ 1, you can use the 
distributive property to shov that 1 tiaes any natural nmber is it.self . 
For example , suppose you wished to, show that 1 • 5 - 5« Then you could 
wri'lje: ' - , . 

1^5 = 1*(1^1^1^1*1) = 1*1'^1'1^1/1*1-1'»-1^ 

l+l*l*l-t-l = 5 

Another property that the number 1 has i» that 1^ = 1, -^i^^^ = 1, 
in fact| any power of 1 is 1. Why does this follow from ^diax ve had 

0 

stated above? 

4 Jhe Number Zero 

The number sero is even more special than the numbler 1. It can be 
used to count in the sense that if you have no apples, you can exprees 
that fact by saying that you have sero applfts^ It is very useful in our 
notation for ntzmbers since it serves often as a plade holder: U is 
quite different from lOl and .0035 is not .35 • 

What happens when we multiply, divide, add and subtract with sero? 
First 3*0-0 since this can be interpreted to be three seroes and if 
three people have no apples each| they have amongst them no apples. 



(Hi 



ii:-3i . ' 

But ^ * 3 does not hav* a coaparsbl^ aeniiog — it makes no aenst to 



fp«ftiE of "no gets of three apples each." But we define 0 • 3 to be 
sero siace ve want sultiplicatioc to be coanutative. Tbus sero tiaer 
aay natural snmber is sero. Also it is natural to dei^ne 0 • 0 - 0, 
Ve Bight say ' that if ve take the set of unicorns .and the set of 
naiburml nusbers between 1 and 2, and write none of them^^we obtain a 
set of no elements. ^ 

1% is adso true that if the product of two whole number* is^^stfro, 
one Or both of th«B g»st be sero,^ this holds since the product l^f two 
natural nuabera is a natural nuaberi that is, if neither of them Ver© 
lero, their product coul^ not be/ ' 

If we add sero to any natui»l nuaber we get the nuaber again* If 
yoQ have no apples az^ I have three^ we have three apples between us. 
The order in which we add thea does not matter. Ve could express tliis 
bgr, 

a + OsO+asa, 
for any natural number It is true eren if -a is «ero. Hence a could 
be any whole nimber. Sioilarly a - 0 = a. 

Can we divide by lero? Ve kaov that 6/2 is 3 because 3 •2=6. 
So if ^ 3/0 is a number it should be one which 'wh€(|i multiplied by »«ro 
gires 3- AH the numbers we have had so far give sero when multiplied 
by sero. It would be very strange to have a number wkich when ve 
multiply it by sero we obtain 3. Another d^ficulty would be that if 
3/0 were a number it would be equal to l/O since ve could divide 
numerator and dencniaator by 3. Then 3/0 ^and l/o would be equal and 
yet when you multiplied the first by 0 you would get 3 and the other 

lero you would get 1. For these and other reasons, we exclude 
division by ssro. 
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«g^C«n we divide sero by any nvLabef? What about 0/3? This la the ^ 
number which when aaultiplied hy 3 gives scro*. So 0/3 is xero, which 
it A xiumbor. . 

Ve ha^e stated the properties of sero here in terms of natural 
numbers* But they all hold for other numbers as well. 

- ft ; 

Exercises - 8 ^ 
1« If the product of two whole nissbers xero, one of them is sero. 
Is it true that^^f the product of two whole numbers is 1, one of 
them 4s 1? Is it true that if the product of two whole numbers 
is 2 1 one of them is 2? Will the answer be "yes** for any natural 
number in place of 2? ^ v 
2e Answer the question at the close of the section on thB number !• 
3. What is 3 - 3 equal to? Vha^ in n - n equal to? 
^» If a ♦ c = a, what must thi number c be? ^ 

Should we consider O/O to b^s^ number? Hhy or why not? ^ 



/ 
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« • UNIT ,IV 

'A 

\^ . FACTORING AND PRIMES 

Do you know what the word "factor" means? The idea is familiar 
•veo if the word is not. We know that 5x2 = 10,' Or we may write 
this as "5 • 2 = 10. « We call the 5 and 2 factors of 10$ 6 and 7 are 
factors of 42, that is 6 • 7 =; ^2. Instead of calling one the multi- 
plicand and one the multlplieri we can give them both the same name — 
factor. Also, ^=2x3x7 and we call 2, 3, and 7 the factors of' 

<?42. Really, does it make any- difference which is which? From our ^ 
xinderatanding of the coaJiutati^ property of multiplication of natural 
numbers we know that if the orde:^ is changed, the product is still the 
same. ^Vhethef^ be 5 x 2 or 2 x' 5,' the product is still 10. 

What are the factors of 96? Suppose we think one of the factors 

^ is 8. Then 96 divided by 8 is 12. We know that two factors of 9d are 
8 and 12, for 8 x 12 = 96, Are there other factors of 96? 



Exercises - 1 
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1. Factor the following: 

(a) 8 (b) 26 (c) 40 ® 
'^^d)' 54 (e) 56 (f) 72 

(g) 7 " 

2» Using the principle \haX 

n • 1 = n if c is ^ny nuarberj 
find siiapler naaifes for these 
nuiabers ^ 

U) ■ 3(5 - 4) 

Xb) (29 - 28) . 5 

(c) \ ' (56 - 55) 



B 



1. Factor the following: 

(a)^ 16 (b) 28 (c) 144 
(d) 260 (e) 100 (f) 91 
(g) 13 . 

2e Using the principle that 

n*l=nifni5 any nximber^ 
find simpler names for these 




(a) 8 

f-l ■ 

(c) 3 • (86 - 85) 
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id) 57% {75 - 74) 
(a) 7. I 
(f) ^ . 100°^ 



{dK ,(f • 8) X 9 

(e) 10 . 3) . {8 

(f) I? . (74 - 75^) 



I' 



3. For these use the naturai-^umbera f roa 1 to 30« 

(a) Give the set of ntuabe/s that have^ the factor 

(b) Give the set of nuoabers that have the factor 2. 

{c) Giy^ the set of numbers that do not have the factor 2« 

(d) Give the set of numbers that may be factored ^ii' more than one 
vay. Factor each number in this set as m&ny vays as you can. 

(e) Give the set of numbers that can be factored only one wy. 
Factor each number in this set. What -can you say about the 
factors of a natural number that can only be factor^ one 
way? 4 ' ' \ 

We have talked about things having something in ccaimon. Let^s 
write products of factors of numbers between 1 and 20 • The even numbers^ 
between 1 and 20 are in Set I. ^e odd numbers between 1 and 20 are in 




1 -X 3 = 3 
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1x5 = 5 
1x7=7- 
1 • 3 • 3 := 9 

1 X 11 = 11 

1 X 13= 13 
1 X 3 X 5 = 15 
1 X 17 = 17 



J ■ 



V*9rX9 = 19 
/ 
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Notice that these even number ail have the factor 2 In cora»Tjonp and 
none of these odd numbers has the factor 2» Do you suppose that ail 
•von nuiat?era have the factor 2? Do you suppose that any odd number 
has the factor 2?* . 



Exercises - 2 



B 



1. Pick out the even nuMbera. 

37 ■ 6a . 31,766 
56 101 420,681 
102 2568 570,000 



1. Pick out the odd numbers, 

50 36,763 {101)3 
738 829,700 (210)3 
4683 10,110 500% 



Tell 


whether these numbers are 


odd or ^ven . 


(a) 


2x5' 


(a) 


3x2x6 


(V) 


3- ♦ 7 


(b) 


5 ♦ 7 ♦ 1 


(c) 


6x5x3 


(c) 


4 X 7 X 13 


(d) 


2 ♦ 16 


(d) 


y 128 * 36 


(e) 


7 + 8 


(e) 


266 + 627 


(f) 


5 X 13 


(f) 


^3 X 3 X 7 


(g) 


257 * 361 


(g) 


25(7 + 9) 


(h) 


6j20 + 928 


(h) 


(13 * 26)26 


(i) 


26 X 58 X 75 


(i) 


(13 x 12) * 76 


(j) 


3j X 40 X 77 


(J) 


27 + (5 X 23) 


(k) 


5271 X 397 X 705" 


(k) 


110 - 66 


(JL) 


1729 ♦ 5285 


(1) 


115 -'77 



3» Perform the. following operations: 
Make a counting x:hart for numbers 
*from 1 through 10 in base two 
numeration ♦ Circle the numerals 
for even numbers. How^ can you 



Make a counting chart for numbers 
from 1 to 10 written in base two, 
three, four and five. In which 
system of numeration are even 
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recogniie an even niimber written nuabers easily recognised? Do 
in base two numerals? An odd you have suiy hiinches about even 

igiaber? numbers written in systems with 

larger bases? 

I 

Priine Nmbers 

There are some numbers which have as factors cmly themselves and \. 

For instance, % 

/ 



2 




2^X 








3 

1 




3x1 


5 




5x1 


7 




7x1 


11 




11 X 1 


13 




13 X 1 


17 




17 X 1 


19 




19 X 1 



Any natural number which has only two factors — itself and i 

is called a prlafr number . Although 1 has as factors only its«lf and 1, 
it is not considered a prime number. The numbers listed aljpve — 2, 3, 
5, 7, 11, 13, 17, and 19, are all prltie numbers, Nmbers like 4, 6, 9, 
12, 15, and IS, are \not prime numbers. They are called composite numbers 



for they have more t^fcitiro: different factors. For example, the factors 
of 4;,ar« l^i'^^S^ and' 4.; What are some other prime numbers? What are 
some other compJosite numbers? 

\ 

, Exercises \ 3 

1. List the numerals for all the prime Aiabers you can think of between 
1 and 100. 

2. Do you think you listed every one? You inay have missed a fev, or 
perhaps you have included the nuaerals of aome"^ numbers whose fact^rF 
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you did not recogniae. In about 200 B. C, there lived a man 
^_.-o4lled Kratosthenes, Thia man invented a way to find prime nuabera 
saaller than some number you have in mind. In thia case the prime 
numbers are to be less than IGO. To use Eratosthenes' methdki, we 
proceed as follows: 

(a) Write in order the numerals for the odd natural numbers that 
are sajaller than 100 beginning with 3. 

(b) Starting with "3" cross out ever^ third numeral. Do no^. 
cross out "3", but start counting with 4. 

(c) Now, starting wit^S" cross out every fifth numeral. Include 
the numerals already crossed out when you count. Some numerals 
will be crossed out more than once. Do ^ot cross out the "5", 

, but start counting with 6. ' 

♦ 

(d) Again, starting with "7*', cross out every seventh numeral. Do 
not cross out the "T" but start counting with 8. 

(e) The next numeral is •*9". It is alre^y crossed out. Skip it 

and go on to "11"^ 

% 

(f ) Continue in this way until you have crossed out all possible 
numerals. The numerals left with the numeral "2^ will be the 
names of the prime numbers less than 100. . ^ 

Because numerals "crop tJut" this method is known as "the sieve of 
Eraiosthenes," 

Com^re this l^st with your list in question one. Were you 
• 1^^?P this list in your notebook . 

(g) Vhy is the numeral 2 added to the list of prime numbers? Could 
we have- gotten th9, |amo'liwt by ^'m-ltmc the numerals for all 
the. natural :)C^)^?^V How would we begin, then? dI you under- 
stand, our beginning is just a'^'^hort cut? 
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(h) Was it necessary to continue to 31 ^ where you would cross out 
every thirty-first numeral? At what point did you find that 
you were not crossing out any new nuiaerals? When you axov^ on 
to A new step where the starting numeral had not been crossed 
out, Ixit found that every other numeral in that step had 
already been crossed out, then you were finished, 
3« (a) Using •'the sieve of Eratosthenes", find the prime numbers less 
than 300. 

(b) What nuoieral began the series in which the last numeral was 
crossed out? (See 2h above.) 

(c) How many prime numbers are less than 300? 

(d) How many prime numbers are between 1 and 100? between 100 
and 200? between 200 and 3007 

(e) Separate the natural numbers between 100 and 300 taken in 

- order in groups of 50, in which group are the greatest number 
of primes? In which> group of 50 do the number of primes 
increase' over the previous group of 50? 

(f ) How many pairs of prime numbers are there such that their dif- 
ference is 2? These are called prime twins* 

More about Prime Nuiabey s 

Let*s add some prime numbers ~ 

3 '3 7 11 II 11 
1 Jl ^ ^ ^ Jl 

8 10 12 L4 16 18 and we could^ keep on writing sums of 
prime nximbars. 

Ire these sums always even numbcfrs? Is this always true? Remeaiber 
if you ^ind one example which is not true, then the generalisation 
cannot be aade« Also^ no matter how many examples we h^e, unless we 
have all possible' examples ^ we do not have a propf * 
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Exercises - 4 

Find these sums: 



thirty-one plus nineteen 
five plus twenty-nine 

ninety-seven .plus one huiKired forty-nine 

two hundred seventy-seven plus one huwirfKi sixty -three 

199 ^ 233 

89 ♦ 167 ^ 

Do all of these examples ask for the sum of two prime cumber s? 
Is the sum an even riimber in each example? 

r J 



(a 

(b 

(d 
(• 

(f 
(g 
(h 

Study these sums. Can jou make a guess about them? 

4=2*2 26 = 23 ♦ 3 100 = 47 ♦ 53 

,6=3*3 28 = 17 + 11 102 = 41 * 61 

8 =^ 5 ♦ 3 30 = 17 + 13 1^4 = 43 ^ 61 

10 = 5 ♦ 5 32 = 19 ♦ 13 i 106 = 23 * 83 

In 1742, a mathesiatician named GolHbach made a conjecture ^^tn^ 

gpeas, about these even numbers, in fact, about all even numbers, 

except the number two, in & letter he ^ fellow matbeioa- 

tjician^ Euler. He guessed that every even number except 2, is the 

sum of two prime number^. 

(a) Take a few examples and test Goidbach^s conjecture. Take 
some nupibcrs between i and 100, others between 100 and 200, 
.others between 200 and 300. 

(b) Can you find one even number, other than 2 that is not the 
sum of^ two prime numbers? 

(c) Can you prove ^ Gold bach's conjecture'? Try. 

r 

ADotbar I^operty of Natural Numbers 
In finding factors of rit^bers in Exercises 1, we gave pairs of 
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numbers whose product was the given number. For oxauaple, 12 = 3 x 4, 
so two factors are 3 and A. Another pair ia 6 and 2. But the factors 
of 4 are 2 and So we can say that the factors of 12 which are prime 
numbers are 3, 2, and 2, or 12 = 3 x 2 x 2. Raaa-aber that we- do not 
conaidar 1 a priiae number. And the factors of 6 are 3 and 2. S<^ 
^again, 12 = 3 x 2 x 2 and the factors are 3, 2, and 2. What kind of 
numbers are 3 and 2? They have what coomon property? ^ 

Let^NS study another example.. If we can find factors of factors, 
we will A> it. What are the factors of 24? j 

x2 24 = 4x6 '24 = 8x3 

24 = (3 X 4) X 2 24 = (2 X 2) X (2 X 3) 24 = (4 x 2) x 3 

24 = (3 X 2 X 2) X 2 24 = 2 x 2 x 2 x 3 24 = (2.x 2 x 2) x 3 

.24 = 3 X 2x2 x 2 ' 24 = 2 x 2 x 2 x 3 

What do you observe? The factors of 24 are 2, 2, 2, and 3. One set 
is not In that order. Does that make any difference? ^ 

In finding factors of a number, we will find prime numbers. Every 
composite number can be factored into primes in only one way, except 
for order. This js called the unique factorization property o£ natural ^ 

CD 

Exercises - $ 

0 ' 

h. Factor completely. (That is^^ find the prime factors.) 

* V B 

(a) 6 (a) 10 

(b) 9 ( (b) 25 

(c) i2 , (c) 18 , 

(d) 30 (d) 

35 (a) 45 
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(f) 


37 




100 


{h) 


74 


(i) 


105 


(j) 


42 


• (k) 


\79 




345 


(m) 


300 


(n) 


72 


(o) 


64 



(f) 


47 


(g) 


100 


(h) 


315 


(i) 


231 


(j) 


108 


(k) 


91 


(1) 


128 


(m) 


729 


in) 


1000 


(o) 


5280 



2« Exsmljne the products in question 1« If any products use tb* same 
factor more than once, rewrite that product, taking advantage of 



\ the exponent notation • 
3- Factor the numbers listed here in as ^^^^^^ wiys aa possible using 
only two factors each time. Because of the conaauiative property, 
we shai](; say 3 x 5 is not different froa 5x3. 



\ 



A 

(a) 6 

(b) 8 
•(c) 24 

(d) 100 

(e) 150 

4. Study 30 = 2 X 3 X 5. How 
should this set of factors 
*^ be grouped to show that 
30 = 2- X 15? to show that 
30 6 X 5? 



B 

(a) 10 

(b) '16 

(c) 72 

(d) 81 

(e) 216 

4* Why, should a number such as 78 
have more possible different 
pairs of factors* than 77? or why 
should 210 ijipive more possible 
different pairs of factors than - 
254?/^ 



IV-10 



5. Factor 770 completely. 

Group the' factors to shov 
all the possible products 
that will equal 770. 
(b) Factor 'each of the fol- 
lowing numbers completely. 
Group the factors in eachi 



5. 



case 


to 


show all the possible 


WAV 55 


the 




duct 


of 


tvo natural numbers. 


(1) 


42 




(2) 


66 




(3) 


78 




(^) 


12 




(5)' 


18 




(6) 


A8 








/ 


(7) 


49 


/ 


(8) 


75 




(9) 


64 





(a) If a number when factored 
completely is made up of 
two different prime num- 
bers, in how many different 
ways may the number be 
factored using different 
pairs of factors? 

(b) If a nmber when factored 
completely is made up 

of three d/f ferent prime 
numbers 9 in how ma^ 
different ways may the 
number be factored using 
different pairs of factor*? 



(c) Fill in this chart. 



Number 


CoQplete 
Factorisation 


No. of 

Complete 

Factors 


Different ' 
Ways to 
Factor 
Dslnp Pairs 


No. of Ways 
to Factor 
Using Pairs 


55 










130 


2x5x13 


3 


1x130^2x65 










10x13,5x26 




770 








2310 










28.0U 




1 1 — — 




: . 



/ 
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Is there any pattern in 
the niimber of ways such 
numbers may be factored 
using pairs of factors? 
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(c) Study 

iU = 2 • 3 • 19 
50 ^ 2 • 5 * 5 
Why are there more possi* 
ble ways to obtain 114 as 
a product of natural num- 
bers than to obtain 50? \^ 
B'^ch of the numbers has 3 
factors. 

6. If 1 have 112 tulip bulbs to 6. If I have 1000 chairs tio set 
plant and would like^to plant ^ 
them to make a series of ^ual 
rows, what possible arrange- 
ments could I use? 



up in an orderly fashion in a 
large auditorium, and wani to 
make a series of equal. rows. 



what possible arrangements could 
I make? If I would like the 
* nmber of rows to be as close 

as possible to the number of 
chairs in each row, %^hich pos- 
sibility should 1 choose? 

Greatest Cormaon Factor (gtO.f.) 

We have been looking for common properties in sets of things, that 

is, we have been finding something which each member of the set has. 

In our study of even numbers we saw that each even number has a factor 

of 2. So, we said even numbers have a common factor, 2. Let's find 

« 

common factors for other sets of mmbers. Is there a common factor 
for iO &nd 15? 
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Factors of 10: 5 and 2 
Factors of 15: 5 and 3 
They have a coaaaoaa factor, 5* 

Is there a common factor for 2^ and 36? 
Factors of 2^: 2, 2, 2, 3 
Factors of 36: 3, 3, 2, 2 
lea, they have common factors of 2, 2 and 3. We can say then that their 
largest factor in CMunon, or their greatest conunon factor , is 2 x 2 x 3^ 

We can use. f^ctor^ to help us change froa one name for a fraction 
to another. For example, we know that 
^ = i . 

But let's use some of the things we have learned about greatest conanon 
factors. We write the factors of the num^tor and dencaninator. 

2 - 1 « 2 _ 1 . 2 , 
Z ' 2 • 2 " 2 2 

But another name for | is 1, So we can write 

2=1,1 
4 2 

And we know that any number times 1 is itself. Then, ^ f 
Study these: 




21 6 

36 4 

(c) i6^1 
84 7 



464 4 

9 4 9 9 



18 ^ ii 

24 4 (g.c.f. is 6) 
28 7 

36 9 (g.c.f. is 4) 



3-2.2 3 3.2^2 3 , i6 ^ i 
3 . 2 . 2 " 7 • (3 • 2 . 2) ~ 7 * ^ 84 7 

(g.c.f. is 12) 
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Scmetimes we find it difficult to recognise the greatest common factor 
for, two or more nmbers. We may use prime factors, just as we did in 
the last example above, to help us. 
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Exercises - 6 < 

1. Factor each number completely and find the g.c.f. 

(a) 35,21 and ^9 (b) 21, 27 and 15 (c) 42, U7 and 105 
(d) 60, 42 and 66 (e) 60 and 84 (f) 78, 13 and 39 

(g) 28, 56 and 14 

2. Simplify, that is, carry out the indicated operations. 

(a) ^ (b) - (c) 8^ _ 

7-3 7.3", 3-8'' 

(d) . X3 - 4 = (e) 2 » 5 . 3 ^ (f ) 2.5.3 _ 

13-5 . 5 • 3 2 . 3 • 13 " 

(g) U -17) ' n = (h) (5 > 3) . 6 _ (i) (2*2. 5) .3 
5 • (2 . 17) . 7 . (3 . 5) - . (2 . 2 . 5) • 7 = 

. • (4) ^ ' 0 -7 - 2 '15 _ (1) - 

(3 • 3 • 7) . 11 , 21 . 7 13~/ 2 

^ 2 y; 7 ?S ? = . V 

3x2x2x2 ^ 

3. Find sjapler names for these numbers. 

U) 10 (b) ^ (c) 42 (d) 100 (e) 36 (f) 84 
35 60 56 166 63 

ig) m (h) 126 (i) ^ (j) 14^ (k) ^ (1) 8772 
16fi(, 633 5760 2184 1080 20^ 

Multiples a£ Numbers 
In learning the multiplication facts, we learned nmltiples of 
numbers. For example, multiples «f 4 between 1 and 40 are 4, 8, 12, 
16, 20, 24, 28, 3k, and 36. A multiple of 4 is a number that has 4 ^ 
as a factor. Study the i^ultiplication table agalij. What are multiples 
of other numbers? What numbers are multiples for different numbers? ^ 
What numbers have the same multiple? Do 70U see any patterns in the 
multiples? , 
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^ 0 


1 


'I 




4 


5 




\'7 


8 


? 


0 


0 


0 


0 


• 0 


0. 


0 


0 


\ 


0 


0 • 


1 


■ 0 


1 


2 


3 


4 


5 


6 


7 


8 


9 


2 


0 


2 


4 


6 


8 


10 


12 


U 


16 


18 


3 


0 


3 


6 


9 


12 


15 


18 . 


21 


24 


27 




0 


L 


8 


12 


16 


20 




28 


n 


36 


5 


0 


5 


10 


15 


20 


25 


.30 


35 


40 


45 


6 


0 


6 


12 


18 


24 


30 


36 


42 


48 


54 


7 


0 


7 


U 


21 


28 


35 


42 


49 


56' 


63 


8 


0 


8 


16 


A- 


,32^ 


40 


4S 


56 


64 


72 


9 


0 


9 


18/ 


^27 


36 


45 


54 


63 


72 


81 



Eiwx^cisee - 7 

1* What multiples of 6 are less than 100? 
2. What amltiples of U are leaffe than 100? 
3» What ami t,i pies of 9 are betveon 250 and 300? 
4* What multipUs of 23 are between 300 and 350? 
5« What natural numbers less than 10 have multiples whtfsc decimal 
numeral 3n end in 0, 2, 4f\ 6, 8? * 
' 6» What natural numbers less than 10 have multiples that are only 

even mmbers? ^ - . ' ' 

*■ ^ ■ t 

7«^^What natural numbers less than 20 have multiples whose decimal 

numerals end in 0 or ^? 
8. What natural numbers less than 20 have jaultiples whose numerals 

end in all th^^^tural numbers less than 10? ^ ' ^ 

9* What number do,© s not have itself as a multiple? ^ 
10. What natural number less thafi 20 has multiples that are only 

odd numbers? 

. . 

11* Can a natura). number that is a composit^^umber have a prims 

numbeir as a miiltlpie? ' ^ 

12 • Write the names multiples of 12 using duodecimal ntimeration. 

13. vSIt e the names of six multiples of 6 using duodecimal numeration* 

14* Write the names 6f six iJiultiples of 2 using binary notation. 

t 

& 



* 

rv-15 

15. Outside white paint comes only in gallon cans. How many cans 
be bought- if 35 quarts' are' needed? 
refreshments at a campfire, each member is to receive 3 
aarahmallows. Mars hn;^il lows come in packages of 16, costrpg 13 
cents a package. If 15 people are at th<? campfire, how many 
packages are neede^? ^ ' ^ 




17. If auditorium chairs come in sections containing 6 seats, hov 
mary sections will be needed for an audience of 100? of 150? 
^ of 200? . of 201? of 202? of 203? , 

Leagt CoaiQon Multiple (l.c.m.') 

We have learned that the greatest comnon factor for two or more 

■) 

nuabers is the largest factor coamon to those number^. The gre^ftest 
common factor of 4, 6 and 8, is- 2. It is the largest factor that is 

common to eaeh^ ' 

<■ , ■ # ■ 

We also ^janbw that; ' ^ ' " ' -^^ , 

,Multiple8 of A are 4, ^, 12, 16,; 20 , 24, 28 , 32, 36,^0, 44, 48, etc. 
Multiples of 6 are 12, 18, 24> 30, 36, 42, 4%>54, 60, etc. 
Multiples of 8 are $, 16, 24, 32 , 40,, 48, 56, ^,'80, etfc. 
What numbers are multiples of all three?"* Which is th* smallest one?. 
We .call the smallest* coramon m^tiple for two. or mor^ numbers tKelr 
least cominon multiple . • ■ ^ ■ ■ \^ 

•We ma.ke use of t}?!^ idea in finding like denoainat'o'r^ in adding 
subtracting fract'Tons,' It is true that we can use any, .'ccMnmon 
mSiltiple. If we fourid the prDdi^.-of 4, 6, and 8, or 4 x 6 x 8, we 



- t would have another multiple, 192.. However-, it is easSr to add 

fractions if we <ian find the smallest coiiunon mult'iple. Factoring 
_ ' Sm. helps us in finding it. ' 

Er!c4 ' . M ' -^"^ . ^ 



i 
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Ind 8. 



^ind the least coarion .aultiple for ^4.1 

Factors of 4: '2, 2 ^ 

Factors of 6; 2, 3 

Factors of 8: ^ 2, 2, 2 
The least comori Multiple for these numbers must have all tHe different 
factors and any one of them as niany tijaes as it is a-£acta?-for any on© 
of the numbors* . / ^ ^' 

^ Least coHLUon aiu^tiple (l.c^m.) for 4, 6 and Sis 2x2x2x3 or 



( 



Study these examples: 

(a) 2 ^ 27 is a common multiple of 3 and of 9, 

3 9 



J 9 -9 3 27 27 27 ^ 27 
By finding the least tScsanon multiple, 

3 3 9' 9 9 " 9 " 9- 



-I 



15 18 12 



Finding least common multiple 



15 12/ 18 10 12 15 



/ 



15 = ,5 X 3 
IS = 3 X 3 X 2 
■ ■ 12 / 2 X 2 X 3 

_J6 _iO« 1^ _ 121 - 1 ^ _11 . i.c.m.:^5 x 3 x 3 'x 2 x 2 or 180 

180 180 180 180 " 180 ' ' 



tc) 7|=7f §=7i| 
^ ' ^ 6. " ^ 



- 5I 



= '2-2 



Finding l.c^ni., 
y= 3 X 3 
3 = 3x1, 
2 = 2x1 

l.c.m.: 3 X 3 X 2 = 18 



^ = 15 or 
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Exercises • 8 < 

1, Find the multiples' of the following numbers which are less tharf 100. 
A - • 3 



(a) 2, 3 ^d 4 



(a) 2, 4.and 8., f 



IV-17 



(b) 6, 7 and 8 

(c) li and|*> 



(b) 3, 6 and 9 

(c) 7, and 9 

(d) 13 and 3 (d) U and 12 

Firid the ccmaon multiples for the nxiiabers listed in each part of 
Exercise 1. 

» » ' . 

Find the least common multiple for the^^umbers listed in each part 

of Exercise 1. , , 



Find the least coamon multiple fqi*: 



(a) 6, 10 and U*'* 

(b) 20, 22 and ^12 

(c) 70, 21 and! 30 

(d) 5, 20 and 16 
(«) 9, 36 and 18 
(f) ^, 6 and 7 

(a) Find all the coanon 
multiples of 3, 4., and 8 
which are less than 75. 

(b) .Whic^i is the^ least coonaph 
aailtiple? ^ 

ic) Which multiple is next 

.f 

greater thai) the l.c.m.? 

(d) Which multiple is next 
^eater thap the last one? 

(e) Do you have, a hunch what 
' ^ Xh9 nextr two grei^ter • 

multiplts will be? 



B 

(a) 9, 15 and 21 

(b) 12, U and 16 . • 

(c) 13, 15 and 17 

(d) 20, /tO and 50 

(e) 26, 12 and 39 

(f ) id, 75 and ^5 

(a) . ihat is tho least aovfrxxi 

multiple of 5, 4 and 16? 

(b) What' is another ccasjion 
multiple of.5,-4.*and 16? 

(c) Wliat common multiple is 
. between 200- and 250?- 

(d) ' What comnicai.iimitipl© is r. 

between 55Q and 600? 

(e) What htinch do you have about 
fccxamon multiples when com- 
pared with the least common 
multiple? 

(f) What is the greatest comiaon 
multiple oP 5, 4 and 16? 
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Perform the indicated operation. 



(b 
(c 
(d 

(« 
(f 

(h 
(i 

« « 

(k 



a ^ 2 • 

3- 9 




11 . -i 

16 20 



-2.-2 

4 5 6 

t 

8 12 16 
28 7 

10 16 20 

^25 'lO' 15 

-i . (JL , JL\ 

25 ^10. 15^ 



20 * 16 
24 " I B 

3 4 5 

(d) 2 . JL _2 
8 14 *'35 

(•) (i2 , In 2 
^18 9^- 5 

) £ - (-A . ii) 
3 13 39^ 

Cg) Ai^. ^ i2A 



55 



(i) i2 ; (ii: . iO) 

22 ^55 33' 



42' 



u) \-| .ii) . a 



'15 IB 



\ 



> 
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Supplementary Teats for Divisibility and Repeating Decimals 

1. IntrcKiuct|or| ; This monograph is for the studeat who has studied 
a little about repeating decimls, Numeration systems in different bases, 
and tests for dfiialbility (casting out the nines, for ir/stance) and 
wauld like to carry his investigation a little further,! un5ier guidance. 
The purpose c^f this aonograph is to give this guidance; it' is not just 
*to bo read, \p^x will get the most benefit from this xoaterial if you 
will first read only up to the first set of exercises and then without 
reading any further do the tfxercises. They are^ not just app^catiQns 
of what you have read, but to guide you in discover}' of further important 
arV interesting facts. Some of the exercises may suggest either quea- 
'tiofts to you. When this happens, sec what you can do toward answering 
them on your own. Then, after you have done all that you Can do with 
that (Set of ■ exercises, go on to the 'hext section. There ypu will find 
t*e answers -to soLie of your questions, perhaps; and a J-ittle more, 
information to |uide you toward the next set of exercises. 

The most interestirfg and useful phase of iaathematics is the dis- 
covery oi^new things in the subject. Not only is thiaftthe most 
interesting "part of it, but this is a way to '.train yourself t\discove\ ' 
more and more impqi'rtant things as t^e goes on. When you learn<^Nto 
walk, you needed a helping hand^ but you really had not learned until 
you could stand alorie. Walking was not new to mankind — lots of J 
peOpU had walked before — but it was new to you. And whether or not 
you would eventually discover places in your walking which n/ man had 
ever Seen before, was unimportant. It was a great thrill when^ you 
firs^ 'found that you could walk, eyen though it looked like a stagger 
.to other people. So, try learning to* walk in aiathcioatics. And be' 
4.n^ej)endent — c|p not acce^ any Jaore help than Is necessary. 
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^* Casting out the nines « You aay know a very simple and inter- 
e;5tlng wav lu teii wht;thar a nuaber is divisible by 9. It is ba;?ed on 
the fact that ^ number is divisible by 9 if the sua of its digits is 
divisible by 9 and if the sum of its digits is divisible by 9, the 
nm.ber is divisibl* b^^g^ For instancjB, consider the nuiabsr 156782. 

9 

The sum of its digits i3i+5-^6 + 7*8+2 wiiich is 29. But 29 is 
not divisible "by 9 and hence the number 156782 is not divisible by 9. 
If thfi second digit had bean a 3 instead of 5, or if the last digit had 
been 0 Instead of 2, the number'would have been divisible by 9 sitjde 
the sum of the di-gits .would hfive been 27 whicJ; is divisible by 9. The 
test 'is a good one because is easier to add the digits than to 
f divide by' 9. Actually wa could have been lazy and instead of dividing 

29 by 9, -use the fact again, add 2 and 9 to get 11, add the 1 and 1 to 
■get 2 and see that since 2 is not divisible by 9, then the original six 
digiC^numbei^is not divisible by 9. 

Vlhy is this true? Merely dividing the given number by 9 would have 
test^ thb result but we would from that have no idea why It is would ^ 
^ > . ^'^^^ other numbt-r. We can show whiit is happejj^lng by writing 



out the number 156,782 according to what It :aeans in t^e decimal nota- 



tion: 
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1 X 105 + SxlO'^ 4- 6x10^ * .7x10^ ^ 8x10 + -2 = ' - 

ix(99999 t 1) + 5x(9999 + L) + 6x(999 ^ 1) + 7x(99 + l) + 

ax(9 ^ 1) + 2": ' . ■ • ■ ,. ^ 

Now. by the distributive property, 5x(9999 + 1) 5x9999 + 5x1 and ' 
•similarly for the oS^or express-ions. Also ve may rearrange the hiuabera 
in the sum tince addition is coiariutative . 3o our nunb^r 156,782 may be 
written 

1 X (99999) ^ 5 X (9999) > 6 x (999^) * 7 x (^^9) + 8 x 9 + 
(1+5+6*7+8+2). ( 



IV-A - 3 

Now 99999, 9999, 999, 99, 9 are ail divisible bj; 9, th^ prud^Ict3 
involving these numbers are divisJible by 9 and the sum of these pro- 
ducts is divisible by 9; Kence the original nvtmber will be divisible 
by 9 if (1^'5^^7^'8^'2) is divisible by 9. This sum is the sum of the 
digits of the given nurabcr. ' Writing it out this way shows thatTT^o 
oiatter what the given number is, the same principle holds. 

Exercises 

1. Choose four numbers and by the above method test whether or not 
they ax*e divisible by 9* When they are not divisible^ by 9, com- 
pare the reminder when the sum of the digits is divided by 9 with 
the re.oa^nder when the number is divided by 9i Could you* guess 
some general fact from this? If you' can, test it with a few other 
examples. ^ 

2. Given two numbers. First, add- them, divide by 9 and take the 
remainder. Second, find thB sum of their reiaainders after each is 
divided by 9, divide the sum Jay 9 and take the remainder. The ■ ^ 
final reinainder^ In the two casep ^re therx^ame. For instance, let 
the numbers be 69 and 79. First, their sum is I4.8 and the remsrlnder 
when 14.8 is divided 'by 9 is 4.. Second, the remainder when 69 is 
divided by 9 is 6 and when 79 is divided by 9 is 7^ the stun qf 6 
and 7 is 13,\ and If I3 is divided b^- 9, the remainder is ^. The 
result is in both cases. Why are'the'two results the* sa^ no 
matter what numters are used instead of 69 and '79?, Would a slaidiar 
result hold for a sufS of thrae numbers? * 

(Hint: write 69 aA 7 x.9 + 6) . 

3. previous exercise we divided by 7 instead, of 9, would the 
reroainders by tlje two methods l>e the saiae? Why or w^iv not? 



Suppose in exercise 2 we considered the product of two numbers 
Instead of their sum, would the corresponding result hold? That 
is, would the reiaainder when the product of 69 and 79 is divided 
by 9 be the sume as when the product of their remainders is divided 
by ,9? Why aiust this be true in genaral? Could they be divided by 
23 instead o^ 9 to give a similar result? Could -similar statements 
be made about prcKiucts of more than two nuiabers? " 

20 

Use the result of the previous exercise to shov^ that 10^ has a 
remainder of 1 when divided by 9. ' What would its remainder be wher 
it is divided ^ 3, by 99? 

What is the remainder when* 7^^ i^ divided by 6? 

i 

Yoy know that when a nuniber is written in the deciinal notation, it 
is divisible by 2 if its last digit is divisible by 2, and divisible 
by 5^ if its last -digit is 0 or 5. Can you devise a similar test for 
divisibility by 4, 3, or 25? 

In the following statement, fill in both blanks with the saiAe number 
U|o ^hat the /statement is true; ^' 
A number written in the system to th« base twelve is divisible by 

if its last digit *is divisible by • If there is more 

'than one answer, give the others, too* If the he^se w>Bre seven 
instead of twelve, how could the KLanks be filled in? ^Hint: one 
knswer for beise, twelve is 6) / 
One could have "decimal^ equivalents of numbers In numeration 
systems to bases other than ten, though the word "decimal^^' would 

not be quite appropriate in this connection. For instance, dn the 

2 ' ^ 

numeration system to the base sevifcn, *5(l/?) ^ 6(1/7) would be 

2 

written ^56 just as 5(l/lO) ^ 6(l/lO) would be written .56 in the 
decimai system. The nuinber .142857L42857. • . is equal lo 1/7 in the 
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d»cimal system and hence in the ; system to the base seven would 
written .1 . On the other hand, .1 = (. 046*^04.62 ...) 7 . VJhat 
number^would have terminating "decimals" in the numeration system 
to the base 7? What would the "deciinal" equivalent of 1/5 be in the 
• syste.a to the base 7? (Hint: reiaamber that if the only prime 
factors of aT number are 2 anc^ 5, the decimal equivalent of its ■ 
reciprocal ternjinates) • , 

10, Use the result of exercise 3 to find the ^^emainder when 9 + 16 + 
23 + 30 + 37 is divided ^ 7. Check your result by coraputing the 
sum and dividing by 7. 

11. Use the results of the previous exercises to show that 10^^ - 1 is^ 

108 ' 

* divisible by 9, 7 . - 1 is divisible by 6. 



12. Using the results of soiile of the previous exercises if you wish, 
. .^&hefclex\ the method of showing that a number is divisible by' 9 if 



the sum of its digits is divisible by 9. 
13. See page 15. 

/5. Why does casting out the nines work ? First |et us review some 
of 'the important results shown^ in the exercises which you did above. 
In exercises 2, joJ showed that to ge-T the remainier'^of the sum of two 
numbers, after division by 9, you can divide the sum 'of their reiaainders 
by 9 and fled its. reiuainder. Perhaps you did it this way (there is mere 
than one way to do it; yours laay have been better),'' Jou know in the 
first place that any natural number may be divided by 9 to get a quotient 
and remainder. For instance, if the number is 725, the q iotient is 80' 
and the remainder is 5. Furthermore -725. = 80 x ^9 + 5 and yot could see 
from the way this is written thit 5 is the re:aainder. "Thus, using the 
numbers in the exercise, yoj would write 69 = 7x9 + 6 and 79 = gx9 + 7, 
Then 69 + 79 = 7x9 + 6 + 8x9 + 7, Since the sum of ^wo numbers is 

» 
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commutative, you may reorder the terms and have 69 ^79 = 7x9^8x9 
♦ 6 ♦ 7, Then, by the distributive property, 69 79 - (7^8) x 9 ♦ 6 ^ 7. 
Now the remainder when 6 ^ ^ is divided by 9 is ^ and 6^7 can be 
written 1x9^4- Thus 69 > 79 = (7 ^ 8 ♦ 1) x 9 ♦ 4. So, from the 
form it is written in, we see tbit 4 is the rCioainder when the sum is 
divided by 9« It is also. the reiuainder when the sum 'of t,he remainders, 
6 ^ 7, is divided by 9. , 

Wr ting^t out in this fashion i§ more work than making the compu- 
tations the short way b>at it does show what is going on and why similar 
results would hold if ' 69 and 79 were replaced by any other numbers, 
and, in fact, we could replace 9 by any other number as well. One 
way to do -this is to use letters In place of the niimbers. This has 
two advantages. In the first place it helps us be sure that we did 
.not make use of the special properties of the numbers we had without 
Cleaning to do so. Secondly, we can, after doing it for letters, see 
that we may replace the letters by any ntimbers. So, in place of 69 
we write the letter a, and in ;place^of 79, the letter b. When. we 
divide the number* a fey 9 we wotild have a quotient arid a remainder. 
We can call the quotient the letter q and the remainder, the letter 
r» Then we would have ^ 

a = (q X 9) r 

where r is zero or some natural number less than 9* We could do the 
sa.rie for the number b, but we should not let q be the quotient since 
it might bo different from the quotient when a is divided by 9, We 
here could call the quotient q^ and the remainder r^. Then we would 
have 

^ b (q» ^x 9) ^ ^ 
Then the sum of a and b will be 



;ERiC 
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a^b=(qx9)+r^^q^x9 + 
We can use the ccDmmutative property to have 

a ♦ b = (q X 9) * (q' X 9) ^ r + r' 
and the distributive property tp have 

a ^ b = (q-> q» ) X 9 ♦ .r + r' • 
Then if r ♦ r' we^e divided by 9, we would have a quotient which we 
might call q" and * remainder r^. Then r + r' = (q" x 9) + and 
a ♦ b ^ (q ^ qO X 9 ^ (q" x 9) > r" 

(q + q» + q«) X 9 "♦^ r"^ 
Nov r" is zero or less than 9 t[nd hence it is not only the remainder 
when r ^ r* is divided by 9 but also the rezaainder whan a -♦^ b i^ 
iSivided by 9« So as far as the remainder goes, it does not laatter 
whether you add the numbers or add the remainders and divide by 9» 

The solution of exercise ^ goes the same way as that ffer exercise 
2 except that we multiply the numbers • Then we would have 
69 x 79 = (7 X 9 + 6) x (8 X 9 ^ 7) 

= 7 X 9 x (8 X 9 > 7) + 6 x'(8 X 9 * 7) 

= 7x9x8x9 + 7x9 x^7 + 6x.8x9^6x7 
The first three products are divisible, by 9 a9d by what we showed in 
exercise 2, the remainder when 69 x ^9 is divided by 9 is the same as 
the remairder when 0^^0+0 + 6x7 is divided by 9» So in finding ^ 
the remainder when a product is divided by 9 it mak^s no difference 
whether we use the product or the product of the remainders^ 

If we were to write this out in letters as ve- did the sum, it 
would, look like this: 

^ a X b = (q X 9 + r) ;x (q» X 9 + rO . * Z' 

\^=qx9xq^ x9'*'qx9xr* + rxq^ x9 + rxr* ^ 
Again ^ach of the first three products is divisible by 9N^ahd hence the 
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re.iiairider vhfin a x b is divided by 9 is the saine as vher r x is 
divided by 9. 

V/e used the nuinber 9 all the way above, but the sa:iie conclusicns 
would follow Just H.s easily for any nuinb^jr in place of 9, such as 7, 
23, etc. We could h:ive used a letter for 9 also but thia seens^ke 
carrjingNt too far. 

There is a shorter way of writirg sonie of th^-^ thii gs ve had above • 
When lettt•r^i ure used, w« usually prait the oiultipii cation sign and 
write ab instead uf a x b and 9q in piS'ce cf 9 x Hence the last 
equation above could be abbrevinteti to 

ab - qq'9 x 9 qr*9 rq'9 ^ rr ^ 
or ab = 9 X 9(\q^ * 9c}r* + 9^^ ' rr'. 

Uut this is not especially iinportant right nov . 

So let us suinimrize' our results so far: Th^- re.:iainder when thfi 
sum of two numbers is divided by 9 (or any other nuTiiber) is the same 
as the reiiiaijider when the su^'z of -the reu;aixiders i« divided by 9 (or 
the same other number) • The sa:ae i^rocedure holds for the product in 
place of the sum. ^ 

These facts may be used to give q^ ite a short proof of the impor- 

/ 

jtant result stated ^in exercise 13. Consider again the niWber 156,782. 
is writ.ten in the usual form: 

1 X 10^ + 5 X 10^ 4 6 X 10^ ^'7 X 10^ + 8 X 10 + 2. 
Now the result stated abqve for the product, the reiaaindcr when 10^ is 
divided by 9 is the same as when the product of the remainder.'^ 1 x 1 
is divided 'ty 9, that is, the remainder is 1. Similarly 10^ has a 

reioainder 1x1x1 when divided bj' 9 and hence 1. So ail the powers 

] ' ♦ 
of ten h^ve a remainder 1 when divided by 9. Thus, by thf^ result 

stateci above for the sum, the remainder when 156,782 is. divid^ by 9 

ERIC J. - , ' ^^l , 
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is the same as the remainder when 1x1 ♦ 5 x lA 6 x 1 -^7x1 ^ S 

X 1 ♦ 2 is divided by 9. This last is just the sum of the digits. 

Writing it this way it is^easy to se^th^t this works for any number, 

Now we can use the, result of exercise 13 to describe a check 

called "casting out the nines" which is not used much in these days 

of co-nputing machines, but which is still interesting. Consider th 

product 867 x 935. Ve indicate the following calculations: 

867 sum of dig4.tsj .21' smhi of digits 3 
^ "suiQ of digits: 17 sum of digits .8 

Product 810,645 ' Product; 3 x 8 = 24 

Sum of digits 8+1+0+6+4+5 - 2^. 

Sum of digits 2+4 = 6 Sum. of digits: ,2+4=6 

Since the two results 6*are the same, we bave.^t le^t some cheeky ot» 
the accuracy of the results, 

) : Exercisea 

1. *^Try the method of checking for anothfer product. Would it also work 

for a sum? If so try it also. 

2. Kxplain why this should come out as it does. 

3. If a~c^putution checks this way, show that it still could be wrong. 

That is, -in the, example gi^n &l>ove, what would be an incorrect 

\ ' 

produict thi.t would still check? ' , 

• ) ■ 

4. Given the nanber 5-7^ * 3-7^ '+ 2.7^ +"1.7^ + 4-7 + 3. \hat is its 

* 

* rosiainder when it is divided by 7? Whi^t is its re.oairder when it 

/ 

is divided by 6? by 3? ' .. 

■ 1 

* 

5*^ Can you find any short-cuts in the cxa.aple above analogous, to 

casting out the nines? , 
6. In a numeration system to the base 7 what would be the r|>sult cor- 
, responding to that in the deci;nal system which gives casting out the 
nines? C, 
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?• The folloviBg is a trick based on casting out the cices. Can you 

'» 

ae^l^&w 5t vdtks? You asl^ sos^ona to pick a cumber it might be 

■ ■ ■> 

1678. ^h«i you ask hio to form another number from l^he^aae digits 

■ ? ' . ■ ' ' ■ ■ ■ ■ 

in a different order — he Jiight take 6187. Then you ask him to 

;. 

subtract the siaaller frojo the larger and give you the sum of all 
but one of the digits in the result. (He would have j4509 and might 
add the last three to give you^L4)« All of this would be don^ 
without your seeing any of the figuring. Then you would tell him 

■. - ' ■ ,- 

that the other ^igit in the result is 4. poes the trick always 
work? ) • 

One method of shortening the computation for "a t«st tgr casting 
out the nines, is to discard any partial sums which are 9 or a 
rxultiple of 9« For instancn# in the example given, we did not 
need to add all the digits ii 810,645. We could notice that 

8^1-9 and 4 ^ 5 =^ 9 and hence the remainder jwhen the sum of 

y ' 

the digits is divided l^y 9 wuld be 0 ♦ 6, which is 6. Are't^iere 
'other places » in the check where work .could have been shortened? We 
thui^, in a way, throw away the nines."^ I"^ was ^ from this ^^t th€% 
name casting out the nin^s*^ came. 

^ By just "the same principle, in a nimibef gyst^ to the' laase 7 
one would cast out t^iesixes, to the base 12 cast ^t the elev^ns^, 
etc. 

^ '4^ Divisibility bi:vll* There is a test for divisibility by 11 
which is not quite so simple as that ij|^r divisibility by 9 but is 
quite easy to apply. In fact, ther^ are tvDO tests. " We shall start 
you on one and let you discover the other for yourself. Suppose w« 
wish to' test the niiober 17945 for divisibility by 11. .Then Ve can 

' ■ : ^ . ■ . ; •■ .. 
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write it as before " v . 

The remaiBders when 10^ and^lO^ are divided by 11 are 1. But the 
•remainders when 10,10-', 10"^ are divided by 11 are ^ 10. Now 10 ip eqii^il 
to U - 1. 10^ = 10^(11 - 1), 10^ = 10^(11 - I),' That i^ enough. 
Perhaps we have told you tcjjj^niuch already. It is your ^iim to ca^^^ 
•the ball. . . * ' 



Exercises ' . 

1. Without considering 10 to be '11-1, can you from the above devise 
a test for divisibility 11? ^ , • 




2. Noticing that it) = 11 -"1 and so forth as above, can you devise 
• . ano:ther test for divisibility 11? 

We hope you. were able to devise the. two tests suggested in the 
pB«vioua exercises. For the first, we eoiild group the digits and write 
the number 17945 as ,1 x 10^ + 79 x 10^ + 45. Hence the r^mainiier when 
the nuffiber 17945 is divided by H should be the same as the remainder 
when 1 + 79 ♦ 45 is divided- by 11, that is 1 + 2 + 1 = 4. (2 is the 
rei^fcnder when 79 is divided by 11, etc.) This aethod woiad.hold for 

any ntmber. ^ 

* . ' 

. , The second method Requires a lit^la knowledge of negative numbejrs 
(either review them or, if you have not had them, 0kit this paragraph). 
Ve could consider '-1 as the remainder when 10 i/divided by 11. Then 
the original number would have the same remainder as the remainder when 
1 ♦ 7(-l)^ +' 9 ♦ ^(-1) ♦ 5 is divided by 11, that is, when $ - ^ + 9 
- 7 -♦■ 1 is divided by 11. This last sum is'eqiml to. 4 which was what 

' O ■ ■ ■ 

we got the other way. By t his t^st we start at the right and alter- ' 
n&tely add arid subtract digit sy- This is simpler than th'e other one. 
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Exercises 



1» Teat several niiabers for divisibility by using the two methods 
described above • Where the nmbers are not divisible^ fiiui the 



. reatoinders by the method givec. ^ 
2# In a cumber system to the .base 7, vhat number ccmld ve tes' for 



divisibility in ^he same way that we tested for 11 in the decimal 
system? Would ^th methods givch above work for base 7 as weH? 
3# To test for divisibility by 11 we grouped the digits in pairs* 
What numl5er* or nmbers could we, ^st" for divisibili/ty by ^ouping 
the digits in triples? For example we mi^ht consider; the nufiibex* 
157892. We coTp.d form the sum of 157 and S92. For what umbers 

If' 

would the remainders be the same? 

4* Answer the questions raised in exercise 3 in a number system to 
base 7 as well as in a number, system to base X2# 

5# In the repeating decimal for 1/9 in the decimal system there is 
one digit inithe repeating portion j in the repeating ^ocimal for 
l/ll in- the decdmal system, there are two digits in the rejSeating 
portion. Is there itnjf connection between th«se facts and, the 
tests for divisibility for 9 and 11? .Wh&t would be the connec- 
tion betVeen repeating decimals and the questions raised in 
exercise 3 above?- 

6. Cknild one have a cljecX in which 11 *s were "cas^. out"? 

* • . ■ 

?• Can you find a trick for 11 similar to that in exercise 1 above? 

5. 'Dlyialhlllty \ss 7. There is not a very good^test for "divisi- 
bility by 7 in the^declffflal system, (in a ntaaeratidn system to whit 
bas^ \i^tild there be a g^jxjif test?) Bui it is wprth loo^ng into since 

■ • • i . 

.we can see the connection between tests for divisibility^ and the 
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" \ * ' • 

repeating 'decimals. Consider the reaiainderB when tke powers of 10 arc 
divided i>y 7. We put them in a little tables - 
• , n 1 2 3 4 / "6 7 ' 



Remainder when 32 6^ 5 13 

IQO ia divided x 

• by 7 

If you coopute,^^e deciiual equivalent _ fob 1/7 you will see that the 
•remainders are epcactly the ntmbers in the second line of the table in 
the order given. Vlhy is this so? This means that if we. wanted to find 
tl^e remainder when 7984.532 is divided' by 7 we would write ■. 

7 X 10^ + C^x 10^ + 8 X 10^,+ 4 X lO^.v 5 X 10^ 
+ 3 X 10 ♦ 2 ' ^ ■ 

and replace the various powers of 10 by their remainders in the table, 
get , ■ . 

' 7 X 1 + 9 X 5 + S X 4 +'4 3C.6 + 5 ^x 2 + 3 X 3 + 2 
We would have to compute this, divide by 7 and find the remainder. < 
That would be as much work as dividing by 7 in the fii;;st place. So 
this 5s not, a practical test but 'it do^s show the relationship .between 
the repeating decimal and the .test, t • - " 

Notice that the sixth poyer of 10 has a re^nainder of 1 when it is 

■ • • 0 

.divided by 7. If instead of 7 some other number is taken which has 
neither 2 nor 5 as a factor, 1 will be the remainder when some pouer 
of 10 is jdivided by that number. For instance, there is some po\;er of 

"10- which, has the^ remainder of 1 when it i a divide! b^ 23, 'This is 
very closely connected with the fact that the remainders must from a 
certain point on, repeat;,. Another way of expressing this result is 
that one cAn form a number completely of 9's, like 99999999, which is 
divisible by 23- ' 



Exercise 



Coapiete the following table. In doing this notice that it is not ■ 

. ' ' ■ i " ■ ' 

necessary to divide lO"^^ by 17 to get the rem&inder when ii is divided 

by 17, We. can c6ii:pute each*e'r)try frpm the one above, like thisj 10 

Is th^ reminder when 10 is, 'divided 17; this ia the first entry. 



:.h^ 



Then divide 10^, that is, 100 by 17 .and see that the remainder is 15. 
But ve do not need/to divide 1000' by 17. VJe i:;erely notice ;that 1000 

is 100 X 10 and hence the remainder when 1,000 is divided' by' 17 is the 

* > • ^ , 

sa^e as the reminder when 15 ^ 10, or 150 is divided by 17. This.' 

re-cfc^inder is I4. Ao find the remainder when 10^ is divided 17, 

notice that 10^ is equal to x 10 and hence the reavainder wht?n 

LvMed by 17 is the saae as when H x 10 is divided by 17, that is 

4« \The table then gives the rejia^ders when the povers of ^ 10 ai;e 

di^KTidpd b3i;^variQiis niuibers: 
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^ind visSkt rel&ti or, ships yoe can between the number of digits in the 
repeating decWls fpr^/3, l/7, l/9, l/ll, 1/13,; etc. and the pattern, 
of the" recminders* Why does the table shew that there vili be five 
digits in the repeating portion ofj^he decl'aal f6r I/4I? Will there 
be soaie othSr fraction }/? which will have a repesiting decimal with 
fiv^ digits, in the repeating portion?' liow would you find a* fraction 
1/7 whieh would haveiix digits in. the rei)eat|ng potion? 

if you wish to explore these thirds"' further and fi-nd that you need 

. ■ ^ ••■ I" ■ ^ » * 

hfeip, you might begin to read soae-book on the theorj- of numbers, j 

, ■* / 

Also inhere is quite a, little material on tests' for' divisibility in 
' «M^heimtical Excursions" by Mi s^, Helen Abbott Kerrill, Dover (1958) • 

continued ft-ooi page 5, 

Ex. 13. Show why the remainder whan the sum of the digits of « 

, • number, is divi^d by 9 is the oam as the remainder when ) ^ 

. ■ ' ; .. 

the ntimber is divided by 9, > 
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. UNIT V 

* 

TH2 NON-NSGATIVB RATIOKAIi NUimERS ■ ' * ' 

*1. WhoXe nuaibera and dlvtatblllty. You are fsunillar 
vlth tho natural nunsibaz'S I,' 2/3^ 4^ 5^ and so on, and 
the numbor zero. Ideae we^have agreed td call the whole 
numbers. lAtei^.on we shall have what we call ^'negative num- 
bers" as well ^nd find that another name for the whole nura- . 
here is^ "the rfon-negative integers" ^ or **the positive 
intftgera and zero*. But in this unit wo shall jiist use the 
words '^whole numbers'* to descr^^he the set 0, 1^ 2^ 3, etxs« 
Division is the "inverse" of multiplication; that is, 
6/2 3 3 and 6=2x3 are two ways ^of expressing the same « 
relationship. Also 6/4 : ij- because 6 =^x ij. When we 
divide 6 by 2, we obtain a natwral number and we say "6 is 
divisible by 2". But i^en we divide 6 by 4 we dp not obtain 
a natural nmaber and we. say is not divisible by 4". !nie 
term "divisible" does not^ mean^^i$rely "you can divide" (this 
can usually be done - certainly in both cases above) but it 
m^ans that both the divisor and quotient are natural numbers. 
.»Two other ways of saying "40 is divisible by 5" are "40 is a/ 

multiple of 5" and "5 is a factor of 40". 

' ' ' . . ' • ,1 ■ ^ 

r. 2, /Sie fractional notation . Thd symbol 6/2 could have 

two' meanings. , It might be six halves or half of six, that is 

6xiorix 6. !lSie fact that these two are equal is called 



the, conwutiative ppopopty of ^multipXidatloxi; W© aee that six ■ 
■ - . --•-'..> 

"ihaXvoB are 3, which is hai? six. ; . 

^ ♦ i ♦ i ♦ i ♦ i.* 4) ? ic ♦ X s\3. a, 

Sq^^we uae the two meanings intsrchangeabXy, " 

i/'^ la th'S number stich that, if you multlgXy It by 4,' 
you obtain y; that la 43c{l/4)»X, In ai .similar way, 2Qx{X/20) 
or U/20)jc2b«l.. - ^ 

3/4 would be 3x(l/4) or (l/4)x3. We oan alBO^ say that 
3/4 is the nuniber such that IT you multiply it By 4, you" 
obtain 3. y ^ . " . 

1^19 quotient of agy two n&tural numbers we -Tcall , a ' 
rational number . Some examples arej 3/4, 7/2, 6/1^, 125/789, 
d70000/3. ' * ' , 

Exercises A 

4 - ■ ■ 

1. Give examples of the following kinda of numbers; 

(a) natural numbers' (b) whole numbers 

(6) ^on-negative .numbers* (d) rations^ numbers 

2. Express ^jhe relationships as products? 

(a) {8/2js4 " . (b) (2l/7)«3 ' 

(c) {150/15)=1^ (d) (29/5 )s5 4/5 

3. By what natural numbers is 144 <l'iviaible? What numbers are 
factors of 144? < , ■ 

4. List 10 multiples of 7. . 

5. List 5 multl^plea of 13. 

6. What ara two of .th« m.8anlng8 of 3/87 



7. 2/3 la the^numbor .aUoh that If it is multiplied by 3, 2 
Is obtained. Use this langi^lt^e^to desorlbe the foll^Qwlng 
numbera t . # 
<a)^4/6 (b) 7/5' (c) l/8 • (d) Syfll (e) 100/9 

8. From the products 2x3x5x17 «510 we can say 

(a) Wiat * numbera are factors of 510? ."'%v. 
' ttfi 510 ia Aiviaible by Sfhat numbera?^ • . .. 

(o) 510 la a multiple of what nuiabera? 
9* See Bxeroiae By which of the following nustbers ia 510 
- divisible? '* , * 

4, G, 8, 10, 11^ 15, 20, 34, 51, 52 
10. Assume a,b,c, and. d are natural! numbers. - If axbxc«d, 
make .a^ many statemetit's as you can about factors and 

multiples involving 2 or more of the number^ a,b,o, and 

• . - ^ ' <^ . ■ > 

d. Ia d a multiple of axb? Is bxo a factor of d? 

3. Mult ii3lioat ion of rational numbers , in order to use 
rational numbera we must be able to multiply and add them, 
and the properties of 'multiplloat ion arid addition should be 

the earners far as pos;Bible for the rational . numbers as 

• - • ! ^ 

for the. whole numbers. Since multiplication is .a..l:lttlft# ' 

easier than addition, we ''^^ll conaider.it first. What should 

be the value of (1/3 ) (1/4 )? It is one -third of one-fourth. 

In other words we would* divide something into four equal parta 

and then each of these parts 4nto three equal parts. We would 



V 

^ ' ^ V ' 

have in all 12 equal parts. Hencft we should define S;he 

f . ^ • * 

product (l/3)x(l/4kto b« l/lS, Sifflllarly„ (l/6)x(l/5^»l/30; 

^ —--^ 

T^la would suggest what, the product should bo for any^Nriatural 
numbers in place of S and 4. ftne way to express th^s would 
be to replace 3 fxsi 4 by -letters instead of other lumbers and 
have "it under'stbod thpit the letters stand for any numbers. 
•Hien we would have ^ 

where ab means the produ^ of a and b^ 

* SuiAjoao we have two rat iAial number whose numerators 
are not 1, such as. (3/4) x (5/7), . Then this could be written 
(3/4) X (6/7) = 3. X (1/4) 5c 5 x (1/7) by the definition^ of a 

rational number and the a^sooiiAive ' 

■* • ■ 

property, 

t * ' =3x6 x(l/4) X (1/7),, by the comraRtative 



principle. 

• ^ * 15x{l/28)« 15/28, using the value of Xttm 

product of twolrational^ numbers with one 

' in ea,ch numerator. 

' J ^ ' , , 

This would work Equally well^ with any natural niuab^rs in place 

of 3, 4, 5, and. 7. Expressed in letters it would be ' 



<a/b)(c/d) m (ao)/(bd). 
In wprds wh^t does tjiis moan? 



1 ylf 



If ' ^ ' ' ' 

V - 5 
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Exercises B 

li Explain what is meant by each of the ^ol lowing: 7/12, 

'.. ^ ' •■ * . ■ ' 

5/3, 10/6,. 14/24. 

« 2. ^ind the values of each of the following: (5/6) x 6, 

(7/4) X 4, {3b/b) X b for several whole numbers in , y 

place of b, 

3, We know that 6/6 c 1, 20/20 = I. Using this and aasumi^ 
^hat the product of any rational number and lis the i 
rational number, find the value of: ^ - 

(3/5) X (6/6), (7/ial.x (20/20), (il/S) X (7^). 

. . . . ■ • 

4, Compute the, product 8 indicated in the previous exercise, 
using the definition of the product of two rational 

numbers, \ ' 

> ■ 

5« Can the natiiral number 6 be thought bf as the rational 

/ number 6/1? Why? • 

i. ■ ■ " 

Find the products, ^using the form above for the product 
of (3/4 )x (5/7), and giving the reasons for each step: 
(a) (l/2)x(3/5) (b) (2/t5)x(3/4) 

(c) .{5/6^x(8/9) ' (d) (l/4)x(2/3)x(7/8) 

7, .Using the definition of iftie product of two non-negative 
- rat ional/numltera , is the set of non -negative ratlonals 
closed with 'respect to multiplication? 



8, Find the following prcxfuctaj . - ^ 

'U) 6x(5/ll) (bj (2/9)x4 < (Cj Cl/3)xCi/4)xa/5> 

(d) (2/3)x{7/8) (^) {7/B}x{b/7) (f) (X/4.)xi8)x(3/6lx(%/4) 

9, Suppoflo' two equal rational numbers have equal denomlnatora* 
What can you say about their niuaerators? Suppose the 
equal rational njixnbers had equal numerators^ wh^tt could 

you say about their denominators? ' 

■ , y . . ' .. 

10«. state in word&T the method of finding the product of two 
rational number a • , " \ . 

4 . Bquallty of rational numbers . We knqw that 6/2 and 
1^/4 are two ways of representing the nui^er 3, Are there 



diff.erenft ways of ^epresent'ing any rational nuaibpr? We know 
thati the answer to th5*«''T^^ "yes" slnoe, for example l/2¥2/4< 
Here it Is helpful to make a distinction that wa made for 
natural numbers s there la a difference 'between a natural 
number and thQ. symbol used to represent It* We oall the-, 
symbol, the "humeral^. Here when we 'Want to make a dlstlno- 
tion, we call the syaibol the **fra(jti(»i*. If w^ wer^ going 
to be very partic,ulai* %e. would have/#ritten in the last sec- 
tlons a fraction which r^pre'sents^ the product of two. rational 
numbers is one whose numerator ij/ the product of tke numera- 
tors and whose denomiziat or- i^^he product of the denominators 
/ 'of the fractions which represent .the ^ given numbers. This, of 
objATse, is being altogethe^ too particular. ^ But it is useful 



at'tlmoa to U&vo the word "frkotion" for the aymbol. For 
.inatance, we could a ay that the^two fractiona 1/2 ^md 2/4 
reproaent the sa/ne rational nvunber and so wo call them et|(i»3^ 
Alao we should probably speak of the "numerator and denomlna- 
tor of a fraction but not ^ of a rational number. But this 
awkward, too, aiid there is not likely to be any confusion 
when we ap^ak of the nuzaerator of a rational nun^er, if we 
realize "that it may have, several numerators and that we are 
merely referring to the way it is written at the time. 

We saw in exercises 3 and 4 above that (3/5)x(6/6) is * 
. on the .one hand equal to (3/5 )xl which should be 3/&. On the 
other hand, if we multiply the numbers, we obtain 18/30.. Stf 
18/30 should be equal to 3/5, We could liave used any naturali 
number in place of 6 and seen, for instance, that 3/5s2i/56. 
In fact, no matter what natural number k is, it woul4 be true 
that 3/5»{3xk)/(5xk)|/^Wo, can write this more briefly as 

' 1^ (3/5)«(3k/5k) * V ^ . • . 

We can multiply the .numerator and denomtnator of any'^frac- 
tidn by* a natural number without changing the value of the " 
rational number which \t represents. Alsoj working from the 
right to the left., we can divide .both nvuneratpr and denomina- 
tor of any fraction by the same natural number without chang- 
ing the -rational number which it represents,' 

How we find out whether two fractions represent the 
same rational -ataaber? Suppose w^ had 6/l5 and 4/l6, in which 



.the numerator of one la not a dl vis or of the nusieriitor of the 

* ■ ,"1' " ■ • ^ '. ' ■ 

other One me^thod would-be to reduce each fraction to lowest 
terns, that i*8, in each fraction divide the numerator and 
denpainator by any conuaon factor. Ilien 6/15 ■ 2/5 and 
J 4/10 2/5, show that the two given fi^actipna represent - the 
flame rational nuiabar._ Another way of ehowing them equal 
would be to equate each fraction to one whose .denominator is 
the product^ of the given ones. That Is 

6/lS m 60/150 and 4/10 s 60/150. 
In the first case we multiplied the numerator and dejidminator 
by 10" and in the second case by 15. If we do this using 
letters it is easier to^see what the result looks like in 
general. ^Let the.-fr act ions 6e a/b and c/d. Itien 
• (a/b) = (ad/bd), and (c/d) « (cb/db). 
Now bd ■ db, by the commutiitive property and cb « bo, TSiua 
the fractions (that is, the rational numbers which they 
represent) will be equal if ad ■ be and if ad ■ bo*^ the frac- 
tions will be equal. 

« 

^ Exercises C . ^ 

1. Prove in two ways that each of the following pairs of ^ 
, fractions repreaent the same rational numbers; 6/21 and 
•10/35, 9/12 BXid 21/28. 
_2, In the second method above we tested the equality of the 
two fractions by making the denominators equal. Could we 
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have the- numerators equal Insfee^? If so, what wiju'ld ' . 
the conciuslons have been? " ' . ^ 

3. Use the conclusion that a/b « c/d, if ad«bc to fiiake'thi 

. ■ • . - r • . 

following as true o^ false \ ^^ ; 

-la) (2/3)«(20/30)' (b) (l/lJ0)«(iOO/lOOO) {c) (5/6')s (61/61 ) " \, 
"''(d) {4/5)«{7/8) (e)- (17/51 )s(3/9) (f) (l/2)x (3/4) =9/24 

^« 'Ke)iuce the following to lowest^ tax^s 

(a) ipo/300 (bV 50/260 (c) 8/56 

(d) 96/108 (e) 121/143 (f ) 1924/2036 " 

5. Show that (4/7 )x(7/4 )el ani that' (9/17 )x( 1*7/9 ) =1-^ ' r 

6. Show that (a/b ) (b/a)=l. Ifee- fraction b/a is called the 

- -J ' ' • - 

reciprocal of a/b. , . . ,. * 

7. >, Write the reciprocals of the* following fiumbera : . 

(a) 2/3 (b) 10/11 ^0) 29/3*. (dj 99/100 ' (e) 10 

8. Which of the following are correct and which are wrong? 
Oiye the reasons for your answers; , * ' 

3/(2*6 >«l/(2*2') _ ' 3/(2x6 )«l/(2x2 ) ' 

3/(6*12 )«l/(2*4) 3/(6x12 )«l/(2x4) 

Just Showing that the nuiabers are equal or not ^qual 4s 
not enough. The proper or wrong use of the fundamental**^ 
properties of rational numbers aj^ natural numbers should 
be stated. • . • 

9. Ifa the following statement true for every rational numbers 

Given a rational number, the reciprocal of its reciprocal ' 

• ■ « • 'J ^ • 

is the given number, y 



r 



. 5. Division, by gero' . So far we-h^ve specified that 
liotli^the numbftpp sppearing in a fraction /must b)? natural numr 

■i' - ■ ^ 

v^feers.—Why ditt we fall to mention fractions like 3/0? ¥/^^ 
know that 3/2 was^ defined so that (3/2() x 2 » S.- So 3/0 
would have to be defined. If at all, so that {3/0) x 0 S 3.' 
O^is would seem peculiar s^lnce we ]mi3W 'i^t^^'iiinf^-liSLtazral nuxn- 
ber multiplied by ^ero is^zero*. ' But we still might, not be 
disturbed 65* tMs. Suppose we carry it a' little further, 

Tfeen [(3/0) k o] x 3 ■ 5Xj^* ^^/^^ ^ ^ 

« (3/0) X 0 » 3. • Hence the a«suaptlon (3/0)' x 0 « 3 either* 
leads to- 9 ;« 3 br that [(3/0)x o]. x 3- is not equal to . . 
(3/0) X (0 X 3) which wouljd deny tl^o associative property. 
Our only choice is then to exclude isero denominators* 

. ' ^ , Exercises D 

/ • 

1, ShQuld 0/3 be included among th^ rational numbers? ^Why? 
If it should be included, what number woul^Tlt have to be 
equal to? ^ . _ 

2, Use the ergumenfe in the paragrhpl; above to show a contra- 
diction we would reach if 4/o were defined to be 4,' 

3, How many times is each of the following contained -in 1? 
. (a1 1/2 (b) 1/3 ' (c) 1/10 

(d) 1/100 (e) 1/1000 '(f) l/lOOOOOO 

4, Does the questions *How^^nany zeroes ^re contained in 1?" 
have any meanlngf Why? 



5.^ Could 0/0 be admitted to the famil^^of ratiorial numbers : 
without running into trouble? IShy? 

' « 6. Piviaion of rati-onal numbers > We have seen that it 



is easy to multiply two rational numbers. How can. we divide 
them? Suppose we consider "the quotient C3/5) -f (4/7). 
There *are two ways to find this quotient. In th6 first place, 
we know that 2/3 is that nuudber which when multiplied by 3 
gives 2. Hence if we are, to f ind. the quotient (3/5)/{4/7) we 

must search for' a number which, when multiplied by 4/7 gives 

I* / , 

3/5. In other words/ we want to start 'wi^h 4/7 and by multi- 
plying by a properly chosen rational number, arrive 'at 35^, ; 
If X. stands for the number we are^ seeking, then 

(4/7)*x«3^ • / 

We can first multiply 4/7 by 7/4 tt> make the product* 1, then 
by multiplying by 3/5 to obtain the pfoduct Ix 3/5=3/5. . • 
Hence the number w« are seeking ie (7/4)x(3/5)«^y20. 

we see f3/5)4 (4/7)«2l/20. To cl^ck, we find\? 
(4/7) (2l/2p)»84/l40«3/5. 21/20 is the number which multi- 
lied by 4/7 gives 3/5. \ 

We can think of the quotient (3/5>^'4/7) as « quotient . 
of two rational numbers, or as a eingle fraction with thd 
rational number 3/5 as, tH» numerator, pnd the rational number 
4/7 as the denominator. 




Then another way to get the same result is, to notioe tEat we 
cai make the denominator the given fraction i by mu^ti- 
plying nunerator encj deinomiRstor by the reqiprocaV of 4/7, 
that is, by 7/4.^^; Then we have ^ ^ / 

'(3/5)/C4A) = .#/5) X ^7/4) / (4/7.)(7/4) = (3/5) xV/*)/! 
^' = (3/5) X. (7/4) - 21/80. 

How would you formulate this in words? This shows that we . ' 
hBT© in the rational numbers a system which has one advantage ^ 
over the natural numbers. The natural numbers are not closM 
un<Ler 4.iV-ision, that i^, the quotient of two natural numtbers 
i^ not always -a natural number.* But the rational numbers 
are closed under division excQpt by zero, since the quotient 
of any two rational numbers Is a rational number. o 

. Sxercisea E 

1. What is 3 divided b*y one-half?. Find the result using 
division of fractions. Show how the same result could '* 
be obtained without dividing'f ractions . * 

2. Find the quotients!* * 

(a) (3/2)^(9/4) ' (b) (9/4)1(7/6) (c ) (3/2 ): (7/6 ) ' 
(d) 1^/6)^2 (e) 31(3/4) . (f ) (lO/li )i (2/5 ) 

3. Find the qut^entss ♦ 

(a) (3/2 )iJ( 9/4)4 (7/6)1 (b) [(3/2)1(9/4)1 *(7/6j^^ 

u J I- -> "X, 

4. Is division of rational numbers associative? 

5 . Find tfhe quot lent i . ^ 

(aA)f (c/d) 
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6. State the. results in Exercise 5. in words. 
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Ad<iltioii of rational nmnbars . W^Jiavo -seen how' to 
. . ■ . ' . . 

multiply i*ational numbers. How do wo add them? If the denok- 

inatqrs are the same, it ia easy. For Instance * 

i/T * 2/7 a 3 X {1/7) ^ 2.x (1/7) « (3 ♦ 2) C(l/7) 

. *• / « 5 X (1/7) B 5/7. • ^ 

W«f just assume that. the distributive^ props jr>yir #^11 .hold anii . 

Refine addition accordingly. We could express this £n terms 

of letters; • " ' 

^ > • ■ ' .... • • 

* a/c *♦ b/c) (a*b)/c, - 

When tha denominators are equal we add^the numerators, ' 

i • 

Suppose we have two rational , numbers whose denominators 
are^ not equal. Then wo can make the denominators equal by . 
mjultiplying numerator and denominator by appropriate natural 
numbers and then add the nunerators. Suppose we wish to add * ^ 
2/7, and 3/5. Then we have ' 

2/7; ♦ 3/5 » 10/35 4. 21/35 • (10 ♦ 21 )/35 » 31/36.' ' V 

We chose the 35 as the denominator since it had to be a 
multiple of 7 apd of 5 and the smallest suoh'nu»ber is 35, 
Suppose on th? 'other hanl, we were to add 3/4 and 7/lo/ Here 
our denominator must be a. multiple of 4 and also of 10^ While 
40 satisfies these conditions, 20 is a smaller number which 
dbess TtiUB the numbers oouXd be written 

- 3/4 ♦ 7/10 16/20 ♦ 14/20 « 29/20. , \^ 



■ ■ • , . ( 



You m&y prafer to writs thla 1^ oolua^ form i.a 
3/4s;5/20 ^ or 15(1/20} 



" sixer clses P 



l*^ ^ Find the suauis 

(a) 7/8 * 3/8 ' (b) 3/S ♦ 6/6 (c ) 7/0 ♦ 3/16 



. V ,(d) 7/8 ♦ 3/5 fa) 7/^ * -9/21 • jf -) 7/S ♦11/20 

/{g ) . 11/12 ♦ 3/24/ , ' ' 

2.' Find ttia value of the following: , ' . 

(a) I'J {1/S * 1/6} (b) (3*6} f (1/3 ♦ 1/5} 

3* . We defined addition so that the aum of two rational num^- 
•> bers having equal denominators was obtained by: adding 



• tEo nuBxeratiire^ la the oum of two rat lonal 'liumbera hdfv- 
Ing equal nusierator s ^ obtained by adding their denomina- 
tors 5 that Is, Is. 5/7 ♦ 5/3 = 5/10? Glv^ reasons* * 
4^ Find the' vali*8 of ^8/13) (2/7). 

5. How would you aSibtW'ot one rational nun^ber' f roa another? 
"6. Xf possible uslilg non -negative rat lon^ls , subtract from 
7/8 the following J 

(a} 1/4 (b) 2 (o) 3/4 (d) 8/9 (6)15/16 

' ■ • • ■ . r ■ " ■ / -i 

7. Find the value of (7/4) (6/7) ♦ {^/8) . 

r- ^ ^ . ' ^ ■ y ■ ■ 1 . 

8^ Find the values of j • 

S ■ ■ r ' ■ * ^ 

(a) 0/3 4. 7/8 (b) o/a ♦ b/c ^ 

(c) (0/3) X C7/8) . (d) (oA) X ifL/b) \^ 



9. Pindj (a/b) 4k (c/d) - ^ , ^ 

1^ Why s^uld fielding the 'least common multiple of the denom- 
inators two fj»aotions be useful in finding the sumtof 



two rational- number fl? 



11, Is every whole fiumber a rational number? Why? 

12, Two fractions^ O/a-and O/b are equal when a and "b are any 
natural nuaijerfl since 0 x b^ • a Also 0/a is zero 
since jO/a) x a » 0 and a x a » 0. Show that if the 
product of two rational numbers is zero, one or ijoth ^ 
must be zero, \of course, you may assume that this 
property holds for the whole numbers.)' 

8. summary t>f ttie properties of the non-ne^atiyje 
rational numbers . It is probably worth while to list the 
properties which we have found so far. The rational numbers 
are represented by "ordered pairs" of numbers the first" of 
which is a whole number and the second of ^which is a natural 
number. We call them "ordered pairs" since the 03*der^ in 
which they a-re written is"^ Impprtant ; that is 3/4 is not the 
same number as 4/3, We use the solidus (the name for the 
slanting line) to separate them. But we could write 3,4 or 
^ or 3*4 just as well. We defined equality, sum and product 
aE)d they hsrv;^ the following properties? 

. 1. (closure) The product and sum of any two rational 
lumbers are rational numbers. 
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2. ( exist en(ie oT identity number tor addition and imilti- 
plication). H^e mus^ev, 0 la a rational' numb or and |ias the 

property that 0 ♦ r ■ r Tea* any ratloiial number, r;]zero la 

* ■ ■ ' . ' ■ ■ •/ ■ . ' ' / 

the identity number for addition. Th'^e number 1 is a rriticrfial 

number and has the property that 1 x r «r for any rational 

- .,' • • 

number, r; one la the Identity number for multiplication. 
. ' 3* Addition^irnd multiplication are associative. 
4.^ Addition and mUltlplldatlon are coomutatlye. 
, 5.' 'Kie •distributive property hol'ds. 

6. Hhe quotient of any two rational numbers is a 
rational number if the divisor le not zero. ' 

7. If the product of two rational numbers is zero, one 
or. both must be zero.' 

8; Zer6 multiplied by ariy rational number is zero. 



1 
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j Which of these propertlea ^ra also properties of the set 
of whole nuribers? " ' ^ ^ • 

' 9- Ordering of*rationa.l numbers . Let us first review 
a few facts about the whole numbers. V/e are. familiar with 
t|te ndtatlon 7 - 5 « 2, This is just anot-her way of writing 
7 o\p ♦ 2.^ In words, .7 -^5 is the number which, when added 
to 5 gives 7. Kow 5 - 7 is j;iot a ¥rhole number since' there 
^o5*hole number which we can Std^ to 7 to get 5. Similarly, 
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18 - 10 ils a whole num^jer but 10 - IB Jeerfxot , . In general, 
one natural number minus . another natural number Is a natural 
^N^us^i*^ 'Only if thfr first is greater .than; t>ie seconds Ihere 

■ Is a notation for t^is : 7 ^ 5 or 18 > 10 means- ",7. is greater 

. . ■ • ■ ' • .... ' ■ < ' 

^ than 5" or flS Is gr«ater than 10** ,' Wa could also say **5 is 

< ■ 

smaller than 7** or writt'en 5 < 7; or "10 is smaller than 18" 

- • » 

if 

written 10 < 18. 'Kiis could be written in terms of letters 

as follQwai ' vi^. - f ! ' 

\> • { 

b - a is a natural nUnijer if b > a, ^hat is a <.b. 
., ^ese same symbols of inequality are useful in dealing 
with rational nunbers. Suppose we wish to 'compare 1/3 and 
2/7 J which is greater? One way of doing this would be to 
find their decimal equivalents; this we shall in the next 

m 

section, OSie second way, which is probably simpler, is to 
replace the pair of fractions by a pair with the same ^ 
denominator justi as if we were going to add them. That is, 
1/3 » 7/21 and 2/7 « 6/21. SincV 7 is greater than 6, this ^ 
shows that 1/3 is greater than 2/7, Another way to look at 
it is to see that l/3 - 2/7 ■ l/21 whidi is the quotient of 
two natural numbers. In general, one rational number is said 
to be greater than a second rational number if the first 
minus the second is the quotient of two natural nximbers; 

r 

another way to say it would bej one rational number is 

# ■ 

greater than a second if one- can add the quotient of two 
natural numbers to the secoal to get the first. 
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(^atica that we'hBve u^ed *tV^ quotient of two natural 

■■ ■ • . • /' ■ i 

numbers'*. Why* did we not juat aay "rational number"? One* 

resBon is that sero 1b a rational number and If thel» differ- 
ence were zero, Ihey would equal. Also we shall later be 
oonsi-derlng negative |ratlonsl numbers, and we wlsl:^ to Exclude 
theti{^ rrom -OUT definition. .« • . . 

^ Bxercises H 

1, 'Associate 7/l0, "using the appropriate Symbol <,=,> with 
each tjf the following: 
- 9/10,- 1/10, 1/2, 3/5, 3/4,^3/7, 0, 21/30, 7/5, 7/6, 
7/8, 7/9, 7/11, 7/12 . ' , 

2; ir two rational numbers have the same denominator., the 

larger rational numbe^ has the larger numerator. If two « 

. . ■ • * \ - ' . V ■ 

rational numbers have the same nMera tor show that thA^ 
larger rational number has the sj^aller denominator, 

3. Write the following rational numbers in incraaalng order: 
8/9, 18/19, 3/4, 5/a, 25/27 4& 

4. Write all the fractions between 0 and 1 whose denamiriatorfl 
are 7 or leas, in increasing order of alza;, ^tiere are a 

* 

number .of later est ing properties ^ of thle set of numbers. 
Can you discover them? 

5. If a, b,"" c, d are natural number^ show that (a/b)>(c/d) 
if ad>bc, Shov. also that if ad < be then (a/b)<(c/d). 

• How cou!}.d this be used to shorten the computation above? 



If the diameter of a circle 1^ 3.,. it is shown In gaometiry 
that the nuobe:^ of units In tke cirousf erence is 'a number 
deaignated by^Q and whose value to five decimal places is 
3 •14169. ' iHe rational number moa^ often used as an 
approximation for this nuoiber is 22/7,^ ^Another approxi- 
mation used by ^he Babylonians is 355/113. Which of , 
these fraction is the greater and which is clos'er to lf ? 

7. If a and b are two integers, then just one of the follow- 
ing relationships holdfl : a> b, • b, a<Xb, Shon^ that 
the same statement may be made when a and b , are rat l(^nal 
numbers. 

8. (Hard) Let r and s be two positive rational numbers with 
rOa. Show each*of the following for two pairs of Rvalues 

i/^ of r and s. Por example, use r ■ 1/3 and s « 2/5, 
-• a. r < [{r ♦ s)/2]<s. 

\ , b. l/s'<[(l/r ♦ l/8)/2]<l/r. ' . 

2 8.' 

. 1/r ♦ 1/s ^ ■ ' 

d.. if » a/b and s ■ c/d, then r < (a*c^^j/Cb*d ) < s. 

9. What part or j^rts of exercise 6 show, if they are true 

r 

in general, that between any two '^•ational nuinbers there 

is another rational number? 

« 

« The notation in the parts' of the exercise perhaps need 
further explanation. We write 2 < 4 < 7 to mean "2 is less 
than 4 and 4 is less than, 7" or, more briefly, '•4 is between 
•2 and 7 and' equal to neither", Ihe corresponding meaning 
would be used for rational numbers. 
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10. Ivorjr hard) Shcjw that the inoqualltfes of exercise 8 ' 
hold fc5r ill positive rational lumbers ^ and s. 

Peoimal equ5?yal^^a-^ .r^jitlohal nus^ers . We saw 
above that one way- to compare the si^e of l/3 and 2/7 was to 
compare their decimal equivalents. To limber up our pencils 
and. our minds, let ^us s^art by finding a few decimal 
equivalents, 

-Exercises\ I , ! 

V 

1. Find the decimal equivalents to ten places of each of thQ 
f^lldwings 1/2, 1/3, 1/4, 1/5, 1/6, 1^7, 1/8/ 1/9, l/lO, , 
^ l/ll. Draw a line with these numb era? marked off on I't. 
2m * Poin^ out any petterns which you see in th? decimal equiva 
lents which you have just calculated.^ In particular was 
there any, stage at which you could wrlte„down |he answer 
without carrying the actual division farther? Which of 
the decimal equivalents were exact? 

First of all let u^s look at these decimal expansions 
which are exact, that is, nhich find with a string ofr 
zeroes. We had 1/2 » .5, 1/4 ■ .25, l/5 = .2,-1/8 ■^.125, 
l/lO » ,1. 'ihis Kind of decimal is iaometimes called a 
terminatinK decimal since it stops. Instead of using the 
decimal notation we. could have used fractions. OSien we 
would have 1/2 « 5/l0, 1/4 « 25/100, 1/5 « 2/lO, 
l/S « 125/1000, l/lO ■ 1/10, 



s 
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Express each of tkxe follbwjlng daoimftls as a {quotient of 
two Integers 'whsi-o the denominator is a powei* of ten, 
that -la, one of 10; 100; 1000; 10000; etci 15.7^:/ 1,7893; 
• 0012. ' . 

xio you belleVie that every terminating. decimal can be 
expressed as the quojtlent of two Inte^rs in which the 
denominator is a power of ton? Why? v *^ ■ 
Express each of the following as a decimals 156/1000, 
57/10000, 789/100, 3589/10. Do- you believe' that any • ^ 
quotl'^pt of two integers in wh^-ch the denominator is s 
•power s(f ten, can be expressed as a terminating decimal? j 
Why? 

What connection is there between the answers for Exercises 

4 and 5 above? Collect these results into a single atate- 

^' ,. . . , 

ment* if you can, . y'' 

The fraction l/S could be written as a terminating decimal, 

as we saw above, bdcause it can be written as a fraction 

whose denom'inator is 1000, namely, 125/ioOO. 1/25 could 

be writ^n as a terminating decimal because it is eqxial 

to 4/100. Is )there any way that on© can determine when 



a. rktional nmaber has a terminating decimal « without con- 
verttng it to a fraotioii with a power of ten as denominator? 

We saw from exercise 7 and other examples that -if the 
fraction a/b is to have a terminating decimal It must be 
equal to a fractionc/d where d is a power of 10, Now if 



a/b 16 in Xowost terms ^ it can. bis equal to o/d only Xf 
, . . b divides d« In oHieT words b aust divide a power of 10* 
For example, 8 must divide 1000 so that 1/8 can be equal 
- to 185/1000, 25 must divide 100 so that .1/25 is equal to 

8* If a rational number la a divisor of a pow^r of 10 what 
^ can you say about its prime factors? {'Sis teaoV^r should 
> reioall to the student what is meant by "prime factors")* 
9« If a number has no prime factors but 2 and 5, must it be 
a divisor of a power of ten? Illustrate your conclusion 
with several examples* ^ 
' ' So we oan' summarize what we have found so far by the 
followlzig statement: If 'a ratlcmal numher has a terminatr 
Ing^ decimal equivalent and If the fractlox\« is In lowest 
terms,' then the only prime factors of the denominator can 
be 2 and ,3» Conversely^ it; the ddncciihetor of a fraotion 
in Xoiett tsrms has no priiw factors but 2 and 5^ than 
its deolmaX aquivalant terminates. 

11, Repeating Decimals *. In the first exercise of the ; 

I , - 

) preceding section we i'ound that there were several fractions 
whose decimal equivalents did not terminates 1/3^ ^/^» ^/7» 
1/9, l/ll. These do not. terminate since the denominators have 
factors different from 2 and 5. Next we look into these in 
more detail. 



One way to vpite b decimal equivalent for L/3 would be 

•3^333. where the line under the^S and the three dots after- 

, • ^ . I 
ward indicate^ that no matter hoir far out one carries the 

• ■ * . 

division there will be Just a series (or string) of threes* 
Similarly l/ll could be written .090909^,. where it 'is the 
pair of digits 09 which repeat as far as the division is 
carried out* Also 4/3 can be written 1,333**. • The frac- 
tion, 1/7 has a repeating portion of six digital ,142857.,, * 
Such decimals as these are called repeating decifflals (some- 
times ^ periodic decimals). Ilhat is^ decimal is called a 
.repeating decimal when from a certain point on some sequence 
of dibits repeats and continues to repeat no matter^ how far 
the division ia oarriad out« Notloa that X*3S3#«» ia a rappat- 
ing decimal even though the initial digit is not 3* Similarly, 
14*235255*** is a repeating decimal. 

These decimals which we have f oUnd for 1/3 , 1/^7, eto,, ^ 
do not give the exact value for th» fraction no matter where, 
one outs them off but the farther one goes, the closer is the 
decimal in value to the number, "For instance 1/3 - ,3 
■ 1/3 - 3/ld ■ 1/30, 1/3 - .33 • 1/3*- ^3/100 s 1/300, 
1/3 - .333 « 1/3 -"353/1000 » l/SOOO and so on. The results 
of Sxeroise 2 below show similar results for the expansion of 
1/7. For instance, ^14 2857, is equal to 142,857/1,000,000 but 
this ia not equal to "l/7 since 7 times 142,857 is ^?9,999 




0 - 

S 



which iajunt short of 1 ,000, 000. However 1/7 - .142857 
■ 1/7000,000 which Is a very small number, . 

Sseeroises J 

!• Sometimes one writes 1/3 • .SS 1/3, Y/hat does the second 
1/3 stand for? Is it the same as the first 1/3? Is tha^ 
following true* 1/3 s .333 i/3? If so, what does the 
• second 1/3 stand for here? ^ 

2. What would one have to add to .142 to -make it exactly 
equal to 1/7? JIRiat would one have to add to .1428 to 
make it ejcactl^ equal to 1/7? ' ^ _ 

3. MultipTLy each of the following by 35 .3, ,33, ,333, 
,3353, By how cnch doe^ each of your results dii'f er 

, from 1? What ^Qonnoot ion is there between.^our answers 
here and exercise 10 above? 

4. Find the decimal equivalents for eadi of the following 

fractions. (Do not be discouraged at the size of the 

' > •, ' , ■ ■ 

denominator in some cases* ^lo process is shorter seme- 

4 

times than for sasiler denominator a.) Carry out the 
division to the point where the deoim&l terminates or 
^gins to repeat. - - ^ 

(a) 3/8 (c) 15/37 '(e) 41/333 (g) l/l3 

(b) 5/44 * (d) 7/125 (f) 4115/33,333 (h) l/l7 . 

5. In the decimal equivalents for 1/3, 1/7, 1/13, 1/17 do 
you see any connection betwe0n the denominator and the 
number of digits in the repeating, part of the decimal? 



6. Do not carry out the division tov 5/413 but guess whether . 
or not the deplnial will terafinette or repeat. Give reaaonf 
for your gueao. How far mlg^t you have to carry out the 
divie^n to show your guess to be correct or false? 

7. How many different remainders woulfd it be possible to have 
in dividing* a number by 727? WhaV would a remainder have 
to be if the decimal terminates? ' ■ 

12 . Rational Numbers gguivalent to Repee(t$ng Decimals . 
It is a remarkable fact that t^e deci^l equivalent of every 
rational number either terminates or <is a repeating deoimal. 
You may have guessed this already . (Po see why it is so, con- 
Binder first a few divisions. First take 4/15 (this division 
is to be written out). Here the remainder after two divisions 
is the same as after three and the process just repeats itself. 
Consider the decimal for 2/7 Uhis division 'is to be written 
out). He^a the first remainder la 4 and the remainder after 
six divisions ,is 4, which msansv that the serlea repeats. 
Consider 675^7 (this division to be written out). The first 
r<»maindor is 6p the 'second is 14, the |jhird is 4 and the 
fourth. 6. It does not at this point begin to repeat since 
the first occurred before zeroes were adjoined. But as 
soon as a third 6 occurs as a remaindei* the decimal will 
begin to repeat. 



Thua" in flrvling the decimal equivalents of any rational 
number either the decimal will terminate or, from a certain 
*vPoint on one must continue to adjoin zez^oes to the dividend.' 
If, after zeroes are adjoined tvo remainders are the same - 
the dec^l begins to repeat and, oont^ues to do so* Why must 
two of these remainders be e^qual? Ifce first exorcise should' 
be ar help in reaahing the answer to this question. ^ 

In division by 17, the onl^ possible remainders would be 
O; 1, 2, 3, ... ,15, 16. If a remainder is zero, the decimal 
will/te'rminate. Prom what we have shown above, this would not 
happen if the fraction wer<( in lowest terms since the denobiin- 
ator has faators other tl^n 2 and 5. If the decimal does ho^ 
tisrminate, there would ^e only ,16 possible remainders. 
Suppose in finding the decimal equivalent of ' l/l7 the first 
sixteen remainders were all. different (we saw above that this 
was Indeed the case), Then the next one would have to be a 

^ ■ ■ . ■ 

remainder that had ooom»red before* Siiallarly^ In dividing 
by 37 there would be 36 possible remainders not more and if 
the f irst S6 were all different, the next one would have to 
^e one which already occurred. Actually^ the first three 
reaainders in computing 42/37, are 5, 13, 19 and the fourth 
remainder is ^5 again. Since the* first remainder occurred 
after a zero was adjoined to the 42, the decimal repeats from 
the fourth remainder on. It is 1.155 135 ... . Hence it is 
not necessary that all the remainders occur before repetition. 

4 ■ 



But we can be sure in every case that the largest possible 
rtuiaber of digits in the repeating part of anx-repetfting 
deoinial is one less than the divi8or« { 

This disoussion shows that every rational number has a . 
decimal equivalent wh^oh either terminates or is a repeating 
dociiaal, — s 

■ . ■ , . ■ - * » ' 

So far we''have considered converting rational numbers 

into their decimal equivalents* Suppose we have a repeating 

decimal: ,1212 • Can we find a rational number whioh it 

represents*? Beft>re trying this let us go back to one which 

S^e already know and develop a method for dealing with, it so 

that we may apply i't to the case at hand* 

Cdnsider the decimals .SSS ••• Let the letter n 

st&nd fbr this number, o^en ten times this npmber^ that is 

lOn will be 3 ,333 • lliat is , we have >^ 

/ lOn - 3*333 • 

n ■ ■ • 333 • • • • 

If we. subtract n thixigs from 1 CM things we have' 9n things* 

(This can also be seen fran the distributive property s 

IQn - n ■ (10 - 1} n ■ 9n}, And ..333 subtracted from 

3*333 is 3.000. Henoe we jiavp 9n ■ 3. But, using our 

nc>iration for a rational number, we see that this means n > 3/9 

which is equal to l/3. This is a complex way of showing that 

* J 

1/3 has th©"^ decimal equivalent given abovir but it is useful 

[ 

to look at thlfl^process since it will apply for more difficult 

decimals* • . \ 

' I * • 

■ ' ; i 



/' Now let ua return to ,121212 • - .121212 ... . TJry 

Instead lOOn * 12*1212 . Then 99n • 12,000 and n « 12/99 / 

irhioh rftduces to 4/33. 

' We do not attempt to give a, formal proof that every 

reMatiAg dectoal represents th% quotient of two int'eg^ra, 
• / ■ . \ 

that i8,/a rational* number, but working the exeroisea which' 



follow should be evidence in that direction. 



"Exerciaea-K 

'I 

1, Find the rational number whose decimal equivalent is 

.121212'" ** , Find the rational number whose' 

decimal equivalent is .121121121* •••••• , . 

2, Express each of the following in the form a/b where a 

and are Integers' s. .343434. . . , 1.543454. .V , 15.434343, 
.567567,,. , 1,23412341234.., . 5761.231^3123, .,' , 

3» Cak you formulate any rule for deterrdning what n is to 
be mult^lied by in dealing with such repeating decimals? 

4, I,obk again at the number of digits in the repeating 
parts of the decim^ equivalents for 1/3*, 1/7, l/ll, • 
l/l3, 1/^7, We have seen above that the number of digits 
in the repeating part cannot be as groat as the denojifltli- 
ator. Can you discover any sharper relationship? 



* • • ' " ■' . 

tmiT VI 

> ^ S«tt and th« |stt7MOti<3s^ of S«t« 

. IB your ptudy ofvArithawtio yoa have l««xii«d about properties of 
aiate «9d properties of the operation's (adaitioa^ sulJtrftoticm, 
.aoXtiplioationy division) oQ iussbers- Vs are now to consider t 

. tbe ideas of pofnt, line, and space. A sttsidsr ot V^wm ideas \s 
called gecBtetry , • 

Ve sball think of a line as being a representation of certain 
things, such as the edge of the desk or the edge of a ruler. We use 
the term lin« to aean straif^t line. A line will jbe represented in a 
fik^eh in this way: ^ 
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the arrovs are used here to shov that the drawing represents a line 
extttkding ip both directions without end. Ve use notation in the nsoet 
slMteh to label a particular point, i, oo the line. 



< . ■ : 



In studying linea vs use the ideas of point and fgi. A sst con- 
sists of all the things which hara scoe characteristics, or property, 
in csosaSn. For example, the pupils in thip class sine a set. £ach 
pupil is a member, or eleswn^ of the set. The em numbers form a set. 
three elements of the set of even numbers are 2, 16, and 38. The set 
of even numbers ^smaller than 10 are 2, Ut 6, and 8« This set has Just 
four elsmaot*. The .persons who have been president of the United States J 

are .a^t. Thosas Jefferson ii| one element of this set, and ^sident ' 

... . ■ ' , ^ ' ' 

Eisenhower is another element, 1 set may have no ele»snts, a^^lF^t 
MS we call it the •esqpty sat," or the !mfill set.* ProbmteJ^ t!» set 

of 'pupils in your dass i^ are less ^han ei^ years old is ti» »pty 
<et. ' 



I 
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1 ViXM m*y h» ihaug^ a 9et of points. Any poist on the 



^li&e i* as •iMunt df this Mt* 

Swo (or aor») fsts i^eh Mv« 




#3*Msnts ar« sad4 to bsvd as 
ist0rs»etiQC > thi» Isttrssctiaal^ia 'also a sat. It is th« sat of all ' 
aXtassts is both M'^s. tbm ist«|^i>fMCtioe sat of the set of sTes Bmbers \ 



aad the set of vhola xmiberu tem^ to 9 oosts^s ti» siaibers 2, At ^» . 
and 8 sisoa t^se su&hers are .iB| y h sats.^^ this toob ve bsTe a £St 
j2£ ft 9^ people ^ Mrthday |g The boys vho 

have a birtbiay is are* is tha^%terseetimi set. If tba 
class has a hlrtbday is Hky the iiitfrseetioo of the sets is the 



e^tjr aet< 



1. Write ^ elnaests of the set mm^m axe 

... ■ h • . 

a. The whole soabers greater t)iu3 l7 and le^s tbas 23- 

b. The first saffies of a«&bera o^ jaat faaily. , 

c. The eities orer 100,000 is po^alatiasi is ^rour siate. 

d. The aaobers of the daas Isa^ than 4 years old* 

e. The Bases of special kinds osadrilaterals. 



2. Write 3 elesasts of each of the foUovisg setss 
a* The odd vhole sosibers. 

b. The whole sobers divisible by 5* * 

c. The set of points os the lis4 below, som of which are 



labeled is the figures 



3. Give the elesiests of the istersectioss of the followlm; pairs of 



setss 



/ 



a. The whole ntaibers 2 thr^h 1^ asd the whole nuftbers 9 throti^ 
.20. ^ ' 
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b# Th# digits in your telephone nuaibftr «n4 the od^ ninbers. 
e. Th* albert of th* elaas aad the girls vith yiood hair, 
d. Sot of podfits flok 14ne « imd 9«t'of po^ts on Xint ^ • 




• ' . ■ ■ ■ ■■ ^ u.' ■ ■ - *■ ' 

Wiwa wB rcjH^eint « line ty a^iketb]^ «i tha bUckl>»&rd or a piec« 
of, paper our sketch the^s ooly e pert ofv^hr <^ • Ha* ee^^t. 

1 line segnent is detei«ised bgr 2 po^ts on the Hbs/ in this sketch 
A vod 6« idiioh ere called the wadpoiats of the/ segpmt. The seg- 
Meot^ AB, is a sst of points. If the edge of a hook is thought of * 
as a line se|^e&ty the endpoints are tl;^ tvo oomers of ti» hook on 
that edge. An edge of /^foot ruler re|areBents a line segcaont and the 
endpoints are usually Marked 0 and 12. 

Oxila baseball diaaond, ve aay think of ho«e plate as a point, ai^ 
first base as a point. Then the part of a line fro* hem plate to 
first base is a line segment of which the endpoints are bOBsplate and 
first base. When this line sepMoxt is extended fron first base into 
the outfield, it is called the ri^-field foci line. A ban which^is 
hit left of it is •fair* and a baH.^ch is hit right of it is ■fool.* 
In baseball, the foul-line is a line segment extending fro« hose plate, 
as one endp^int, through first base into the outfield to the bmpark 
fence. Tl» polxrt of intersectip^ of the foul-line with the ballpark 
fence is the other endpoint of this line segpent (foul-line). First 
base, thought of as a point, is a Mber of the set of points m the 

t ■ f 

line segaimt (foul-line). 



Id 




• » * 

A r^preMXkts heme plaite, 

F repr^imtm first biii«. < 

B ' r«F<r«seiit8 the iAterstetijazi 
of tb« foul-line '«ad th« 

la tbs figure^ JU 9nd AB represent the lixie ssiTMCts described sboTe* 



between the eadpoints. Becall tbst vitb ntoi^e there is slwys a third 



*' Xb our ides of s line we agzHie that there is always s third point 
between sny 2 points of the line, this third point is 'said to be 
between the 2 {itoints. ' In the sketch a:bOTe^ F is said to be between 
A and. B* €b «Texy line segment there is ^ways ajpointj^f seg^aent 

r&t:|onal maber between ssjr twp given rational ntssbers. For axasqpltf , 

A li&s segaent can ali^s be .^aetended .4n both directions without 
liait and this .extension of the line septeat fs called. q,. line, or 
straii^t line, as ve have seen. The f^go^ shows the line seenent AB 
extended to form a line. A and B and all other points of set AB 
are elements of^^e set of points cm tim line 1 . 

jt A B 

■< ^ ' ■ > 



In the figure below, consider the set of points on the line 

' * a 

and one slMusnt of the set, A. A divides'^ the line or set, A > into 
half -lines — the points tm the line vbi.eh are left of A in the 

« 

figure, and the points on th# line which are right of A. Ve ssy that 
A djateminee 3 sets on the line: the 2 half -lines azul the set which 
ccsttains onlj the elenent A. Nl^^e join, A to one of the half-linss, 
we call .the half-Una with A adjoined, a * 
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The intersection of 2 rays on « line determined tgr point on the line 
i» the point iti*if, because , the point is on both r«yfc. the 'intersec- 
tion set of two half -lines on a line ±» thit «pty set. In the e^ple 
above about the. baseball field, the se^&ent fro* hooe plite to first base 
might be thought of as extending without limit in the direction of the 
outfield. Then the set of points from kxwplate throu|^ the extended 
'part of the line would be the elements of a half -line. If we j^pin the. 
point represented by hooe plate to this set, we have a ray. 

'Xou see that "line" as we use it is merely the way in which we ^ 
think of oany situations in the world about us. The finest machine 
can never sake a line in the matheoatical sense^ nor can we put the , 
moat fin^ needle point on a line without its touching, many,, many • 
points of the line. We say that 'the sets of points on a line and the 
"line itself are "ideal* wgrs in which ire oin describe all kiiais of 
situations in our space. 

- Ve shall refer * 

(a) tha sets' of points on line J? , or the set J? . ' 

(b) the set of points on half -lines er the set of points 
on^rays jietermined op ^ by A. To distinguish the two 
half-lin«8,or the two nys, we nay refer to the half -line 
from A on B, or the half -line from A on C. 

(c) tb» set of points on the seg^t A3, or the set AB. 

c A a 
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EXERCISES ■ - 

1« If jovL think of Mtin Str€0t in your tam m a line MgBMBti vhat 

«r« tii« endpoiats of ti» line MfBMat? AsfusBs Hftds Street is •tx'&ii^t. 
2* Uie a xmlflr to drav & line 8«p«Dt m ft pi«ee of paper. Label the 

ex^poiats of t^ eegi^t A aad jS* 

a« lAbtl as D a poist of the set iB< 

b. Label ae E a poiat of tha set DB. 

c. Is £ a poiat of the set -AB? . ' ' 

d. Is E a point of the set ID? ^ 

e. Label F of the set AD 

r. List the seg^&eats in your sketch axui list also each of the 
IftbaXed po.iats %^eh are on aajr segaumt. 

3. a. £;3ctend a se^aent AB thfoogh B so that A is the eadpoint 

of a ray- 

b. Labsl point C which is a point of the ray in a. 
0, In yoor sketch is C a point of a ray with endpoiat B? 

4. On a line label two points A and B. 

a. Baao four halfrlines ycm have sketched 

b. List the different sets of points yon hsTs illastrated in 
the sketch. 

e. Label a point C betireec A and 6. 
d. On what half -lines is C? 
5* Hov could you associate the term "ray of light" viti^ the wsy ve 

are using the tern ray? ^ 
6. The boundary line bst%reen the states of Illinois and Wisconsin i«ay 
be thou^xt of as a line Mgaeni. Think the segment as eztendedT 
<ln an e^jstvard direction. Describe a ray an4 a half -line associated 
vith this exta&ded\s^^pBent. (There are tvo anivers.) 
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7m lb» tiff3T9 r«pr#Mott ngr* vith tbdpoi&ts I, uki N. 



»■ ^ • 



«• Ult 3 polats of tlis irHh •adpoistr E. 

©. D«scrib9<tiio Mts of point* is tht fig»r« of t&icb M !• 

tht 'io^m«cti^ sit * * . 
d. Dtseriba ivo sets of p«iatt in tlM figun of wM6fa the 

MgPMI&t 11$ !• tb* £&t»Meti(tt Mt. ^ 

8. Drtv A llM, By and on it mrk « point R. 

a. Viiftt is tbs istsrstetiofi sst of tifm tvo rsys detsxkinsd 

H "m ml ' 

b. '¥bst is tbs. ist«rs«eti«a sst «f the two iKlf-Xibss dstszsln^ 

b(r E oc n? s . 

• " ■ ■ . ' 

e* Ubst is tb« istsrssetioB s«t of ofi« of tbs bslf-lisss is yoor 
slesteb vith Mch of tbs two rays in jc^ skstob? 

, Just as we sij «a point lias on a list" ws atj aaj "a line lies 
ps M point*" , ' 

^ i r—r^ 



4 



Tbf fiipirs is as Ulustratidc of tbs two sastesess? 

■ ^ . 

Point J liaso^linal ^ 

Uaa il^ lias oa point J* 
If wa tbink of the Una datandsad bgr bM pUtt asd first basa 
in a btUparic (boM plata asd first baa* aza tboQ^ of aa° paints) wa 
mj my tbat tba Una 11^ on bsaa plat* or that boas plata liss 00 tba 
Una, Also, tba Una lias first basa, and fir*Uja*a Uea oo tba 



♦ ■ ' 

Vbaa v« oozisid«r«d the tet of poisti o& a li2)«> ray, b&lf-Un«, 

or MgBtnt v«. thought onl^ in teras of ^t might be culled (»e''diiMB- 

slpc in gsttsetry. All of pvr discussioD in tbii chapter hae been about • 

point too a line (in one dimension) except for the baj^S^ark illuetra- 

' ' ■ .... ■ ■ , t 

tion« Sov ve ^mll coneider the set of lines on a point. 7ou see that 

there ar^ many lines on a point Just a8> there are many points on a'lin«» 

Lst us first think of the set of lines on a point which are all in the 

9 planer* The figure shows what we mean. 




Perhaps this figure makes you think of the spokes of a i^eel, a design 
in a ehareh %findow/ or an octopus with its "arms" all strai^t. 

Like poixjt and line, a plane is a Mtheaatician's vay of thinking 

• \ ' , . ■■■■■■ ^ 
abqut^t^J^ideal" of a situation which we find all about us.' Ve may 

think cif a table top, the blackboard, or a soap film on a fine idre 

frame, as parts of planes. The geometry of the plane is geometry of 

tvQ dimensions. The points on a plkne are a set of points. ^Tbe lines 

on a point are a set of lineal. > ^ < 

A line divides a plane into two half -planes. In the figure below, 

point A is a poiht in one half -plane, and pctint B is a point ^n , 

the other half -plane. Pbint C is nn line £ , so it is not in either. 

of the half -planes. - ' ■ ' .' . ^ 
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In th« fl|;ur« abovt w« haY« r«pr«seiitad a Mt of Unas ob « 
point 0, ftxxi & tot of poiBta on lino ^ « V« e«n that th« Inter- 
Motion of i and a line on 0 if a point. For txaapl*, Una a 
intaraeett ^ on A. Va can Hao saa that an^ poiyt on ^ and « 
point 0 dateraina a line on 0. For anrnple^ D and 0 dateiBine 
line d. To a line on 0 there eorreapoada a point on i . To a 
point on there oorresponda a line on 0. Axx^Blation^hip like thia 
i# Called a £fie-^-j2fi£ eorraepondanfle . Bo you eea why thia ie a good 
tarstT To a point there eorreapoade a particular line, aiid to a line 
there oorraiponda a particular point, / 

1. GiTa other exiaplee of a sat of linea on a point. 

2, Give other exanples pf a plane (or parte of a plane). 

3* Locate pdint A on a pieee of paper. Sketch a set of linea 
on *A. 

4. Locate pointe A and B on your paper. 

a. How aany linea aay be dravn on point A? 
'^b. Hov aany linea aay be dravn on poin^ B? 

c. Draw four linea on A, and four linea on B. 

d. The linea oi^ A are a aet of linea, and hare dravn four 



•iMMts of this Mi, ilae» thft, UiMA m B m a 
t of Up$M f end jou bi^^ droMB ? T 

of ti^i ttt.' ; .• ' . . . 

Xa Aiigr lino oJC tbo tvt of linot /on A alio «ltttt&t of tbt 
Mt of liaoa on B7 If m$ baTt jfoit driHD it? 
f. A,lia« 00 A lAiofa !■ alao a lino on B U tho T 

* <?f ••t of linos OB A- tt»d tho Mt of lioos oo 



Loooto poiati &« S» and T a pioeo of impar. 

a« Skatch 4 of tba altatots of tba fat of Xiaos on aaeb point* 

b* Xaoluda is yoasc akatob tba^^ntarMotioa aat of aaob pair of 

aati ia a. ' ' ^ . ' ' ■ 
A ff'^lttf'^t ^> * fitfura ocaipoaod of thraa pcdata, aot all on a 

. .. . " ^ 

aixtc^ ttraiibt liaa, and tba thraa liaa aog^ta J^aXxtg tbm in 
paira. If ttm points ara labalad E, L» , and M> tba thraa liaa 
MfMnta ara labtlad KL» IJ{» andV^lOU I, L, ^ N art 
oallid tba irartieaa of tba triaac^^a* Xaob ia a Ttrtax., Siaea tbi 
poiata dataradaa tbt tr^iaagla, . « 
wa oai^ call t^MV^rlaaglif tri<* 
aa^a Ifipii aora bri«fl3r« 
AmKL* Vhieb of tbo folloving 
aifa triaoflast ^ M 

'*♦ 

Ha) m Cc) 







In tbs trianfl* id»t it 

■ i. ~ 

tba intfTMctioa Mt of 
IB *nd ACT ' 
Oms ft triftOfl* oontaitt 

Onw toriftQc^ft ABC asd 
•jA^oSl AB in loth dir«oti«iui to obtftin & Iln« «• Vbftt li 
tba iattrMotion ft«t of AB and Vhat is tbo^iiiiorMotlg& 
•ot of . ■ aad tbft trianglo? ^ ^ 

How aftoy taftlf-liJMs «ro 
•boHn ifi tbi fifur«? 

On tbs tlirougb B of 
vbieh A it tho oadpoint ' 
thtrt art rtprttontod ffmrkX 

tttt of pOifitt ftt VO hftTt A^t- 

oatatd Hint tt Muny tt 

you OftB* 

lAOftio point Di^^ dlfforint fxvM A and B» to it it 
ill at Msy of tbt tttt of «• at pottibLt. 




f 




9. <Ut« a d«fij»ltioij of « quadrllattMl whieh if siailar to tJw defini- 

tioo of A triaocl* in EaetrclM 6. ^ ^ 
lO. V« cut think a tri«ngl« at o& a pXa&a^ or datesainisg a 

plant*. Gas va ooneltida that a pOaae !• dataralsad ^ 3 points? 
XI, D«aorib« thia fi«uz^« T|sa *it of poi&ta on two rays villi a eoataoti 

aac^int it eaUtd «ii |£lgi£« Tl^ 
flgura rapraaosta an angla* 7h» 
A ^ — — y aadpoixit of the v^, A, !• tba ' 

Xl^CiSS ^ ^ angla, and tha raj» arc tba lidaa of the angXft. 
12. In ti)^ figuM for ExtroiM.S, find tbr«« aaglai. BaKaBtbu> tha 
fidaf aoct ba mgm. 

\y ' 

13* Tha opaning batiratn the rajrs which ar« aldaa of a»gia it tha 



Ifili^* or intTior of th* tnflaf Drav an angla and call itt 
irartax A. Mtrk a point in tha interior of tha angla B. Iferk 
a point which ia not in tht interior of^ tba ax%le C. 

H* Ortv a tat of 'lihet pat m, point and than drav another line not on 
the point which intarfaott all of the linet of t|ia Mt* Ubcl ^ 
poiatt and linet in your tketoh to that you can datorihe the m« 
to^e earresp(»idenee which hat bm ettaULithad. (for exti^e, 
point A sight be aade to corretpoad with line a«) 

15* It ti^re a one-to-ooe correspondence between tbf pt^pili tnd the , 
detkt in your rooa? Vby? 

X6. Describe a one-to-one (K}rx%spondence between tlui natural nuabera 

the e^ natural nuabert. (Tor e3aaq>^e,^*-i-2, 2 3 ♦-#-6, 

17* Detoribe a one<^to^e correspoodenca between the pointt A» B| 
aiid C which deteraine a triangle and the line tagaent^ of the 
triangle. Can you da thit ift aora than way? 
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In fiew8p«p«r« and oagtsineis oftts m« gr«plit likf these. 
Theee gx«plu are o&lled cur^ee vod wa eJiall coosider the set of point 



L 




C D 




K 



rigure I Figore II 

m a eurva. In Figure I, pointa A, B,\ aad £ are poista 

en the currey or the curve ia on theaa pointa. Of oouraa, batv^n any 
two of theaa pointa are ^Mny other pointa. A, B, . C,. D, £ are 

eXesMnj^a of the aat of (iointa repreaented I7 thei eunre. and 
H are pointa on the curve abown in flgura 11, and the curve in II ia 
the pointaj^y L» and M. A line (or atrai^t line) ia a apepial 
\^ kind of curve. Since ve viU call a atraiaJit line a apecial idnd of 
curve, you see the tens "curve" ii uaed in Mtthflaatice differently flroa 



the way it ia uaed in everyday' language^ 



Figuiw III repreaenta the^baae linea on a hall field. !U1 the 
pointa inaide the. curve aade up of 
the aegaenta AS, BC, CD, iuod DA 
are in the infieldl If a haU ia 
hit into the iiifield it ia called a 
"fair" hall. If a hall i a bit and 
then eontinuea it could it ill be 
called a fair b^ll ao long fa it 4oea not get outaide of either of the 
tvo raya of i^eh A is the intaraection. (What do haaahall rulea 




about thia situation?) Since thia curve dearly indicAtel yhitn a 

y ■ 

batl ia fair and vhen it ia foul, it dividea the hall field (and thia 
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•xikndsd as fiur »j/jovr iiMginfttioD chooses) into an inside (fair ter- 
ritory) and an outside {fool territory^. This idea df a curve which - 
dlTidea a fA^e Into parts !■ & Tery useful one in geometry ai^ smm 

r • ■ • . . 

of its applicatioiiS> 

The cttrres in Figure IV, Figure V, and Figure VI are called siaple 
closed eurres. 




Figure I? Figure V Figure VI 

The curves in I and II axe not clesjBd curves. Think of all of these 
curves as plane curves or'^-^urres which lie an a plane* A simple 
clesad eurre has an outside and an inside and the cunre is said to be 
the boundary of the outside and inside* If point A is inside a 
siatple closad curre and point B is outside^ it is not possible to 
pass in the plane of the eurre ftoBi A to B vitlumt crossing the 
boundary. A sij^s closed curve divides a plane into 3 sets, the 
ii^side, the outside, and the boundary. 

In one diaension a point divides m line into 3 parts or sets. In 
tvo dimensions a simple closed curve divides a plane into 3 parts or 



sets. 




Figurelvil Figure VIII 
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Figure VII aod figure VIII *re clo«»d cums but ¥• do not call 
th«« slapl« closed curves, Each of these ciurves appears to \^ss over 
itaeXf. . . ') 

Is Figure IX, E and S are , 
points in the intersection set of the 
tvo curves. S and S are points 
which lie loa both corves. Both cui-res 

t 

lie on R and S. .T is a point 

j 

inside the siaple closad curve and tT 
i» a point outside the iliaple closed curve* R and S ax« points on 
the boiaadary of the simi^le closed( curve. 




Figur« IX 



EmCISES 



A' B 
A and B of the set £. in the figure, My be thought of as bugs 
which can crawl only on line ^ . Describe the silkiest set on -t 
which will provide a boundary between A and', B. 
Think of A and B as bugs which can crawl anywhere in a plane. 
Describe the sijq}lsBt set of points in the plane i^eh will pro- 
vide a boundary between A and B. 

Sketch threa different siaple closed c^nrei which are neither tri- 
angles nor circles. 

What is the intersection set of the 
S-curve and the line in the sketch? 




What is the interest ion set 
of the triangle ABC and the 
line segsent DF? 
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ExsreiMs 6 thmi^ 11 r«f cr to this figure. 




6. D«»crlb« tiM positiooa of V, X, aod I in tb« figure, 

7. KaoQ the triaogles ia the Hgure. 

•• • - ' 

■ ^ . ' 

8. ' If poseihley locate point I vhieh it not inside azgr of the tri- 

angles in the figure. 
9« If possible, locate point H inside ax^ tvo of the triangles in 
the figure* 

10. If possible, slooate point G inside triangle MKL but not in anj 
of the other triangles. 

.1 

U, If possible J locate point J "inside all of the triangles in the 
figure. 

12. If possibia, sake sketohes in vMch th^ inters^e^icD set of a line 
and a triangle is 1^ 

(a) the eapty^et-^-^ (b) a set of one elenent 

(c) a set of tvo eleaents^ (d) a .set of three eleaents 

13. If possible, aake a sketch in which the intersection set of a .line 
and a circle is 

(a) the eaptj set (b) a set of one eleaent- 

(c) a set of 2 eleasnts (d) a set of 3 Ql»ents 

14. Consider the intersection, in all cases, of a line sepsent AB 

a circle. Hov mmzsj situatimis nut you consider? If A and B 
are both outside the circle, can the circle and the segnent AB 
hare just one point in ooaMon? / j j 



15, 



16. 
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Sketch tv^ sl^le closed ciirvea 
liic» tha»^ for sacb part of this 



a. Shadt th« ijat^'saetioo of the leti Inside both (urvas. 

b. Shade the interseetioa of the sets outside both curves. 

c. Shade intersection of the sets outside one curve and 
inside the other. ^ ^ ' 

• \ 

Draw A figure like the one showxi. 
a* Shade the interileetioii eet of 
the set of point^ inside the 
circle and the set\ of points 
on the half -plane which con- 
, tains A. \^ 
b. Shade the intersection set of the set of points outside the 
circle and the set of points in^the half-plane which d6es not 
contain A . 




c. Describe in your own words the set of points which are not 
shaded in either a. or b. * ^ 

17. Sketch a circle and a qiiadrilateral for whi^h the inter sect i«i set 
consists of 

(a) k points (b) 6 points 

(c) ,4he large St T_5a»ber of points possible. 

18. A line divides a plane into 3 parts or sets. What nases would yeu 
suggest for these parts? 

19. How would you define the inside and the outside of an angle? See 
the definition of angle, Sxercise 11, page^^T 
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If you drav « U&t on the blmckbo&rd jovl have a representAtioa of 
tbm ■ftthABatioiAD'fl idM of a Hao IjriAg oa a pXan^* All poiata on tbt 

li« oa th« plan*, A Xln« di-rides the a«t of poista in a plane 
into 3 aetas tba polnta on tvo half-planaa and tha point a. on tbt lina. 
It A ia in ona half -plana and B ia in tha oti^, ai in Figura 1, 
tha^ intaraaction aat of AB and tha line ia a point. Vi^t fda 
aay if A and B are in tba aaaa half-plane? Sae Figiira 2. 





. i 


? 


J 


^ 


1 * 

^ A • 


Z ^ 




^ K 



Figvira 1 Figure 2 

A ai]q)la eloaed conre alao diridai the plana on vhich it' Ilea into 
3 aat a, as we h&Te aeen. ' 

> 

If a lina liea on a plana, ve can alao aay that the plane /lia» on 
tha line. "^If A^and B' are pointa cm a plane, then the pl^e liea 
on A and B. 

there ii a set, of planea on 
a line^. This idea ia repreaan-^ed 
in Figure 3. If you fold a pi^ce 
of paper and think of the creaae 
«s a line, you h&T6 a aodel of 
two half -planea on a line. Conld 
you sake a aK>del of two planea on 
a line? Do jou notice that in 

dealing with two planea our attention haa been called to 
three diaenaiona? 




Figure 3 

geometry in 
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Figur* 4 sho%ri two pOanss aa « XiQ« k v>d a Moend Iin« a vhXah 
Intersect • ««eh of the pl&nss in a point. The inter^eetioD set of two 
planes is a lice. The interaection set bf a plane and a lice, vhicb 
does not lie on the pXane, is a point. 

Lines like k and a in Figtire 4, which have different direc- 
tions and of which the intersection set is a null set, are called skev 
lines. Skew lines do not lie on 
the saae plane. Do you see in 
the rooB a pair of line segments , 
i^ch if extended would be skew 
lines? ' 




Figure 4* 



EXERCISES 

Think of the front wall of the elassroott^ the celling^ and the 
aide viall as represerting 3^ planes « 

a* Describe the intersection set of the j)lanes represented 

bj the ceiling and the front Mall. 
b. Describe the intersection set of the planes represented 

1:^ the froot wall and the side wall, 

, 'A 

c* Are there points coomon to all 3 planes? 
2. Think of a case where points A and B are outside a plane and 
on opposite sides of a plane. ^ 
a« DescriBe the intersection set of line se^^ent AB axKl the 
^plane. 

b« If A and B are outside a plane and on the sane side of 
a plane, what ii the intersection set 6f line segioent iB 
and the plane? • i \ 1 ^/J^ 
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3. Which pairs of lines determined Igr the intersectioc sets of the 

i 

ceillii£« the floor, asid 4 ai^^ w&lli Appear /.o be slcev liiiee? 

. f if < 

(Skevf lixies do not have the same direction.) 

4. Describe several axanples of a set of planed on a line. 
5» Describe ■ several exss^lea of two skew lines. 

6. What is the intersection set of t%ra skew lines? 

7. A plane divides the set of points in space, into 3 parts. Vhat are 
thej? Suggest names for the parts. 

8. Make a model of 3 planes which lie on the same line. 

9. Describe the faces (sides, top, and botton) ^ a chalk box and the 
edges in terms of >fets and intersectioi sets. Row oany of the 
intersection sets are lines? How many of the intersection sets 
are -points? 

10. A^^lk box is a solid with 6 faces. The figure shows a tetrahedron, 
which is a solid of 4 faces. 
' Describe the face's and edges 
of a tetrahedron in terai of 
seti and intersection sets. 
How laai:^ of the intersection, ' 
sets are lines? Hov atany are 
points? 




a 
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Xb the fifur* we hAT« -4 linet 

And 6 «trk«d poi&tt. Ota each lis* 

thero arc 3 jpff tho polzits aod on 

« 

Micb point there are 2 of the llAeg. 
^ Iq projeetiire geonett^* this figure 
if called a ooaplete quadrilateral, 
^t u* flee bow this figure be tiu)ught of ae a diagras' f or placing 
6 people (the poisti) on 4- cgaaaittaes (the lines) so that all persona 
are treated exactljr alike. ^ Each peraon is on the aaae auaber of com- 
aittees and no person is os the saae two coaalttees as any other 
peraon. Let us consider A and for exsja^ae. 

A and ,C are both on 2 comittees (and only 2). 
A is on one az^ oiUy case coanittee with B, C, and F. 
C is on one and only one ^saaittse with B, A, and D* 
Op each of ^ a oooaittees tber« are 2 other members shown. . 
On each of C's coiMittees there are 2 other asmbers shown. 

i 

An eTsn aore "dsaoeratic" coamittee diagrsa can ie\ shown for 10 
people and 10 conittees. With this diagrsa we can pla^e each person 
on 3 and only 3 cooaittees and on ea<;b cosnittee there will be 3 and 
only 3 of the 10 people. Ve might say tint this represents real 
deaoeraoy in ccsaalttee Structure. Ti)e diagram of 10 points (people) 
and 1^ lines (ccmittees) is called the Desargues configuration. This 
is a very remarkable figure is important in the study of projective 
geometry. Projective geoaetry arose froa the interest of artists in 
l^«^pe^iTe drawing. One of these artists was Leonardo da Vinci. 

The exercises which follow are concerned viththe Desargues con- 
figuration. 
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.EXERCISES' - 

r 

In the figure there are three lines on « point 0 az^ on e&ch of 
tbas* lines i« oxx« at , yum Terticefl of the tri&ngl«^ ABC. 
a« Copy this flgtore on a 

sepsrsts piece of paper* 
b. Drav 1^ secoxKi triangle 

A'B'C 80 that A» is 

on OA extended, 

is onv OB extended, and 
C is on 6c e3c/exided. 

(If possible cho^se^he 

positiocs of A'B'C so 
■ tbat AB extended inter- 

sects A'B* extended on ' T c' 

your paper.) 




^. Label the points of Intersecticm of tha lines as follovs: 

■ ' . ■• ■ ^ ■ l' - - 

line on AB aeeits line.on A*B.' in D ' 

^ line on AC awets line on A'C* in S 

line on BC aeets line on B'C in F. ' 
d. Do the points ^, S, and F appear to lie on t^e se«« 

straight line? * If not, try your drawing again. Draw the 

line on D, £, az^ F. 
Hake seireral drawings like that in Exercise 1. 
-In the coBpleted figure in .Exercise 1, you will notice that you 
have drawn 10 lines (or parts of thi^) and you hsTe labeled 10 
points. Exaoine yoip sketch to soe if on each of the 10 lines lie 

3 of the labeled points and on each of the ,10 points lie 3 of the 

* ■ 

10 lines y.ou hfiTC draui. 
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Oo» of thm r«a&rkcble "I^Mitfti of the figup« i. that each point uid 
•»ch Un« pl*y e^ctly the sAme role. For extBple, we may think of 
point A Ai th« "begixming* point oc wbich 3 linei lie (ve used 0 

for thie point in Exercise 1), Then we can find on the 3 linee 

• J 

through A the Tertieee of the triariglee COB and EA'D. A lirting^ 
aay help you see this. 

Q 



i 



A ABC - 





COB 
A EA'D 



linea on segments of 
As meet in D, E, F 



lines on' aegments of 
A 8 neet in C», F, B' 



Shade the As CQB and EA'B in your Deaarguea -figure. It is not 
necessary t6 njark anj^ new point nor to spcteiKS any line to obeerre' 
this. - 

1 ' ' 

Follow through the stops in Exercise starting with point D, 
What are the vertices of the 2 triangles? In what points do the 
Ij^es on the segment s of the triangles intersect? Do these points 
lie on a line in your figure? 



CNIT VIII 
oraal Geomatry 'l 

Look Around yotir classroom. The four walls, floor, and ceiling 
artf parts of different planes. The planes intersect In lines, and acme 
of the lines intersect in points. Perhaps your classroom h^^^ore than 
f«ur walls, an4 perhaps the ceiling is made up of parts of several 
planes. The blackboard ia probably in a different plane from the plane 
of the wall. 

% 

1. ,Find surfaces in the room and its fu^miture which are parts of dif- 
Terent planes . ^ 

2. Find lines which are intersections of planes, and points which are 
intersections, of line^. 

3. Can you find three planes which intersect in the saiae line? Could 
, you, if your room had a revolving door? 

4. Vfhat planes can you find which do. not intersect? What lines can 
you find that do not Intersect? 

5. Can you find soise surfaces which are curved, not plane? 

6. Look out of the window and see how many parts of planes you can 
• find in the roofs of houses ard other buildings, How^^fany dif- 

ferent planes enclose the whole house? Are any, of the surfaces 

of the house curved, rather than plane? 
In geoaetry we study the properties of space, the relationships 
between points, lines, planes, curves, surfaces, and solids, and the 
siies and shapes of objects. Any fool can plainly s^ that we cannot 
develop space travel without knowing about space. Can ^ou see it? Fe 
people realise that we afso use geometry to work out the best way for 
the Array to order shirts. 
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iBAgiiie a navigator oa a Coast Guard vessel which recaives an 
S.O.S. from a sinkiDg ship. From tbt 'information he receives from the 
radio operator he isuat be able to aari; oq his chart the position of 
the ship, and tell his captain in which direction he should steer. 
Thsy must also imov how fast they tsount travel in order to cover a . 
certain distance before the ship sinks. 

Some of the things you 'Will sttidy in geometry wei^^already dis- 
covered the Egyptians and Bab^^lonians altiK)st 4000 years ago* TIm 
Greeks, from about 600 B«C. to 200 B.Cwy made very important advances 
in geometry. The book of Euclid (about 300 B.C.) is still the basis 
of the geometry you will study in school.' Archimedes^ the greatest 
matheuuitician of antiquity, and, others, such as Pythagoras, Eudoxus, 
Eratosthenes, ' and ApoHonius, made very impoirtant contributions to 
geometry. After a long period during which very little new knowledge 
was added, geometry was revolutionised in the '17th century Pascal, 
Descartes, and Fennat in France, who discovered how to apply algebra 
to geometry. The 19th centuFy was a gplden age of geometry in which 
completely new concepts of space were developed Gauss and Riemann 
in Genaanyi Boiyai in Hungary, and Lobachevsky in Russia. Abdut the 
beginning of the ,20th centiiry Poincare and Lebesgue in France* and 
Hilbert in Germny introduced new ways^of looking at the very funda- 
mentals ofv^eometjarr Important discoveries are being made today by 
mathematicians in many parts of the world. We may mention, among 
others, Bing, Hoise, Busemann, Milnor, and^Nash in the/tJnited States, . 
Pontryagin and the two Alenuadrovs in Russia, Whitehead in England, 
Cartan, -Loray, Seirre, and Thorn in France, Hopf and de Rham in Switzer- 
land, Cham from China (now in U.S,% Yamabe from Japan (now in U.S.), 
and Papakyriakopoulos from Greece (now in U.S.). 

■ ! 
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Ther« are still many importafnt unsolvod problems in geometry. 

/ 

For example, suppose you have a lot of aarbles all exactly the sanie 
sise. How ahoxild you pack them in a large container in the best pos- 
sible way, that is, so as to get as many marbles as you can into the 
given voluae? Nobody know^for sure. We know a very good way to pack 
the marbles, but no ortT^s ever proved that it is the best possible. 

7. Find out where the word "geometry'* comes from. 

8. Look up one of the mathematicians .ae^t-i-oned above, say in an ■ 
encyclopedia or Ssii* )im Matheiaatic^ .^aHd write a short report 
on his life amd at least one of his important discoveries. 



Part A, SETS OF THREE LINES 
When a iaatheaaticiem begins an investigation, he usually starts 
with a very simple case, mer ha feels that he understands tnis case, 
he may then proceed to more complicated situations. In order to ^t a 
feeling for spatial relationships, let us begin by studying figures 
formed by three lines. In these two chapters, when we speak of a line, 
we always maan^'^com^ete straight line, extended aS far as we please 
in both directions. 

When we discuss geometrical objects such as points, lines, and 
'angles, we find it convenient to give them na.nes. Of course, we could 
call them "Joe" or »Wilheln4pa'',* but we usually use just letters fr^m 
.the alphabet, and speak of the lines m and r, or the points A, P, 
and y. Sometimes we use the sajie letter and attach different subscri pt 
small numerals written below and to the right, such as "1 "l-j", etc. 
The numerals here are simply labels to distinguish different lines or 
points, aryi the values of the numbers have nothing to do with the prob- 
l«ma, 



, ' , . / 

1. Draw two lines, uKi c&ll tbea \i a&d Do fiupd 1;^ intersect 
in your drawing? If they do not, draw them again so they do inter- 
sect« Call thair point of int^rsectioii pci&t A* (Hake the lines 
long enough to laake it easy to measixre the angles,) 

■ ■ ■ K 




2. HowMsany angles are formed 1^ 1, and I2? 

IT 

3» Call the rays on Ij^ AB— and AC — » (Recall that AB— Maeans 
the ray 6ith A as endpoint and cbntaining point B.) Call the rays 
on 1^ AD — ^ and AE Some of the pairs of angles which are 



/ formed have a comon side. These are called adjacent angles. The 
other two pairs are called vertical angles. , ^ 

Each line divides the plane into two half -planes* One of 
each pair of vertical angles is the^ oommon part of two of these 
four half -planes, and the o.ther vertical angle is the coimon part 
of the other two half •planes* 
4« Measure the two angles of each pair of vertical angles with your 
protractor, and compare the measures. What is the relation between 
these iaeasures? 

5. Ccmpare your results with those pbtained by your classiiiates. What 
relation between the measures of vertical angles is true for each 
pair? • 

You have found^l^^ experiment , a certain relation to true in a 
large number of cases. Let us see w^qt this relation must be true in 
all cases. / 

6. a* What is the sum of the measures of angles DAB and BA£7 

b. What is the sum of the laeasures of the angles CAE and BAE? 



<7S 
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c. If the iMa8ur« of angle BAE ie 130 degrees, then what ia the 
measiare of Angle DAB? What is the ae&sure of angle CAE? 

d. Let X, y, and s be the awasures of angles DAB, QAE,"axid CASj 
respectively. . 

State your ansvers to parts (a) and (b^ in the form of equations: 

X y s * » » ♦ y - 

If y is known, how can you calculate x mxA a? Express yotir answer 
in the form of eqioatib^s. , 

e. Does the relation which you found between x and z in part (d) 
agpree with the result you obtained experiaientally in exercise 5 
aljove? • 

State the resiilt in the form of a general principle completing 
. the following sentence : 

Principle X. When two lines intersect, angliss in each pair 

of vertical angles formed 
Compare your statement with those of your classmates. After dis- 
cussion in class, tiy to write a clear and precise statement of 
the principle whith an of you find satisfactory. 
Draw another figure like the one you drew for exercise 1, and name 
the rays in the same way. Then draw another line on A and call it 
\y Call the other ray, on 1^ between AD — and AC — AF — > . 
Call the other >ay, between AB — > , AD —►'and AE — , AG — ^. 
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8. Stix*! vith aiigl# EiD aivi xiasm succesaiTe Adjacent angles In clcx:k- 
vi»e order. How xaany of tl»«e angl83 are th»e altoge;ther? 

9. How loaiiy pairs of vartical angles caa you fixKi? Naofi each pair of 

. .. \ 

vertical angles. ^ \ ' 

10. Vbat the sum of t^^>^»aaiures of six angles formed by the rays 
an ±2 aod 1^? 

11. Hov many, angles lie on one side of X^? What is the sum of their 
measures? 

* 

12# Are the answers for exercise 11 true for I2? For 1^? 

13. Draw tvQ lines, m^^ and which intersect. Call the point of 

intersection point P. 
14« Draw a third line, thj, which intersects a»l but not in the 

point P« Call the intersection of otj^ ai^ point and the inter* 
' section of m2 and point S< 




V 

15. What is the name of the set of points mde up of segments SP, PR, 
and RS? 

♦ 

16. How ojany angles in the figure have S as •vertex? R? P? What kinds 
of angle pairs can you find? 

17. Draw two lines t^^ and ±2 so they do not intersect. Draw a third- . 
line t^ which intersects t^^ and call the point of intersection 
point A. Does *t-j int«"sect t2? Call their point of intersection 
poipt B. ^1 ^'y^ ^~ 



18. How many pairs of vertical angles are there in your figure? How 
Eoany pairs of adjacent angles? ^ 

V ' ■ ■ 



- r 
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19- In what way are the last three figure* you haTo drawn' alike? In 

what way are they different? Can you think i>f a fourth way to draw 
a set of three lines? If so, draw three lines in this way. 

20. The set of intersections of three lines in a plane may be ? 
points, points, __?_ points, or Jl_ points, 

21. Look around you and find illustrations of sets of three lines like 
those in fhe figures you drew. 

22. Injagine two lines in space. . Is there any possible relation which 
could not occur in a plane? 

23. What figures can be formed by the intersections of 3 planes in 
space? 

Part i, TWO LINES AND A TRANSVERSAL 
Wl»n a line intersects two other lines in distinct points, i^ is ' 
called a transversal ( of those lines . In the figure, t intersects 
lines Ij^ and I2, so line t is a transversal. t 

^'-—-^ / 
.-a/b 



f «/i 

1. In the figures you drew for the exercises in Part A, which ones 
show transversals? 

i 

2. In each figure in Part A which has a transversal, name the trans- 
versal and teli what lines it intersects. 

3. In the figure above, how aiany angles are formed? How many pairs 

of vertical angles are there? What do you know about their measures? 
(You can says a = Z. c«. This aeans the measures of the 

angles are the sanM.) 
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4* What pairs of ad jacoat angles are therein th« Tigure? 

5. For what pairs of angles is the sum of their measures 180 degrees? 

We give special names to Mome other kinds of angle-pairs in a 
figure like this. One kind is illustrated angles b and f , 

Notice that one of the rays which fonas angle b is a part of a 
ray vhtch forms angle f, and both angles are on the same side of the 
transvessel t. Angles plac^ in this way are call^ correspondini^ 
angles*^— ^ 

6. What pairs oT corresponding angles can you find in the above figuare? 
There are foiir pairs in aH. 

How can we distinguish the angles a, b, g, and h froa angXte c, 

J ^ 

d, e, and f? Angles a and b are on the opposite side ^ 1^ frcan 'the 

\nter3ecti0n of 1^ and t* They are called exterior angles. SiMlarly, 
angles g and h are exterior angled. Angles candid are on the, same 
side of 1-j^ as the intersection of I2 and t. These angles and e and f 
a¥e called interior angles* Angles d and f are interior angles with 
different vertices on opposite sides of the transversal t. They are 
cal*Led al|:ernate interior angles. 

7m Name the pairs of alternate interior angles in the figure above. 

I 

There are only two pairs. . ^ 

8. ^ Naae four pairs of angles in the above figure which have equal 

measures, no aiatter how the figure is 'drawn. State the reason 

why they are equal in measure. 
Two angles whose measures add up to 180 degrees are^ called 
supplementary . 



9. In the figure below. 




ruuaa angle vhloh forma with azigle x a pair of 

a. vertical angles 
b« corresponding angles 
Cm alternate interior angles 
d« suppleaentary angles 

10. In this figure name: 

a« four pairs of yertical angles 

b. four pairs of corresponding angles 
Cm two pairs of alternate interior angles 
d, eight pairs of supplementary angles 

Notice how carefully we defined corresponding imd alternate 
interior angles* Remember that we are discussing ideal points and 
" lines, and that the streaks of printers ink axe only meant to suggest 
a mental picture which you don*t actually see* That is wl^r we try to 
state the relations in terms which do not refer to the drawing. In 
mathematics we. must toy exactly what ve oiean, and must make our defi- 
Editions as clear and precise as we can* 
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Part C. PARALLEL LINES AND CORRESPONDING ANGLES 
laagind that you are a civil engineer who auat build roads inter- 
secting a highway. In the figure below the highway is represented hy 
the transversal t and the roads are represented by the lines r^^ and r2. 



J 
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lou want to build the roads so that they don't intersect. Two line^ 
■in the same plane which do not intersect are called parallel. Railroad 
tracks form parallel lines. t 

You v^sh to tell your workers what angles the roads should loake 
with the highway, >fake a drawing with points k and. B about ij inches 
apart . 




1. 



2. 



3. 



Hake the measure of angle a 70 degrees and that of ai^le b IS^ 
degrees. Do the roads intersect? If so, on which side of t? 
Draw^ another figure with the measure of angle a 30 degrees and 
that of angle b still 40 degrees, \^t happens now? 
Make at least ten experiments of this kind with various ineasurea 
for the angles, a and b. Record yoiir results like this.: 



Meas^l^e of Measure of Intersection of 

Angle a in degrees Angle b in degrees r3_ suid X2 



70 




right of t 


' -30 


40 


left 


40 . 


40 





Can you find a general la*w which fits your oBservatiorjs? Com- 
pare your results with those of your classmates. 

4. What kind of angle pair have you been measuring? 

5. Make some more experi.nents to test the general law which you dis- 
covered in exercise 3. In each case first choose the .Tjeasures of 
the angles, then predict whether r^^ and r2 will intersect sind if 
so, where, and finally make a drawing to check your prediction. 
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Siate your result filling in the following sentence 

Principle 2, , Vhen a tjransversal intersects two lines in 

\ 

tbe 8&me plane, and 

then the lines are parallel. ^ 
Discuss your stateioent with ydur feliow ^tiidents. - Try t^ arrive 
at a stateiaent which is clear and precise and satisfies xxi^ ci^iss 

In the figure below', what angle forms with angle % a pair of\cor- 

\ 

responding angles? Label it angle If angles x and p have the \ 
following measures, do-^^^ and 1^ intersect above or below t or are^ 
they parallel? \ 



Measure of 
Angle X in degrees 


hteasiire 
Angle p in i 


a. 


•120 


140 


b. 


120 


120 


c. 


120^ 


\ ' 90 


d. 




120 


e. 


90 


90 


f. 


90 


70 


g* 




90 


h. 


70 


70 


i. 


'70 \ 


30 




30 


30 


k. 




70 


1. . 


30 


10 




Intersection of 
Ij^ and I2 
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t 

Check your predictions by drawing the Hgures. 

State a general principle for deciding, on the laasis of the measures 

of oorresponding angles, whether the lines will meet on tlm 
same side of the transversal as this pair of angles or on the. other 
side* 

Principle ^. When a transversal intersects tvo li^es in 
the same plane and, of a pair of corresponding angles, 
the exterior angle has the larger measure, then 

If, however, 'the inter iof angle of the pair has the 
larger oieasure, then 



Draw the above figure so that angles j afW p are 40 degrees in , 
measure • Pleasure the distance fro4i A to B. Now draw another 
transversal tj^ to 1^ and I2 so that the measure of the angle 
foraged by t-j^ and is i40 degrees. WhalT^sSha distance between 
the intersections of ti with 1^^^ and 1^ Try. the 
several choices for t^* 



experiment with 




Usir^g, the sane figtire draw transversals t^ with various values for 
the Eeasiire of aiigle y. ^5ake your experiments systematically, 
making the. measure of angle y successively, ]i3, 30, /^O, 50, 
170 degrees and measure the distance frore C t^^D each time. Record 
your results in a table. 



^ 4 \ 
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Msastire of Axigl« y 



Distance fraa C to' 
D in Inches 





10 l\' 

10 \\ 






20 




0 


• 
• 




e 


• 

17Q 





Try various poaiticms for the^int C for each choice of the aiis© 
of angla y. Do«s the distance iVom C to D depend on the position 
tff C br onxlJ^"angle y? For which' value of the measure of angle y 
is the distance from C to D the least? 
10^ Try the -same experiment with the distance frm A to B twice as - 
large as in the first case, Compctre your two tables for the dis- 

w 

tance from C to D« - ' 

11 • Draw a line parallel to a given line so that the mlniaium distance 
' between the intersections of any transversal with the two lines 
^ is one inch. ^ * 

t 

12. ^ your classroom some parallel lines. Lay a yardstick or a 

itaer across theu^ so" as to form a transversal.. Do it so that the 
intersections with the j>arallel lines are at a minimum distance 
apart. Measure this distance in each case. 



Part D. PARALLEL LINES AND ALTERNATE INTERIOR ANGLBS 
You have just found a method for decidin/^Wt^er two line^' inter 
sect'h;^ drawing a trahsversal to the lines and measuring a pair of cor 
.r«apooding angles. Let us see whether you can discover a criterion 
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uoing Alternate interior angles. We do this by applying a favorite 
device of the laatheaatician, naaely b>- reducing the problem to the 
previous case. 

1. In this figure, the transversal t inte3*3ects th^ lines and aoj. 

Which angle foi^ b a pair of alternate interior angles? 

^ Label it angle e. 




2. ^Suppose that the measiire of angle b is 30 degi;ees. What are the 
measures Of angles c, d, and a? Which of the* previous three 
principles' ^ipplies here? 

3, Which of these ♦forms with angle e a pair of 'corresponding angies?^ 
If the measure of angle e is 20 degrees, will the lines a^id ' 
intersect, and if so, on which side of t? What about if angle e 

is 40 degrees in measure? 

5. How can you tell, from measuring angles b and e, whether the .:i^^s^ 

and aig intersect, and if so'^ on wM«|i si|!|^^-AppXy 
of the previous section, yv^'^^.^^'' * 

6. State a general pr|jici{55(^^^fe^1:y you can say that andj^ are 
parallel A^htii you know the measxires of a pair of alternate interior 

SoToedjby the two lines and a tr^sversal t. "'■ '* * 




^I^as a model in trying to write your^ own statement 
of principle ^7^''A*^<lr co^^p&ring your statement with those of your 



classttaates, discuss the matters one should think about whaj? "one is « 

• • y ■ ' ' 

trying to state a mathematical proposition. 
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How try to state a principle wheret^ you can x^elX on which side of 

^ 

the tranarersal the lines aixi iii^ will aeet, frooi knowing the 
aeasures of a pair of alternate interior anglBs. 
Principle ^. 



You can sometimes di'scoTer where imi^ovaments aire na^ed In a 
statement when you try to apply it to problems. Predict in each 
of the following cases .whether the lines 1^^ and I2 will intersect 
and if so, on which sid.e of t^ and tell which principles you used, 

t 
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t 


a. 


angle b 


m 




^ angle 


f 






b. 


angle g 


m 




angle 


e 


1 




c. 


angle a 


m 


50^ 


angle 


c 


m 


AO""' 


d. 


angle h 


m 


90° 


angle 


c 


m 




e. 


angle g 


m 


130° 


angle 


d 


lU 




f. 


angle b 


m 


50^ 


angle 


c 


m 


120^ 


g* 


angle a 


on 


130^ 


"Smgle 


d 


m 


70^ 


h. 


angle h 


m 




angle 


d 


m 




i. 


^gle g 


m 


60^ 


angle 


c 


m 


50^ 


J. 


angle b 


in 


80^ " 


angle 


d 


m 


80^ 



Draw figures for each of these case? and check your predicti<?ns. 

^ Exercises 
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Make a list of the new kinds of angle pairs you have learned about 
In the figure, name the following: / 
a. Two pairs of vertical angle 
h. Two pairs of adjacent angles, 
c. \k 9et of three angles the sum 

of whose meastires is 180- d^tgrees. 




i 
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3* In the figure, wuae; 

a. Two pairs of vertical angles. ' 

Two pairs of adjacent angles. 4 

c. I A pair of angles whose ,sum ia 

1^ degrees. . ,^ 

d. Two pairs of correspoxxiing angles < 



ERJC. 



e. Two pairs of alterrat^ interior angles. 



4* 



5* a. 




In this fi'gure, draw the liife 1 parallel to R S. 
( 




R 5 
^ What must the measure of angle x b« in crdsr tht!^ 1 be parallal 

' to R»S? What principle did you use? 

/ . ' ' 

b. What is the cxeasure of angle as? Why? 

% 

Cm What is the sum of the meastires of the angles y, and ^ ^ 
dm What is the measure of angle y? 



In the figure, what i^ the sua of the measures of a^gle CBD 

. .A 

and angle BDE? 




b. What is the aeasure of angle n? 

c. Is BC parallel to- DE? Vhy? 
6. Cut a triangle out of cardboaixJ, .Taking th^ si'des of different 

lengths. Then draw parallel line's (l) placing one side of the 
triangle along the edge of ^our paper; (2) drawing a line along- 



' -) 
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eunorher side of the triangle | then (3) sliding the triangle along 
^lie-4dge of the pap^i and (4-) drawii^g a lice along the aame side 
of the triangle. 

b. What principle is illustrated? 

Part £•* TURN^^G A STATEMENT AROUND (Converse) 
We nave seen that if certairi things are truei then certain other 
things are. true* For example, 

!• If two angles are vertical angles, then the angles have the same 
measure e Suppose we mak^^ new stateaient, by interchanging the 
''if* part and the "then^ part. This is the new statement: 
If two angles have the same measure^ then the angles are vertical 
jangles. The new statement, obtained by interchanging the ^if^ 
clause with the "then^ clause, is called a converse of the first 
statement • 

We have found that the first statement is trtfie. Is the second 
statement always true? >^t any two angles which have the same ^ 
measure be vertical angles? If your answer is "No", then make a 

drawing of a case in which this statement is false. 

< 

Look at this statement. 
2e if Mary and Sue are sisters, t^er^ Mary and Sue have the aame peirents. 



Is this stat«aeT)t true? ^ 

^^^^^^(^^^ converse of this statement, by interchanging the 

"if 'clause and the "then** clause* . , 

/" 

If Mary and *Sue have thQ .#^e^rer^ ^hen Mary and Sue are sisters. 
Is this statement * Yes, it is true. 



' We can see fron the^^ two illustrations that, if a statecaent is 

ERJC . Kiu 
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true, its converse, obtained by interchanging the ^if^ part and tjie 
^then^ part, oiay be true or may be false. 
3» If you turn a true statement around, will the new statement also 
be true? Look at the statements below, and tell whether each one 

/ ■ 

is true. Then write the converse, and tell whether the converse 

is necessarily true. ^ 

a. If Rover is a, dog, then Rover has four Veet. 

b. If Blackle is a dog, then Blackie is a' cocker spaniel. 

c. If ^ figure is a circle, then it is a closed cu2*ve. 

d. If the time is 10 A. M., Mary should in sch^^, 

e. ^ ^ a figure Is a closed cwn/e composed of three line segments, 

- then the figure is a triangle, 

4. Make a table showing which of the above atat^ents are true and 
which of the ^converse are true, 

5. Make up five true statements, then^ state their converses. Make up 
so2.e so that the new statement is true, axui some for which it is 
false. 

You can see fron exercises 1-5 that whefha true statement is turned 
aroTind to form a. converse, the? converse is sometimes true and sometLnes 
false. 

Part F. CONVEHSLS OF PRINCIPLE 2 AND PRINCIPLE. 4 
Let us see whether the converse of Principle 2 seems to be true 
or false. f ^ .\ 

1. Draw a line m,. Mark a point which is not on m-, , and m _^ 



f 

call the point, A. Through A, draw a line t, which \^ 

m B 

intersects m^^ at point called B 



2. Using your protractor to make angles with the same 

measure, draw a line t>irough point K wMch is f>arallel ^"^2. 
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0 

to line mj^. (What two kinds of angle pairs could you use?) Call " 
this line m^- 

Nov draw a second transversal Intersecting and 
Call it tj^* Measure a pair of corresponding angles 
along transversal tj^^ Are the measures of the cor- 
responding angles the same? 

Compeire your results with those of your classinates. Do your angles 
have the sax^ tneasures as theirs? ^^^lat :s true in each case? 
.State your conclusion in the .form of a general principle which 
tells the relation between corresponding angles forced when a ^ 
transversal intersects two parallel lines. 
Principle 6, ^ 

In the figure below, suppose that line l^-is paraAel to line I2. 
According to Principle 6, which pairs of ang^les mist have the sajne 
measure? t ~ — ^_ 




/ 

•What other smgle pairs will then have the same measure? Why? 

If 1, is parallel to Ip then angle z = angle w. Uliy? 

\ 

gle w = angle s. Why? 
m 

Then angle z = angle s. Why? 

What kind of angle pain are ^gle % and angle s? Why? 

Can you state a new principle fron Hhe reasoning you have done, in 

Exercise 7? 

Principle 2- ' 
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9* 'Ib the figure below, if line m^^ is peirallel to line a2 ^ trans- 
versal t intersects them, which angle-pairs have the same measiire 
because of Principle 7? 



10. What other angle -pairs have the saae aeasure? Why? 




11. 



Ex - 10 

In the figure, if 1^ is par&lle^tp I2 and the measure of one angle 
is 112 degrees, as shown, what is the measure of each of the other 
angles? • (The arrows on Iji Ig r«iiind us that those are parallel 
lines.) f 




12. In this figure, ABC is a triangle, and DE is a line on point B. 
Also, DE is parallel to ^C. How many transversals intersect DE 
and AC? Q 




Ex. \t - 54 

13. Make a sketch of the figfure (do not use a protractor), hut leave - 
out line AB. What k^d of angle paii:s are angle 1 and angle 2? 

14. Make another drawing of the figure, and this. ti:i^ leave out BC, * 

I 

1 

What kinds of angle pairis do you see? Name the same angle j»irs 
in the figiare with all lines left in. (Use the three letter way 



of naming angles. ) 



I 7 ' 
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15- In the figure below, suppose. WS is parallel to HI. I How many trana- 

1 *• 

versals intersect RX and W3? Find a pair of angles which have the 

) 

sa.ae measure. Can you find a second pair? 



16 



IS. 



19. 



20. 




In^this figure, Ij^ is parallel to I2 and t is a transversal. "What 
is the, sum of the aeasures oJ^ angles a and b? Why? What* is true 
of angle b and angle c? Why? Then what is time of angle a and 
angle c? Would the same thing be 
t.rue about a^le b and amgle d? t 




in 



17 • Can yoii prove that wangle a + angle c - ISOMiegrees by using angle e 



instQad of angle b? Explain your reasoning. 
In this figure, if Ij^ is parallel to I2, and 
t is perpendicillar to 1^^ what else must be 



t- 



true of I2 auid t? 



/ 



Ex. 18-19 



Can you give reasons for these statements about the figure? 

a. If t is perpendicular to Ij^, angle a = 90 degrees. Why? 

b. If 'Ij^ is parallel to I2, angle b - angle a. Why? 

c. Then^ angle b = 90 degrees. Why? 

d. Then t is perpendicular to I2. Why? 

Here is a picture of two sets of railroad .tracks which cross. 
' c 4 
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a« Hov aany trantiversals do you aee? Tell which lines each trans- 
versal intersects* Which lines are parallel? 
b« Make a Hat of all pairs of corresponding angles, 

c. List all pairs of alternate interior angles., 

d. List all pairs of vertical tJigles« 

e. List all pairs of non-adjacent angles whose measures have a 
Sim of 180 degrees^ t 4 

f • Suppose the measure of angle e is 152 degrees. Find the measures 
of as iBany other angles as you can. 

/ 

TRIANGLES ^ 

You have been discovering angle relations in a figure composed of , 
three lines, two parallel lines and a transversal. Suppose the two 

lines are not parallel, so that ^ch line is a transversal intersecting 

» 

the other two lines. How; does such a figure look? 

The three lines intersect in three points and, as you know^ three 
points- (not on the sa^ie j.ine} and the se^ents joining them in pairs 
are a triangle. 

1. Which of the figures below are triangles? If a figure is not a 
triangle, ^11 which requirement of the definition it lacks. 




/ 








2. Draw a triangle which has two sides wit^ the same me^mre^ Such a 
triangle is called an isosceles triangle. u 

3. Draw a triangle' which has three sides -with the saine measure* It 
is called an equilateral triangle. 



/ 
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Draw a triangle with no two sides with the sasa meaaure. It i» 

r 

called a scalene tria;B(gl!»^. 

VMch of the triangles below appear to be equilateral? Scalene? 



Isosceles? 



I 








I 



Draw two equilateral triangles, two isosceles triayigles and two 
scalene triangles. 

If a triangle is equilateral, irs it also an isosceles triangle? ' 

1 

If possible, draw triangle^ whose ^es have these measures: 
3» Kt 5} 2, 7, 8; 1, 6, 7? 1, 6, 9. Which of these measures are 
not possible for the sides of a triangle? Wl^? ^ 
How can you tell whether a triangle can be formed if you know tlie 
measures of the three line sega^nts? 

If the distance from^the point A to the point B is five inches, 
and the distance froia B to C is two inches, what is the greatest 
possible measure for the distance frim A to C? What is the l!east 
possible measure for this distance? Draw figures to illustrate 
both extreme cases and several intermediate cases. 
If A, B, and C are the vertices of a triangle, then the angles 
ABC, BCA and CAB are called the ahgle^of the ttriapgle. The tri- 
angle is often called the triangle ABC . 

Draw a large isosceles triangle ABC, making the sides AB and BC 
equal in length, but different from AC'^ Cut out the triangle care 
fully rroffi paper, and then fold it so that AB lies exactly on CB. 
What do you notice about the angles CAB and ACp? Is one larg^ 
than the other or do they fit exactly, too? Try this experiment 
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with & numbor of isosceles tria&glas# Compare your residts with 
those of your clas&iaatee. 

State a gexieral principle about tha relation between the measures 
of the angles opposite two sides of a triangle which are equal in 
length. 

Principle ^. 

Do at least fl^e eiq>erlinents like this, constructing triangles vlth 
two angles ^ual in measure* Compare yoiir results with those of V 
yotir classmates. 

State a general prlncl|^e about the relation between the lengths 
of the sides opposite two angles of a triangle which are equal in 
s^asuret 

\ 



11* Draw a line ^segment about 4 Inches longj am at each end measure 
an angle with the same measure* About ^ degrees^ is a good size* 
Extend the sides of the two angles until they Intersect t^^ixam a 

) triangle. Cut out the triangle and fold it so that one anglle 
fits exactly over the angle which has the same measure. Qd^the 
sides fit exactly too? - A 

12* Dse the relation you observed in exercise 11 to show that if a tri- 
angle has three sides equal in lengthy then all three angles are 
> 

equal in measure also. 
13* Dse the result of exercise 12 to show that if a triangle has three 
angles equal in measiire^ then it has three sides equal in length 
al^. 

14 • Any two equilateral triangles have the same shape, that is, one ^aay 
be thought of as a picture of the other, but on a smaller scale. 
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Is the same thing true of all isosceles triangles? Draw seTeral 
isosceles triangles to illustrate your answer* 
15 • In exercises 10-11 you inrestigated the relations when the measures 
of two sides or two angles of a triangle are ''equal. Now you say 
exploit these relations in scalene triangles « Make at iMst ten 
triangles with unequal sides and ineasure their angles. Record your 

results in a table like this; ^ 

.6 




BC /_ CAB AB /_ BCA AC ABC 



V 



Give the measures of the sides in inches and of the angles in 
degrees. 

A good scienti^ arranges his observations systeiM^tically* Tou 
have here 6 quantiljies which may have various values. In order to dis- 
cover the relations between them, it is best to hold several of them 
fixed, vary one of the others, and measure the rest. You will probably 
find it convenient to choose values for the lengths of BC and AB and 
keep these the same throughout your experiment. Then choose different 
values for length of AC. Do the lengths of the sides determine the^ 
slie and shape of a triangle completely? Then measizre the angles, and 
record your observations as above ♦ Your results in exercises 8-9 shDuld 
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give you information *kbout the possible choices for the length of AG. 
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Notice that the colusm for each angle is next to that for the opposite 
aide. - 

You and ydur classmates should each c'hoose different lengths for 
BC and AB» In this way you will have plenty of experimental data for 
comparison. ^ 

On the basis of your observations youL jahould arrive at certain 
cdnclusions. When one side is long4r. than another, hov do the measures 
of the opposite angles compare? there a simple relation between the 
lengths of the sides and the measxires 6f the angles? If you double the 

length of AC| does the measure of ^ ABC change in a simple way?" What 

' ■ ■ - y 

happens if y^gu double the lengths of all three sides of a triangle? 

^art H. ANGLES OF A TRIANGLE 

1. Draw a triangle ABC and cut it out of paper. Tear off the comers 

A . B 

\ 

\ 

\ 




\ 

at B and C and laount the wbUe figure on cardboard aa shown, with 
the (.cut out comers pasted In aroiind the veriex A. Measure the 
angle DAC, CoEpare the result of your experiment with those of 
your clasaaaites. Is there a general law which fits your obseWa- 
tions? 

Cut a triangle ABC out of paper and m^k off the midpoints D and 
E of the sides AB and BO respectively. (The ZTdpoint is halfway 

/ 
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froa one endpoint to the other, so -that AD'= DB, BfS ac EC.) Fold 
egment AD so that A lies over some poict G of the line 
iy, fold over EC so that C lias over Finally, fold 
aloD^ the segment DE, Ifher^ doe^ the point B fall?- Where do the . 
segioents DB and EB lie? What is the sum' of the measiire.s of the 
angles of the triangle? ^ this expe;riment with other paper tvi- ' 
aiigles. Does the law you found in exercise 1 fit these observations? 
state your law in the form of a prijjfeiple concemi^r^ the sum of the 
measures of the angles of a triangle, ^ 
Principle 10^ ^ * . 



You have noy discovered a certain law by experiment # Were these 
experimentg necessary? Is Hhere any connection between this 
principle and the^dnes you found before? We shall now try to help 
you discolrer a proof of principle 10 frm tfie previous opes*. la 
other words, if you know ^he other principles, then yc^emn arrive 
at this one by logical reasoning without a ifingle ^dltional experi-^ 
rnent* * ^ . . * 



fVj^ 3. The ^xperiaent of exe^ise ,1 auggest-s one 3^ne of reasoning,, jbstead 
of tearing off comers, simply draw ^ line AE so that , Angle EAB l^s 
the sapse measure as angle ABC, Wtend t-he line AC, ^ 

"V- ^ 




Think of AE and**3C as 'lines cut \he transversal AB. ^lat kind 
ot ^gle pair are angles EAB ^nd .\BC? What conclusion can you dreiw 
from principle 4? , - ^ ' 
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f ■ • . 
No^ think of AE and BC as lines cut by the transversal AC. What 

kind of angle pairs are angles DAE and ACB? Dolps either jsrinciple ( 

or 7 apply? What is the sua^ of the measures of the angl^ DAE, EAB, 

and BAG? VhCat db you conclude about the sum of the uiealares' of the 

triangIe"^C? V 

Instead of working with the angle DAE, we could have cojaparB& angle 
ACB with angle FAC. Which principle applies in this ^case? Write 
out the complete ^roof from beginning toywid, making any necessary 
changes, and giving the reason for each step of your proof. 
Compare your ^roof with those of your classaiates. Did you dadt 
any necessary steps? Did you have a convincing reason for every 
ste^? Was each statenieht in your proof clear and precise? Was 

your conclusion stated in such a way that everyone else understood 

~ / 
exactly what you proved? K / ^ 

Y- , 

Discuss with your classmates the things which make a proof good. 
Are there any common faults or mistakes whicji you must watch out 
for? After the class discussion ^rewrite your proof in accordance 

with the-poi;fts brought out by you and your classmates • 

/'■' . ■ / ■ ' ■ 

each of the following cases the measures of <s€rtain par1?6 of^ 

the triangle ABC &t€ given, those of the sides in inches and S 

those of the angles in degrees, and you _^e asked to predict 

>fthe measure of some other part. In 'each case, give 'your reason* 
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Given 


To Find 


« 

Principle 


a. 




/_BCA i 40° 


Z_ CAB 




P' 


^ABC = 90°, 


iLCAB i 20° 


L. BCA 




c. 


£.CAB = 20°, 




/ ABC . 




d'. 


' Z_BCA i liof 


/Iabc i 4.0° 


/ CAB 

^^^^ V»X\1-X 




.e , 


^ABC i 52°, 


^BCA = 37° 


A CAB 




f. 


/_ABC = A0°, 


AB i ? In., "AC = 2 in. 


/ ACB 




cr ^ 
&• 


AB = 3 in. 


RC = 1 -in HA = 1 






h. 


i^BAC = 70°, 


£jCh^ '70°, AB ? 4 in. 


EC 




V 

i. 


^BAC = 100° 


, /_BGA^= 40°, AB i 4 in. 


AC 




i- 


/_AflC i 60°, 


^c(aB ? 60°, AC 1 3 in. 


AB 





Check you!r answers by drawing figures and meastiring. 
Suppose one angle of an ilcsceles triangle has a iaeasure qT 50°* 
Find the lasasures of the other two angles of the trianglte-. Are 
two different answers possible? 

Jn triangles ABC and DEF, suppose that ^ BAG = SDF and 

Z- = /_ EFD. What will be true about angles J^BC and DEF? Why? 
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/. Informal Geog^^ry I 

'" btatement ' of Principle s 

principle Wheirtvo lines intersect, the angles in each pair of 
vertical angles fonnea-^Mive equal measures. 

Principle 2. When -tc Lr^aversal intersects two lines in the same plane, 
and a pair- of corresponding angles have the same measure, then the lines 
are parallel^ 

PrijacipJI^e ^# When a transversal intersects two lines in the same plane 
a?id, of a pair of corresponding angles, *the exterior angle has the 
larger measure, then the lines intersect on the saiae side of the trans- 
versal as these two angles. If, hpveVer, the interior /angle of the 
pair has the larger measure, then the lines meet on the opjK>site sil^e 
of the ti'ansversal froi& this pair of angles/ 

Principle ^. When a transversal intersects two lines in the^ same 
plane, and a pair of alte^ate interior angles have the same measure, 
then the lln6s are* parallel , ^ ^ 

Principle ^. When a transversal intersects two lines in. the samfc 

4 

lane,- and one of a pair^of alternate interior angles is simller than 
the oth^r, then the lines intersect on t ha same .side of the transversal 
as the smaller angle. . 

Principle ^. Whe^ a transversal intersects two parallel lines, then 
each pair of ajLtemate interior angles l|ave the same measure; 
Principle J. Wiwn ^ transversal intersects a pair of p^rali^l lines, 
then each pair of altemate^^ interior angles have the same measure. 
Principle ^, If tfWo sides of a/iriangle are equal in length, -then the 
opposite angles are^qual in measure. ^ • 

■a , 'at , # ' . 



Principle 2- two ^glea of a triakngle axe equal in measure, then 
the opposite sides are squal in length. 



Principle ^0. In any triangle the sum of the measures of the angles 

is 180 degrees. ^ 

^ r 

. ■ - - / • 
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^INFORMAL aSOM 

(Congruent triangles. Perpendicular bisectorB^, Parallelograms, 
Concurrent lines, and the Right Triangle Princiisle) 

» 

CONGRUENT TRIANGLES .. • , 
Wher^ leaves are 'drifting to the ground in the fall, have 
you ever tried to find two leaves from the same. tree which have 
exactly the same size and slH^e? While we can tiell whether a leaf. 
^ is from, an oak tree or a ra^fjfife tree or some other kind of a tree, 
it is unusual to find two dak- leaves which seem to be ej^actly the 
same size and shape if we place one on top of the other to compare 

\ 

them. You may also have wpndered' why, among the faces of aJll the 
people whom you know, or even among all the people in a great city. 



you so seldom find two which are%ery much alike, 
f ■ 



The wheat fields of two farmers may be "exactly" the same 
shape and size, although they usually are net. A manufacturer of 
large bolts of a certain, kind employs methods of "quality control" 
to try to make sure that the bolts he makes will be as nearly alike 
as possible. < Mathematics is used to determine whether objects that 
appear to be ^like actually are, and to determine the amounts and ^ 4 , 
importance of difference in the objects. \ ■ - ' 

In order to study the characteristics of objects that are • 
exactly alilce, we begin, as scientists usually do, with a very . 
simple situation. It ■6urris out that the case of two triangles -.-^ . 
is the key. to the genea^al problem of determining when two objects ^ ) 
have exactly the same size and shape. « 





• These triangles appear -^0 be the same. size and shape; if we cut 
FR?r o'^® ofWus,, .triangles dut of the paper, and find that we can place if 
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on the pther so that the three vertices and sides of. one triangle 
lie exactly on the three vertices and sides of the other triangld, 
we say that the two, triangles are congruent , Or, if we could move 
one of the triangles in its plane until' it fits exactly on the 
other, we' would say that the^ tFiangles are congruent. 
Principle 1: Corresponding segments and angles -of congruent 

figures have equal measures . 

If one triangle were cut out of a rubber sheet, then we 
could stretch or shrink parts -of it while we move it,*and thus 
tnake it. fit on the other. In such a case we would certainly not 
call the triangles congruent. It is essential . that the motion of 
the triangle be rigid , that no distanc^^ between points of the 
figure should change during the motion. •■ • . * 

We could compare solid figures in a similar vfay l{y making 
a mold to fit one solid, i and ;then testing 'the other solid by 
trying the mold on it. Again, in this process we must be sure ^ ^ 
that, when we move things around, the motions are rigid. 
^ Now let us look more carefully at th^ method of comparing 
figures, and see what it really m^jkns; If we understand how it 

works, we may be able to discover a me,thqd of comparison whicR '. 

' i 

does not require a ph^ical motion. When we fit one figure onto 
fiinother, we tnake each po^ht of the first figure correspond to a 
certain point of the other point for point. ^The distance between 
any two points of the first figure is the same as the distance 
between corresponding points of the other., Sinc'e we bring 'th'^ 
first figure-^to fit on thi .other by a r^gid motion^ during which 
no, dls,tan'ce ife changed, then ;the points -of the origir\al f^gures^ 
can" be matcfj^d with each other so that the - distance .between any ' 
pair of points in the. first figure is the same as the distance 
etween the correspMonding pair of points in the othei;*. . • • 

183 . , 
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For example, draw triangles ABC and A« B' C so that 
the lengths of A B and A' B' are inched, those of B-C and' 
B* C are 5 inches, and those of G A and C A"* are 6 inches. 
.(How can you draw a triangle with si^ies of given length? ^^uppose 
you locate A and C 6 inches apart. Where should B be? .• 



5 Inches 

Forget about the length of ■ B C for a moment and concentrate on 

the requirement that A B should be 4 'inches long. Where do the 

points lie whose distance from A is h inchesT - Do you have any 

instrument for drawing the figure formed by these points? Next 
' - " * ■ " . " '. 

draw the curve; formed -by all points whose distance from C is 

5 Inches. Where are the"pOssible .positions for B? How many are w 

there^) Cut out triangLer' A B C and see if this triangle is congru 

ent to A» B* C* by ^ttlng it .onto the latter. 

' • J' 

^ ^^^w separate tl^ triangles again. Using your^ruler, mark off 
on the slde^ AC points'* D, E, fT'G* and H, so that 

the' distances from A are l,'^2,-3, 4, and 5 inches' 3?espective.ly , 
and mark off on th^ side A«B/ points 'J, K, and L whose^ distances 
from A are 1, 2, and 3. inches respectively. Can you predict the 
positions of" these points when you piace th4 triangle ABC on 
A' B' so thit A lies oh A«,B on B.' and C on C » ? 'Mark off 
your p,i;^dictions on the triangle A^ B* C and label them D' 
F«, . .^.^ L' . Now check your predictions^ 

: ^Measure the distance between the various pairs in the first 
figure ai^d reco-fd them in a table: " • ^ ■ 




\ 

Make a corresponding table for the points A* , B* , • . . > . 
Compare distances between corresponding points. 

Pick a point M in the interior of the triangle ABC. 
How can yoix predict the position of the corresponding point M« 
ia|the other^ triangle? ^Are there any lines which you can j^r^w 
and distaiTces which you can measure so that you could locate M* * . 
exactly? M^e your prediction and check it by placing the triangle 
A B C upon the triangle A' B« C« . "Does M lie above your pre-^ 
dictionj \^ 

If we know the distance between every pair of points in a 
figure, this gives us complete information about its size and 

shape. .In the above example of the triangle A B C, you can. find 

■ - •• J 

as many points as you please on the three sides./ You could measure 

all distances and give a complete description of the' triangle. Is 

all thig information necessary? If you know the lengths of the 

sides, and you locate the point D oil A C by" marking off the 

length of A D as 1 inch, does this information- determine the 
■ i> . " ' ■ • ■ 

distance from, B to D?' 

Is more than one value for this distance possible? Incident- 
ally, 1/ D Is on ty\e Bide AC, and AD =.1, Ap = 6, then whap 

is the length of .DC? HoW'vdan you tell from the lepgths of AO, DC, 
✓ ' , ,-, ■ ■ V 
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and AC whether D Is on the segment AC? Then is there more than 
one possibility, for the length of BD? 

Sometimes you may, know the sizes^ of certain angles andcertain 
segments, Ikiaglne that you are at point A in the figure belov^, and 
you are the navigator of an airplane. You receive si^^nals from the 
radar operators at the airports in Los Angeles and Honolulu which 
tell you that the measures of the angles AHL.and MH are 20° ^d 
30° respectively. ^ 




Your chart shows that the distance from Honolulu to Los Angeles 
is 2620 miles. Is this enough information for you to be able to 
determine your distance from Honolulu? Make a drawing to scale 
using 1/8 of an inch to represent 100 miles. How long should 
HL be? . Is there more than one possible lenp;th for AH? Measure 
AH, and calculate the distance from your airplane to Honolulu. 

The main problem of this unit is to find- out what parts of a 
figure must be known in order to determine all the other p^ts. We 
could also think of the problem as that of investigating what parts 
of two figures should be measured in order to know v/hether they are 
congruent. This would enable us to find out whether figures are 
congruent without actually moving \^them . We have already ^obtained 
some evidence that it is not necessary to measure all parts of a 
triangle in order to determine the complete- s ize and shape. 
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Before we tackle the general problem of when two figures are 
coru^ruent, v^fe start,, like good mathematicians, with the simplest 
case, namely that of two triangles. "After we thoroughly understand 
this' case, we will be prepared to study more complicated figures. 

A triangle has six parts three sides and three angles. We 
shall investigate which^ combinations^of these parts are enough to 
detennine the rest, and so to determine the size and shape of the J) 
the triangle. 

Choose a point A and a ray with A as end point. Find a point 
B on the ray whose distance from A is 3 -inches. How many , possible 
positions are there for the point B? Choose one of the sides of 
the line AB and, using a protractor, draw a ray on this side with 
^ as.endpoint which mai-ces with AB" an angle whos^ measure is 63°. 
On this same side of AB draw another ray with B as enc^oint which 
makes with AB an angle whose measure is 35°. Do these rays inter- • 
sect? If so, label the intersection C. Once you have chosen the 
point A and drawn the ray on which B should lie, is t>iere more than 
one possible' way of drawing the triangle ABC according to the above 
directions? ' ^ 

Try this experiment again on a^iother sheet of paper Is the 
second triangle congruent to the first? Try this for' three separate 
triangles, each time making the line 'segment equal in length to AB 
and drawing the angles with the measures and positions shown in the 
figure. Cut out of the triangles and place them on the third 

one. V/hat do you concludeV^ - 

In the Xigure, AB 'is the s jje^ included between the angle v/hose 
measures ^5 degrees and 05 degrees. To be more brief, v/e say, 
"two angles whose measures are 35 degrees and 65 degrees and the 
included side . " , 
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3 B 
* EXERCISES 

Drat^tf two triangles makingfcne side of each :triangle 3 inches 
long, and the angles on'tne sides with measures 40 degrees and 
8o. degrees. Measure the" other two sides of each triangle and 
compare the lengths. Wliat do you conclude? 

If two angles of a triangle measure 4o degrees £ind 80 degrees, 
what is the measure of the third angle? . . / 

Draw two triangles each of which 'has a side _3 inches long, anci 
Eingles which measures 40 degrees, 80 degrees, and 6o degrees. 
Draw the 3 inch side between the vertices of the 4o degree and 
6o degree angles. Cut out these triangles and compare them 
with each other, and with the triangles you drew in exercise 1. 
What do you find? ^ 

Draw two triangles, each of which has angles which mea^sure 4o 
degrees, 80 degrees, and 6o degrees. In your drawing make the 
side between the vertices of the 6o degree and 8o degree angles 
3 inches long. Cut out "the triangles and compare them with 
each other, and with the triangles you drew for exercises 1 and 
3. What dp you find? 

Exercises 3- and 4 should convince' us that the following statement 

necessarily true s-v-if two angles and one side of a triangle 
are equal in measure to two Imgles and one side of another 
triangle, the triangles are cVigruent. Correct the statement so 
it yjill be true . ' ^- / . 
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, 7. Group the following triangles into sets of congruent •sriangi-^^s . 
Can you do this without ■ measCs«ing any of the sides or angles, or 
cutting out -the triangles? ^^-^ 



a) 





is. Are the following congruent? Why^ 






9. Drgw a triangle wiiim angles whose measures are 50°, 6o°, and 
70 . Can- you 'draw a' larger triangle wh6se angles are equal ^. 
in measure to those of another triangle? Are the triangles 
necessarily congruent? . ' 

10. Stat^ the principle which you have found from "^e above 

exei^clses, whereby you can tell whether two triangles are 
congruent by measuring in each triangle two angles and the 
included side-. 



/ 



Principle 2: * 

* • ■ . EXERCISES 

1. Compare with a compass ,the sides of the three trlauigles below; 





What do you , conclude? 
copgruent? |- 




Do the three triangles, appear to be 
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Draw a triangle with sides whose lengths are 2 inches, 3 inches, 

and 4 inches. This is rather hard to do with a ruler, but easy 

if you use a coippass . FoiioW' these directions: 

Draw a lin^teegment ' 2 inches ],ong. 

Gail it AB. Spread your compass 

so the points are three inches 
■apart. With tJie point of the 

compass on point- A, draw part 

of a circle above AB. Spread 

the compass so the points are 

4 Inches apart. Place the 

point of the compass on point B, 
.^d draw part of a circle .so 

it intersects the pa^^t of a 

circle you drew before. Call the 

point of intersection point C 

Are the sides of the triangle 

4 inches^ long? ' 




Draw line -segments AC and EC. 
ABC 2 inches, 3 inches, ana 



3. Draw a second triangle with sides 2 inches, 3 inches, and 

4 inchesV long. Cut. out the second \riangie and te^t it to see 
iihether ist is congruent to the triangle fq^ drew for* exercise 
2. What is your conclusion? ' * 

'• ^ • . 

4. Draw, three feriangles, with sijdes- 2 inches, 2.5 inches, an^ 4. 
inchep long. Test them to se^ whether they are congruent,, as 
you did be'fore. H'/hat is your conclusion? 

5. State a g^eral pr;.nciple whereby you can tell whether ti(o 
triangles M'e congruent from measurement of their sides. 



Principle 

6. Do you find any congruent triangles in this figure? On what' 
do you base ^your answer? ^ ^ 





7. Devise a' iT\ethod for constrYic ting a triangle if -you are told 
the measure of its three sides, using the following tools: 
A ruler, 3 thumb tacks, and. a piece of string. 
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Principle 2 and principle 3 state two cases in which two tri- 
angles are congruent if certain three parts bf one triangle are 
equal In measure to similarly plaped^parts in another triangle'. 
' A'completei listing ^of sets .of three parts of a triangle is as 
follows:- ^ 

I. ' 3 angles ^' - " . . \ ' ■ ' 

II . 3. sides , ^ ^ ' 

III. ^ 2 angles and the in'cluded sid^ 

IV. ' ' 2 eides'and the Included angle- ' 

V. 2 angles and a side not included between the vertices 
of the angles - . . . 

VI- 2 sides an<^fcn angle^ not included betweer^ the sides. 

In principles 2 and 3' you have stated methods for deciding 
whether two triangles , are congruent on t^ie basis of measurements of 
the parts listed in III and II above^ In exercise 9 . on page"8, you 
Investigated whether measurements of 'the parts mentioned in I^are 
enl^h to enable you 'to tell v/hether two- triangles anr congruent." 
What was your ^conclus'ioh? ^ • ' 

Recall j3ri^ciple lO' of the previous chapter. Is it necessary 
.to measure all the three angles of a triangle in order to know their 
sizfes? Caji you apply^ th^s idea co ca^e V above? Try 'to use the ' 
mathematician's favorite trick or reducing a problem to the previous 

case . . . » . • , • ) 

* 

EXERCISES. 

1. Consider the set of parts listed as IV, two sides ^nd.the. 

■includfed^ahgle. The .positions of the^parts in this set are' 
illustrated in the drawing below. Use the measures given and' 
draw three triangles. Then te^t the triangles; tq gee "whetVier 
• they are congruent ' • ' 



C 




If the point a', the ray AB, and the ,side of j\B on which "c lies 
are given, is it possible to draw moc^th^^.n one triangle with 
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^ides and angles having the above measures?- , \, 

- . - ' ■ ■ .' ' . . ' ' ; 

■ Consider the -set ■ of parts lis.t^d V, . two angles and a side 
. which is .not ihcludeci. between 'the ve'rticies of the ai^gles . • 

If two angles of one triangle. have the same measUresj as. t,wo 
. angles, .of another triangle, what will be. true about n;he ' third 

■ angle? Look at the -triangles ^beioWi ■ 



3. 





Now consider* Case VI. Draw a n;riangle ABC so-tHat AB;= 3 . ' ' 
inches, angle A ,= 30", and BC == -2 inches. Let us. see,'how jnahy 
possible shapes can su.ch a triangle have.? After you locate 
the points A and B' 3 /inches apart,, then yoU still have to tin< 
the point C. Choose the. side of the line AB where yoi^, want 
the triangle to. lie. Where do iall the ppints Q lie wh'osf'v . 
distance is 2 Iriche's from B? Draw the figure formed .by this 
se^ oV points.. Now draw angle' l A making it 30 . How many 
positions are i)0ssibl^ for C In'r this halfplane? i^hat ar,e ' the 
possible lengths for the side AC?' • 

Canvyou decide /whether two triangles- are congruent by jn^easur 
ing the parts in ca^e VI? . . " • ' ;■ .; 



On the basis of 'your experiments in exercise 1, statg.a 
principle: whereby you can decide whether two triangle sf ar^ 
congruent by measuring the parts given in case IV. 



Principle 4: 



1 



I 



■ .1. 



state your conclusions about the set of parts listed .in-.V 
and the set of parts listed, in VI. -.v' 



•'EXERCISES.. 



1. 



V 



For each-, of the triangles below, descri^-^e the set- of parts 
whose measures ^rS marked. You may use •jthe (descriptions 
listed on page IQ, ' ' , ' 



Name any two of thfi triangle^ above, ighlch £u?e "congruent , and, : 
tell which principle , applies. _ ; • . ^ .. .* /> 

" ' ' . PERPSNDICUL^ BISECTORS " ' ' - , ; 
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The telephone pole jai the figure is supported by two wir^s,: 
each of which is fastened to the ground at< a point 6 feet 
from the bass of the pOle. The Telephone Company knows that 
th^se ^y wires will- ije 4bout equal in length. HOW do they 



know this/ 

• ■ ' ■ ' A. The company has set Up tfte pole_' 

^ , • so 'it is perpendicular to the r> 

^ • ground. How. larg^. are angles ■ A 

' ■ ' . ■ . ■ and'B?- \ . - .., ' - ■ " • , t> 

• > ■ ' ' \ •,' , 

. 'i B,. . 5n the two triangles the'-liiies 

, - represented by* the, sides of the 

. ; , ^ , pole are equal in length, • 

' > ' - C, ."fhe sides -of the' triangles ^long 

. ' the line representing the ground 

• ■ * , are' eadh 6 feet long. . ;, 

What can you conolude 'from* stat^ents A, sB, and C? • \»rhicl? 
principle app;|.ies? , » ' ■ >• 

In exercise 1, - suppj^se the company attadhes two more guy ; 
wires to the pole in the same way as in exercise 1. What 
^ will '.be ' true about the. iefigths "of "these gu5^wIre«e? Why? 
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/ 



\ 



A 



v.. 



* In the. figure t^e line 1 is • ; 
. ' perpendicxilar to segjnent, AB.'* " 

The j^terseotion- of the sets • ■ 
of. points i' A^ andV]., is, the 
point the measures of 

■ < AO and 03 .;are the same^ So . ( 
*llne 1 is called the perpendicular 
felSgfitor Pf ABi ' Where does the • 
Word bi,sec tor come f rom? . ♦ . ' , ■ 

""^We cai;i/show that if P is any element of -^e set .'l .then 'the 

length <jf PA ifi equal to the length of PB> In order to show 

this ccaGSider the triangle- PO A and triangle FOB. ' ' ' 



\ 



) 




, • . AO i.-OB 

* m ■ ' 

, Angle 40P = 90 degrees 

'Angle BOP S 90; decrees 

OP '* 'OP 



Wi^r^Wre ti^Langle AOF^ is congruent to triangle B^P, and A = 'PB. 



1. 



m 



^ . EXEROISES •■• 

•, . . , .■•>■■ • 
a, In the argument above, why 4oes ;ao « OB? 
, h Why does angle AOP S angle BOP? , r ' 

c- Vhy is triangle AOP congruent to triangle BOP? . . > ' . 
d. " Why, then,^.^ ^A. i PB? , , . * y . ' 

Select 'a_^^i^ffg^nt' element of . the s.et 1 and call it ?l 
Would the argiitent above be changed in ahj^ way? 

Consider the hedf-planes detemjined by the. line on segment 
,-. /AB. . If P Is' located on 1 in- the other hal'f-pl£^e *than the' 
one.»hown in the figure will you; need to clisihge the arguiuerit^ 
^ in any way? Make a drawing to illustrate you? answers. . , 

4'^-Draw a line segment/ With ruler and protractor draw the . 
1, J. J)§meadii;^ular._biae c tor. QiL.the * segment . . i . ^ ' 

5; a. Draw a line segment, and call Ix PR. " . 

• • b. " Use ruler and protrac.tor .to draw the perpendicular 

bisector of/, PR. , C^l the perpendicular bisector 1 and 
its intersection with PR polr\t A^- ^ ' 

c, ' Select- an element of 1, and call it 3. 



5. d.. Measure the* distance from B'to P and fro^sB to R,;' •'■ ^ 

What do you find is true? Is your conclusion th^ -same '. 
I ■ ■ as ■ before?* ■ , . ' ■ ■ . ' ■ 

6, Marie two points A anxi B ion a sheet of ^tracing" paper aiid draw, 
the segment ^ with a ruler.. -Fald over the paper 'so that B 
falls on A and the sjsgmeht AB is folded over itself",, and. . 
fiatteh the paper so • that a ■crease" is- formed, apen it up 

• and draw 1 a line 1' along the drfease. Gall the intersect ion 
Qf .1 'with AB the point 0, and , choose any other point P- on 1. 



a 




B 



jiince , when the -paper is folded, the segment BO lies over ' 
the segment AO, vwhat is tru^ about ' the measures of these 
segments? Since the -angle BOP- lies' oyer the an^le'. AOP, what 
do you know about the measures, of these angles? , What is the 
sum of their measures? '^Can you tell what the measures of 
thjese angles' must -be without taefesuring them? Draw the seg- 
ments PA and pj^, ^ If you fold the paper along- Ij where will 
PB lie? ■ .How are the lengths of PA and PB related? 



7. State a principle-. about the distances from any point on the 
perpendicular bisector of a line segment to the endpoints 
of the segment, • ; . " * . 

■ V ■ » ■ . • • ■ 

Principle 5. ' ' ^ . 

* ' • . . ■ ' • 

^.' *^ Draw a' iine segment, and -call it RS. . Then u^ a compass to 
locate a point,- not on RSV which is the same distance from 
points R and S. » ' " . . 

■ (Your drawing should look ,like the ,f3fgure.) 



R 



Call the,^int A. 



b. Use your .ruler to find the mJdp.oint.of RS. Call the 

nii<ipoint B. I^eh draw AB. ; ' - 
G. Do'es segment AB seem tov be- perpendicular t<5 segment RS? 
d. Draw .the line' on AB and jS^l it 1. Draw segments AR and 

AS,' .. . ^ 



9. -In your figure for exercise 3,, 



AR S AS. 
BR S BS. 



^ AB S /aB ■ 



Why? 
Why? 



So ^ triangle- ABR' is ' congruent to triangl^ABS . Why? ,Then how / 
■ large are angle ABR and^ angle ABS?' What is- the sum of these 
angles? 'Does this show that 1 is the' -perpendicular bisector. 
; o'f -.RS? ■. • ;■ . ■ ■ . ; , ■ . . . 

,'liD.^-: Repeat exercise S locating a point A* in the other half-plane 
determined by the lir^e of RS. . Does this ' Change the arguntent 

. . • _in, any. My? . . ■ t • . ■ . ' • 

. • ■ • • ■ - . ■ , ■. .■.„..,■ 

-11..; 6tate'a prin(^iple whereby you can tell whether a.poinflies 

£)n the gerpendicul^ri bi'sector of a line: segment -by measuring - 
its distances from l(he en^points. * , " 

Prihciple- 6i" ^- - ' ■ ^- • ; ^ . \ 

12. Compare the statements in exercises^ 7 and 11 above. What 
.is the difference between them?' Is one\"a conveifee of the ' 
'other? ■ . . ■•■ ' ■> ' . * ■ . ■ 




can use principle 6, to guide us in- . ' . . ' 

cons'|;rucftion of a perpendicular bisector 
• with i ruler and , compass.. ■ ■ ■ , ^ 

■ I . . . , ■ • . . , . ■ . . • . 

12. a. Di^w;a.line segment", ■ and call. It DO. . ' . • 

b . ' Use compas*ses to locate a point E ^e ' • ■ 

' same distance from C and D. 
c. Use compasses to locate a second point 
. .P the same distance, from* C and D, in . ^ ■ > 

' ! the other half-plane 'determined by * ' 

the line on CD. \ . ^ ■ ^. * 

d„.Draw the-line on E and F.- . Call it 1. ' ' '. ' . ■ ' , 

1 V. Must E lie on the perpendicular bls^ector ' . 

of CD? Must F lie on the perpendicular 

bisector of CD? ■ Why? Is/there any line on E "and F, ' • / ■ 
except 1? ' Then is 1 the-^erpendicular bisector of CD? 

» ♦ .... PARALLELOGRAMS , - . 

.We. call a figut'e 'with -3 points joined by 3. line segments a . * ■ 

" triangle . (Do you know "what tiie prefix "tri" means? Think of the 
words like '*'trfple", "trio", "tricycle*', etc. Does this suggest the' 
meaning of the word triangle?) We call a figure with 4 sides a quad- 
rilateral. If R,S,,T, and V are' distinct points^ then the figure form- 

^ by the |/^ents RSiST^^TVi and VR is a quadrilateral , and \s of ten • 
called : the . quadrilateral RSTV. These 4 segments are. its sides , goid R, 
S, TV - and" V are <;alied its vertices . The angles jms,' -RST, STV, 

•r * • ... ^ . 

and TVTR '(alsovcalle.d "angles R, S, T, and are the angles of- 



the quadrilateral. 




• .Since We- have Just made a rather, thorough study of triangles, 
we are ready to attack pro^le^ig about more complicated figures', and 
the next step ^s, of, course,* the study of quadrilaterals. -Certain 
special kinds (^f. quadrilaterals are important enough ta be worth 
more detailed study., 

A quadrilateral in which the pairs of opposite sides are 
•parallel is called a i^rallelogram. This figure KLMN is a 
parallelogram, • ' ' , 
* ' %e line segments, * KM a£hd Ul, ' 
I are called the diagonals of the 





parallelogram . Hie diagonaCLs shown in ^ the . next, figure . 

By' using the congrueiit triangles 

-s ; ^ '•■ ' . • ■ 

we can rather easily show that 



a. If a quadriXateral^ is a 




N- —7~ ■ ■ ■ 

parallelogram, then the opposite si^s have equal measures, • 

b. If a. qiiadrilateral^s a parallelogram, the diagonals bisect • 
«each other, 

1.. : ; ..You 4io measure their ^ides and - 

diagonals sind hence conclude by experiment* that these statements. ' V 
are probably true. , - „ 
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In the experimental method, however > we shall always have some 
uncertainty because the measurements are never exact; oni^ vapproxi- 
mate* , and because we can at most test thes^ statement^ in a l^ge 

number of cases, so that we coul'd not be suie that, they are always 

. ■ . • ' ■ • ' ... ■ ' ■ . ■ •■ 

true. Let us try ta apply the deductive method instead. , ' 

■ .. . ' ■ ■ ' •, ■ . ■ > - ■ - ' ' : 

■ . .■ EXERCISES- ■ ■ .'*. '• 



1. Which o.f thes^ figures are quadrilaterals? 



a) 



2. 
3. 

4. 



5. 





Which of. the figures in exercise 1 appear to be parallelograms? 

Draw two parallelograms of different sizes and by measurement, 
■see if . the- statement- (a) page .16 appears tc» be" t^ue^^ " 

' ' • • . ■ 

Construct a parallelogram ABCD and cut-.it out. Cut the 
parallelogram along the diagonal AC. Are the trlsangles you 
obtained congruent? Check by fitting one onto th^ other. What 
sides and anglesof the parallelogram have^equal measured 

Let us try 'to. help you dii?bov"br for yourself why. statement (a) 
is true. If you answer the followlffig-q)iest ions, refe-rring to 
the parallelogram below, you may / ' 





'be able to # deduce the statement from the principles you al- 
ready. know. ^ 

a. Whicb principles state that under certain circumstances 
two segments ^re equal in length? • 



b. Qo any, of ' thepi apply' imme'diately to the above figure? 
If ndt, can you draw, a segment in such a way that one of 
these prihcipies might ; apply? ' Think of the preceding 
■/■■.exercise,- . . ' ""^^"v^' / ' 

Cv. What kind of lines are HI' and JK? HK- and IJ? How^ia the * 
line you have Just .drawn related to these lines?, Are there 
any angle a which must have equal' ^measuj^es because of this? 

d. Cah'you appl^^^y of the' principles of this chapter in 
order to show that certain J:riapgles are ^congruent-? . 

— " ■ ■ ' { . ' , " 

The figure BCDS below^is a paralifelogram. ' ' . 




v 



In the fpllow/ang -reasoning, tell why the state'iHent in each , / 
step is ^true . " • • ^ 

a. BC is. parallel to ' ■ • • . ' 

b. ^ ' GBD W ^, Bpg ^ . ■ , • ■ 

c. EB >. is -parallel to. CD. ■ ' . . ' ; 

Ki: ^ „ COB S Z. EBD. * ■ . _ ^ • • 

e.. ^^BD '2 BD. . ■ - • ■ ■ . ^ * ■ • • • 

-f. . ''ipie triangle BCD is congruent to 'the triangle , DEB. ' i 

g. Bc S DE. , . ^ : * . • ,y 

■ Driw two paralleiograms of-.^"fferent/size§-^d, by making . 
. trieas^reaents, see if the statement b on page 16 appears to^ ^> 
be true. ' . . • ^ 

Show^why the statement b. on page 1 6 is true. Give your 
reasons qarefully. In tii,e figure . you might show thkt tri- 
angles AMB CMD are^ pongruenf. If you think of alternate ' ^ 
interior angles you. can find angles With equal me.a^^ures. Also 
statement a on .page l^Wy assist you- in supportirig .this state- 

- ^ 




V 



Draw a quadrilateral ABCD in which AB' =t DC and BC" = /AD.' . * 
Measure the angles and apply one qf the principles hf the 
previous .chapter. How are -the oppos-ite sides related? ' What 
special kind of quadrilateral is ABCD?— ^^«peat this experiment 
several times. "S.tate a general principle which fits the , re- 
sults of . your e;cperiment. 
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•10. In the figure below 





DC and BC .» AD. Prove that BC is. parallel , to .AD by 
identifying congruent "triangles; ^ ' 
telling wbv they- ^are •congruent ; ■ . ' 

showing What .angles have ■ equal measures -as a re^itlt 
■ ■ '. . , ■ of ihe, congruence, and . ;\ ■ 

(d) indicating why this enables us to conclude that the 
" " opposite sides of the quadrilateral" arfe. parallel; . • • 

Does your result agree with the principle whicl\ you discovered 
" . experimentally in exercise^ 9? , . - . ' 

'11, Make- a statement by. interchan^ng' the if-then parts o^ 
. . 'statement (b) page l6. . 

.* A,'' . ■ ' > ■ 

-12. Check whether orxnot the statement you have made in exercise 

11 is probably true by drawing several quadrilaterals in which 
. ■ thp if-part of that statement is true and measuriiag other • 

. ^ parts .. * 

r3.. A square- is a special ^nd of a parallelogram. The measuo^es 
, of all sides of a "'squaxevare >qual an'd all angles have a 

measure of 90 degrees. Snow Whether or not, the 'statement is 
. ' / • true; The diagonals of a smiare are ^Perpendicular to each 

. other, v^un you use 'Principle\6? ' ' ' ... 

. . 14. ' A rectangle is a sf)ecial kind or\paralle'ldgr^'/in whlcTTthe 
angles are right angles. Show whe^ther or not the following 
. , statement is true in a rectang-le iri* which adjacent sides .are 

not equal; ' The diagonals oC a rectangle are perpendicular 
to each other, . ^ " ■ 

15i Draw, about six rectangles of different shapes and -write 

.statements about -properties- of the rectangles which appear to ; 
be true. See if you can then find reasons- why your statements 
' — "are true" or not true. ^ * . ' 



CONGUHRENT LINES 

- : ^-^ - - - -. - ^ 



» 



Three, or more' lines on a' point are said to be concurrent 

■ • • ■ . ■ • ■ ■ ' 

lin«s". The* figure shows three concurrent lines- (^n the point 'K. 



■. "' ' • ' ■' ■ ■ ' . . ■' " ' 

A number of spts of Qoncurrentt line^^^e associated with a ti^iangle, 

\ * \ • ■ •. . 

For egcarapie, the perpendicular bisectors of the sides of a triangle 

are concui^rent^ Let us considef* why this is true. - ' 

In -the figure, 0 is the point Of interseet^ion of the per- • • 

■ ' ■. ' ' ' ' ■ ■■ ■ . ■ ' \- 

pendlcular bisecto;^ of BC and the perpendicular bisector of AC. * . 

■ • • : . ■■ ■ .A- 




■Since 0 Is on the perpendicular bisecttr of BG, OB ^ ,0C. ^ 



S3«i[^ce' 0 is" on the perpendicular .bisectipr of AC, OA « 0C> * ^ . 

We cQn£j.l\^de that OB S OA.' We, have shown that If OB 2 OA, then 0 

■ *. • • J . . • ^- ^ ■■■■■■ • 

is on the perpendicijXarJjiflrQctor of AB*. .. Therefore- the perpendicular 

bisector of i\B lies oo-point 0 which is the intersection of the other 

two"^rpendicular, bisectors. • The three* perpendicular bisectors 

iare concurrent. . ' ' .. " 



. ' EXERCISES^ 
1. JDraw the following*: 



a), 3 concurrent lines^ ■ ' 

'b)V 4 concurrent lines ' ' . , , • - ^ 

c) ^5 concurrent lines J.. i • 

■ . . . • ■ ■ • ■ ■ ■ • ^ . ' '•. 

2. „ Draw, three fioncurrent ra^/s such "that - the ejidpoijit of the ray»-~-^ 

, is the only el^mertt in the intersection set of the three rays." 
* . • ■ 

3. How many angles a^e foiled by the ^ays ^in^exercise 2? 

4. W|iich of the following appear* to be. concurrent lines or rays? . - 
Ln;each figure, consider all lineal shown. 




"6. 

■J 

7. 

8. 



' •■• • . • . .' IX-21 , ■ . . ' ■■• ■. ■ . 

ySe a.^rviler and piTotract'or to draw a triangle with sides - ' 
lengths 4 inches and 5 Inches,, and the included angles of * 
measure 60. - Draw the, perpendicular bisectors or»the 3 sifies . 
of the tri^gle. Do -the perpendicular bisectors appear to . . 
be; conourren't". ■ * ■ ' ' ^ , . ^^^^v 

Repeat e)tercise 5 with three triangles of. different sises 
.and shapie*. You might use alright trianglfe, -an equilateijal 
triangle, and a triangle with one angle greater than 90 de- 
grees in measure. In each, construct the per^Jendicular bi- 
sector of each* side. . " • - 

^ ■ • . • , . .;• * . • 

Use" ruler and compass to construct, other _ triangles as in 
exerdises 5 and 6 and the perpend;Lcular ^sector§ of their 

sides.-' ' •■ . 

. , ■ . ■ . • » ■ ■ . ' ■ . ■ • .• 

■ ' ■ . ■ . •, 

In a t,rian§le'RST^ the side . ST is said- to be opposite vertex^ 
R. If the, perpendicular line from'R to ST", intersects ST or ST 
extended in ioint y, the* se^nent is called the altitude of ' 
the triangle Vrst from the point R. ^ '. ~ 



Jse ruler and protractor 
to' draw a triangle of sidesQjf J! ' 
length 3 *ihGhes and 4 inches, and ^ " . 
included angle of - .measure 60 'de^rdes. ' 
Draw the three altitudes of the triangle. 



it 



'9.. 



3 { 



■ 4 * 



What did you discover about the altitudes in the triangle ' ' 
whioh you di^ew .in^kereise 8? Draw two other tri^gles and' 
the altitudes of the triangles to see if what seemed to be ^ 
true in exe"rcise 8. holds- for . your other triangles . * ' ' . 

COMPARISON OP SQUARES!/ • ' . ; 

, • ■ Figure 1 rtgpre sent s ,a square 

. e^ch side of which measures 7 

; units. The square h'as been dl- 

vided into 4 parts which inclxMe 

( a), a* square with aijfia measure 





~ '■ ' J 


■ — ■■ , > 


m 



J'igure 1. 



ERIC 



(b) ' a square with ai*ea measure 
. (3) (3) =. 9 ' r ■ 

(c) ' Two rect'^gles. with. area 
^ . ^astsere (4) .(3)> 0^. ^• 



a' 1 



'1- 



Le't^us consider a s^cona- square eqxial in are4 nieasure but 

\ , • ■ ^- ■ ■ • * \ ' ■ • • ' 

^Ivldftd into jpa^rts in. a different Hay, (If you like, you can - - 
^think .oif only one, .square and 'cfiyision o|* .it in two way ^,)' !Pigui*e 
2 irepr^^entsVtifti-s se square. \ This square has been drawn so ' 



that 



■ (i) the measures, of AF, BG^, GH 
and are 4 units . 
. ' (ii) the measures of FBi GO, HO,' • '\ 
* and EA are 3 units 
(iiij ,the four triangles are congruent 

■' ' '. • • 

. » • ' « . ..V 

r"Ight triangles, sin^e each of them 




Figure 2. 



has two sides which raescsures 4 -units and .3 \inits, and the 
included ^angle fpi^ ^ach Is a right angle, or an aJigle^of. 



measure 90 degree s . 



EXERCISES. 



1.- Drav^ a figure like^igure 1 using inches' for the' units. of . 
length, in , your drawing. ' ~ ■ ' 

la.) What is the area, of the square you, have drawn? 
'.- : (b} What are the areas of the two smaller squares in\the 
large' square that you have drawn? 
(c) What are the areas of the rectangles you have drawn? 

2» -Draw a figure like Figure 2 using inches for the units of . 
< length in your figure. Label th^ points in your figure like 
those in Figure 3. ; ■ 

3». Give the steps in the argument to 'show that triangles AEF and 
^_ BFG in f Igure 2 are con^uent. 

• TV, . . . .v' _ 

4, ^ If the statement {ill) about, fi^re 2 above is true, then 

■ • EF.^ FG « pH = HE. ..Why? , • . ■ 



5.. • Co-py the rollowi^g .and eompleto ;eac^ Btatement.r, ./ ' * 
, /'/'In figure 2-. (or ex'ercise -2), %^ ^ 2 ^ince trianj 
•. '* . - ' • .- and, 

'the measures of 



gle 



/: • V, 4- X, and 
The sum d'f the measures of v and 

■'The. sum pf the measu^e^ of >Z. z ,and • ^ x, and w is 

degrees . ^^iRce 4- <i. ..z, the sum of thle jueasure^. of^ z 

4^ 'X is ■ ■ . degrees. So the measure of Z- w is 

degrees.- ' • " • ' . , 



' ■■:SkV^ • , cbfigruen t ^ The sum of 
^ ' .EAJB' ^ ■ ■ degrees . 

4. x'is • ■ . degrees* 



and' 



6, Using results of exercises 4 and 5> what kind of a quadrilateral 
' is'. EFGH?(What are the measures of angles PG^, GHE, and HEF?) 

■. ^ .: \ ■ ■ : \J ' - : ' ' ■ : • 
* Cut- the square , you drew in exercise 1 out of the pap0r. Then cut 

each of' the ,two rectangles into two equal triangles.. Gan you 

fit these triangles on top of the triangles drawn in exercise 2? 

Why are these congruent triangles? / . , - ^- ■ - ' 

8. "We have seen in exercise 7 tnat the sup of ' the measures of 
the are'as, of the' two rectangles 'in' figure a or exercise 1 ar 

/equal to the sum' of 'the measure^ of the arfi'a af the fpur right 
■ tr-iangles in *figure '2' or execgise 2. ^ What can you conclude 
about the sum of the measures of the areas' of the two squares 
in figure 1 (exercise l) and th^ nieasure of the area of the 
: quadrilateral. "EFGH in figure-* 2 (exercise 2)? Remember that ' 
the two large squares "are congruent and the, measures of their 
■ areas is ^9- ^ ■ ' 

9. / Place the smallest square that you cut out in exercise 7 alonS 
* , AE (your-^xercise 2)'- and the larger squglre ^long AF as shown 

in the figure,. Make a statement about 1ihe squ^es "of the lengths 
^ of the two* short ej* sides -of the triangle AFE and the square of 
the length of the-sidegF, using your conclusion in exercise 8. ' 





■ r 







1^ 



IG.- would' the same reasonihg work- if the sidgs of the triangle^^ 
• AEF had some other lengths? Suppose. AE h inches and AP 
12 iHthesii rfhat is the length Qf EP? . ,/ 

* ■ '.. ■ . ■ , ■ ^ 

'••In a right triangle the side' opposite the .right, angle is' 

(sLled the hypotenuse .. Since th^^ reasoningrin the above exercises 



■ ■ I. 



applie^to right triangle (see exercise 10 ^ we can state » 

\ ■ ' . "• '.. . *' ■ ' ■ 

the- following general. principle: * 

■'•^ . . ^ ■ '■■ ..' ' . ' . ■ ■ ■ ••• ■• ,. ^ ■ 

Princlpif^T; In a right' -triangle "the s^;;are of the length of 
. fv - the hypotenuse is; equal tS (the "3um of ,the' squares 
• , ' of the lengths- of the other two . sides'." ^ " * 

. ■ ■ ' ■ ■ ■ ■■ ■ ■ ^* • " ■ ' 

•■ ; For exampLe; in the above exercises the-' lengt^srcsr AE aSid' AP 
are 3 an<i 4 iA9hes^respec11ivQly«.»-;,^^|:f. c ie'^^^^ length of EF, then 

■ ' . . .■■ y^c ^ 3*^ + 4*^ = 9 + '1,6.= 25 • • • . : 

• . - ■■ ■ . ' ■ ■ ' . . ^ ■ ■ ' ■ ' ■ ■ 

Therefore . c must be a nuipbejNJwhich, when multiplied by Itself j^/.v' , 



gives 25, so that cmust equal 5. Measure EF and check • this 
prediction. • , . . . 'V 

, In the right triangle below, c - is^ the- length ' 




' • A 

Of the hypotenuse and a and b aire the lengths of the other two 
sides. " ' - ' . • 

In 'each line of the following tablf'*two of the three sides 
of a right triangle are given, ^cL you are to find the length 
of trie third side. • ^ 



In- each caise j consider? c the-hypatf 



• f. 



\ 



i 



o 
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■ " ■ • ■ ■■■■ ■ . ■ -A- '•2X - 29 



i. ;■ . ■ ' • ■ ^ ■ ■ '/\ 56 ^ 85 

*■■;■■,■■ ■ ' : • . . ■■ 'V ■ • : 

n. . ' . \39 ■ • * • . 89 

' ■ ■ , ■■ ■ ^ .: ' ■ • 97^ 

P* _ / ■ "' ■ ■ .. ' ' - 99V 101 



■You ma^ find a table o.f squares useful in solving these problems. 

■ Vfhen'you have fillea in the, empty spaces invthis table, you will have 

■ ' ' ' * , ' ' . . ■ " . . .', ■ * ^ ' . .- . 

a list of right triangles whose sides are natural numbers, ' 

. SuQh' a list, has been fquncl on a Babylonian cunjii form tablet 
dating be tween^ 1600 and 1900 B^G., and now in the Columbia 
^Xfn^versityriibrary .- This shows that the -ancient Babylonians -must " - 



have known • principle 7. • Since np practical applications 
-were given, it indicates that almost ,4000 years ago some pep pie 
' . ' were working 'on raathemal^ics for the sheer fun *of it. There Is no 
evidence that the Babylonians had any idea of what i,s meant by a 
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.logical proof., and it is Ijelieyed that they. .ina^ have foiiii^ the 
> .jnetl:^d for constr^ictihg this* list l)y- observatloii 'and' e5cperln4nt. 

.Much- later- the Gr^k, mathe^tici^n.r^yt^^a?^^^ 
" did live?) " discovered' a proof pt ^this principle;! \'^lut^rch 
, (what is hei|j:;^xis f or? Ij^lls . the story that Pythagora^ was so : ^• 
thrilled ^byahe discovery that, "he offered 'a splendid "sacriflcl 




of oxen 



jonve 



."The coiiverse of this principle is alsqjirrue: 



•P3?inciple. 8:.-' If the square .of^-the length \r one side 'of a triangle 

' ■ - .. i^ equal to the sum of the s^qclares of the' lengths of 

. . »' ■. . the other, two sides, then ;the triangle is .a right 

•-■ ' .■ ■• triangleV ■ \ ,. ■ 



■ J" 



^ - . EXERCISES- ; ■ : \ : 

it ha$ i3een said Wat Pythagoras no 'ticed the right triangle 
property by iQoklhg^t a mosaic like the following: 

'Copy the mosaic design * 
and mar'ic with colore4 " 
pencil a triangle which , 
shows the right triangiiB 
property. As ;a feuide a , - 
tri'angle and the square 
on one side of, it. have 
been marked in the figure » 

: y ■ . ■ • ■ 

;As an at*gument' to - support the rigl^t triangle principle, exercise 
i takes care only of a special case. What is the special case? 




3. Show for the following numl>ers that the square of the first 
is tl^e sum of the squares of the others in each set of 3:* 
■ (a) 3, 4, 3 . ' " 

' (c) 25, 7, 24 ^ 



jb) 13, 5, 12 
(d) ^ 20, 16, 12 



Draw or construct triangles^ith, the sides, of lengths, given_ 
in the parts of (a) and (b)of exercise 3. Use your prd- 
ftractor to show that these triangle* are right :.triangles 

Draw right triangles the lengths of -whose shorter sides are: 
(a) 1 and 2 . . ^ (b) 4. and 5 . (c) - 2- and 3. 
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Measure with a- jniler to'»the';nearest' or>e-tenth of a centimeter, 
4X possible,, th^e lengths qf '.the hypotenuses 'of these iti^lanl^es 
<lf you do . not have a rule^* marked- in centimeters, measure t 
the neai7«st 1/3 incii.) ' . * , * ' . 

•■; > -s • ; '■■ . ' ; . :;, ^. ' *' 

Use the rlg}j€ triangle principle find the* squares Qf the 
. lehgttis of the i^pot Onuses of the itri^gles in exerijise 5 
and check whether princ^j5le 6 is . true ih^'^^^ 

Iffl! using unsigned niambers, we' say that square root of 25 
is 5 and the square root of l6 js V. We would say that r 
square root of 5 is a number such that its square is 5.. We 
icnow that there, is no> fraction or whole number o.f which this ' • 
is true; We can-,* however, find swnuraben fs>r which this is 
true. The . approximate values of square roots of sotue of the 
whole numbers are /given in a table of s*quare roots; Use a 
table of square roots to find approximate values the square 
roots of the .following:* • 

(aO 5 (b> 41 . (c) 13,' ■ 

•■ , . *' ■ • ■ ■ . ■ ■ ' .- ■ ■ . ' ' ■ 

Compare;*Jxe iSgsults in exercises 5 and 7, Explain, using the 
property of Ti^t triangles why we might expect the result -of 
.exercises- 5 {aJ- and.Y (a:) to'l^e about the same/ b6 the same 
for the parts (b) and (o) of. exercises S and T. x^- 

Use*the property of right triangles to 4'ind the lengths of 
the hypotenuses- of right triangles with sides given of the* 
following lengths: ' : ■'^^■,:: - ■ /. 

(a) aides of length 3 ,miits.'^an:d 5 "units : ' . 

The squai»e of the- length' of the hypot'enuse iS . ' • 



\ • 




3^, + v5^ 



.34.. 



The length of the hypotenuse is the square root of 34. From 
.the table we f ind^hat this' is 5'. 8, correct to the nearest 
one-'tenths. . * » •/ 
(b) 5 and^6. • ' (c) 1*0 and 11 • % (d) 1 and'3. 



'10. 



r)raw a square whose sides are of length 1 unit. What is the 
length of the diagonal? CheclKby measurement. Now draw a- ■ 
right triangle with the sides 1> xinlt long. 'What is the length 
qf the hypotenuse? . - - ♦ 



'11. 



^ow draw a right triangle: of sides "square rob t of 2" and 1 unit 
'in length!:.^s shown in the figure. , 
In the figure _ , . * ^ 

the length of AB Is ' ----- - 

the; sqxi^iire root of 2, ^ / \1 

What is %he length of a ' 
the hypotenuse- of this - 
new triangle? ' . 
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* 12. Continue what you have started lh' exercls.e 11, -"a^d- obtain 
'line s4gm^nts-^qf the following lengUhs, using your unit: 
(a)'^.' square rOot of 3 r ; >' - ' ■ M ) square root of 4. ^ 

. .■ ■ '( cl'N.square root of 5 ' ^ : : -sqii^e ' rapt ' of 6 
••■ : . Youii drawing should th«n . look -like .a .-spiral "curve:. - 



, ■ • • STATSMSNT OF PRl.NCXFi^S. ■ ■ _ . ' 

■■* ' ■■ . ^ : ■ ■■ ' ■ /: ■ " ■ ■ j ■* . 

Principle 1; Corresponding segments and corresponding ingles of . 
, - ' congruent figures havti equa^ m^asur^s. . . . • 

Principle Sr " If two angles and the included side. of ^ne triangle- 
■ ■ ■ -.are "equal - in mea,sure, respectively, - tojtvra^ anglesv^ , 

■ and the include'd side of another triangle, then, the - 
. tx^langles, are congruent .;. . ' ■. , 



Principles 3: 



Principle 



4; 



If the three sides of Qne'triangle-^^^.e equal in ■ ' 
measure > respectively, to, the thr]^"^' sides of another" 
triangle, .then the ; triangles- are ^<5^gruent .■ • 

If two sides ancf the' included angle of one tj-i^isle 
are equal in measure, respectiv^|,y, -to' two sides and 
tl^e^ included -angle of another triangle, ;then.^the^ tri- 
angles' are. congruent. . ^ ■ * « - 

if the point F is -oij the perperj^dicul.ar. 4Disector of 
the line - segment AB, . then t|ie distance' f rom F to the 
. end' points A and B 'are equal. , ' : r ' ■ . 

Principle 6V If the distances, from, the point P to tjie poiijts A and 

B are equal, then P is on the .perpendicular. bls;ec tor 
of the line S'egment AB. . " , . 



Principle 



Principle ?; 



Principle ^; 



In a rj^ght triangle the square, of the length of . the- 
hypotenuse 'i^ equal to the sum of the squares' of the 
lengths \f the other two sides, 

If the ' square .6^f - the length, of one -side, of a triangle 

is equal t* the sum of the squaj^es of the lengths* of 

the other /sidegr, then the .triangle i§ a right triangl 
. / ■ V ■ 



1l' 



» 4 



* ' MeasurejnWt And Approximation 

When you use ntimboi^s to^ s^paj^te objects yoiwneea 

only" whole numbers/ which the sane as. what ^thematiclans 
call the natural nmnher a or the positive Integers ♦Vv/hen you . 
count the number, of people in a rpom you know the result-^wlll • 
bo an Integer;, there will be exactly 11, not 11 1/4 or 10 l/2. 
If there are, a great' laany people, pr you are not sure you have 
countedL correctly, you may say there are ^ about 330,^ rqund- 

Ing the number to the nearest hundred, V 

■ ' ■ ' ■ i . " ■ ■ ■ ■ - • \ 

When you measure scsaethlng the' situation is diff erent. .* 

' * • . ■ * ' ' . ' • ' , . ' - . ■ ' 

When you have measured tha -length of a line segment with a . 
ruler divided into quarter-inches, the end of the segment- 
•probably fell between two quarter -inch marks, and you had to 
judge to whi^h mark It was closer . Even though ^the end seemed 
to fall almost exactly on a quai*ter-lnch mark, if you had 
locked at it thBough a ma^jnlTying glass* -you would probably 

'have found that there waft a difference^ And if you had then * 
^hanged to a riuei: with the inches divided into sixteenths, 

^pou might' have decided' that - the end of the segment was nearei:' 
t^o one of the sixteenth-inch marks than to the quarter- inch 
mlark* J^irthermore , as you know, between two points on a 
line thery la always a third point .. So sclent ists^d mathe- 
matlclana -agree that measurement of thia sort cannot be con - 
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al4«rea ^ct, but o^y approximate;; and that tl>e important 
thing la ^to know juat.how inexact a aassuraaient i^, and. to ' 
' at at a it ao that .other people "will also know from Ibhe way it 

ia atated how exact It ia . 

• "'• ' ' ■ *' ■■ ' ' ■■ ■ • ■ ' ' ■■ ; ■ ., ' .■ ■ . • ; ■■ ■ • 

'iiook at the line below, which' shows a 8cal4 divided . . 

.into one-inch units. The 0 point is labeled "A", and point 

. 8* ia between th6.-2^ inch park and the 3- inch mark. Since ft * 

is. cl^rly c^losaa to the two-inch mark, wa say t^t" aegmoht 

AB is 12 inches.' The fact that we state th^ measurement 

•*2 Inches'* implies that AB was measured to the nearest inch. 

However , any 'point which is more tttan 1 l/S^ches f roo^^ 

and loss than 2 1/2 inches from A would bo the endpoint' of a. 

segment which, to the nearest inch, is also 2 inches. The 

mark below thQ line shows the space, withii> which* the endpoint 

of a linen's egment a inches lone (to the nearest inch) mlghi' ' 

fall. Such a segment might aatually b« almost 1/2 inch 

leas than 2, or almost 1/2 inch more than 2 inches. We there 

■ I . - ■ - • . *■ . 

fore say. that, when a ^llne segment is measured to the" nearest 
whole inch the ^greatest possible error** is 1/2 inch, afcls 
does not mean that you have made a mistake (or th^t you have 
not).' It simply means that, if you measure correctly to the 
nearest whole inch, any measurement more than 1 1/2 inches 
and lesf than 2 1/2 indaes will be reported in the same way, 
Arches. such meaauramenta are sometimes 



■ ^ 



X - 5 



etatdd 2- t 1/2. ( "Hi©' symbol ^v-jMsad "pliis oivainus.** ) 



4; A 



-B 




1. 



2. 



Wftw a llno-iindnarki^ri it a .scale with divis'iona of 1/4 

' " ■ ■ . - ■ , . ^ . .■ . ' , .• 

i^ipti. Mark tho zero point C, placQ ^ point .between 12/4 

and 1 3/4, 'but closer to i 5/4, and call.the point D, : . 

How long ia CD, but to tUe nearest 1/4 inch?- 

Between what two points on the scal|9 must D lie If the ' ^ 

. meaaureaent, to the nearest 1/4 inch, is .to be 1 3/4? 

How far from 1 3/4 ia eachof these points? - ' " . 

3. When you 'measure to the nearest 1/4 inch, what is the - - 

•great^t possible error ?" / 

Why may this' measurement of CD be statad **1 3/4 1 1/8?" 

a. . The meaaurei^ent of a line segment was stated to be 

1 1/8 inches* . This segment must have beeii measured to 

the nearest of an inch. ' ' 

b; The endpoint of the .se^ent must have fallen between t 

.1 and ' ,. . » : ~- 



4. 

5. 



6« ^e ^greatest possible error** in the measurement of 
this segment is ■ . v 



'd« |he measurement might-ibe , stated as 1 1/8 ♦ 
The measurement of a line segment was atatei as 2 5/16 t 
1/32, What is .the range Within^ which the end of this " 
segment must lie? . 
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7. I^en a line segment is meaiured to the fieai^eflt Inch, W6 
say th9 unit ua«d Is 1 ;Uich. Wh©a, It ia fflie&aup^d to 

the n«ar©flt 1/2 inc^, we say the unit ia l/2 ^^1^ ^ " 
a n9aaua;»eioeat la atated tp ho S/is Inch, thiis meana the ' 
3ioasur«aoht waa i^de to the neareat ■ of Inch*, 

-^o the unit i a Inch. ^ . 

8. ; The "Jlgpeatest poaalble^ error* in a meaaureoient iM alwaya 
. what Tract icmal part of the unit us edt ' * 

9. Often an inch acale la divided ihto tentha of ^ inch. 

A line* aegment waa swaaured with auoh a acale, and stated 
. to be -5 7/10 inchoa. ^hat'^was the unit of meaaurement,? ^. 
What waa the greatest poaaihle error? State the me-aaure- 
. ment 3 7/10 ♦ - 

10m Mi^chiniata aoinetlflja^ m^aaure to th<j nearest l/lOO of a|^ 
inch. What la the greatest poaaib^e error ^such a/ 
measur'sient? - 



Preolaion 



Consider the two measureiaenfca, 10 1/8 inohea^and 12 1/2^ 
inches. What unit waa uaed for .each measurement? What la the 
^greatest poaaibls error of each iaeaaurement? Since the unit 
\for the first moaauroment la l/s Ihoh, and the unit for the 
second iaeaaurement is 1/2 ihch^ we say 'that the f irst measure- 
jaant is jwusd prefriae than the second, or-has^eater ^ - 



pfdclgloh . Notice '*l0o that the greataat possj-ble error of ' 
tha firati^wiiaUraaeat i'« 1/2 'of X/8 or 1/16 inch, and f or^tha 
»/opr^;maa8uram&T5it If 1/2 , of ^l/Z lach , ♦ or . 1/1 ,|nc)i, iftia 
■f Irat nwaaureniant has a snail possible error' than the 
second* Sio the more precise of two iaBasur.eiiierLta la the one 
made with the analler ^j^lt , and for which the fip^ea|est possi- 
ble error Is therefore 'the saaller* . 

It la very Important that meaaurenients be stated so as 

. ■ ■ ... - • • ■ : ■ 

to show correctly how precise they are. - If you "have^ measured 
a line ae^'ent to the neareat l/avlnch, and: tha aoaaur^ent 
la 2 ^8 Inches you should not ohaxig^ the f ract Ion to 3/4 , 
for that would ijjake It appear that .the unit was 1/4 Inch, 
rather than l/S inch* If you measured to the nearest 1/4 
Inch, and the measurement was closer to 3 ihchaa than to 
2 3/4 or 3 1/4 Inches, you should state it to be 3 0/4, so' 
that other people will know that the unit used ."^as 1/4 inch. 

*-f ■ ■ • , ■ * ■ . -. ■• . . • 

. > • i Exercises ■ 

■ •■ . . ■ . .■ •• . ■ 

1. Suppose ydu measured a liiie to the nearest hundredth of 
an inch. Whiqh of these numbdrs would state the measure- 
ment beat? ^ ^ 

.2 Inches 5,20 Inches , 3,200 Inches • 
2* Suppose you meaaured to the nearest tenth of an ino^» 

Which of the ^e numbers should you use to s^ate the result? 
\ ■■ . 4 inches 4.X) inches 4.00 inches 



St. For eich of tba jadasuretaenta below "^ell- the unit of 

meaatiraaflsit . and thai gre&teat^po^albl^ error* Then telX 

' f . ' • - ^ • ^ 

nhioh aeadureme^t in each pair ha a the greater preciaion,^ 

a. . 6«2 feet, ; 2 <l/4 f eel; . ■ 

• ■ • - .■ •• ., s . . . . : 

b. ,68 feet, .23.5 feet ' 

, ■ ^ - , , • 

» C .235 inchejt .146 tnobee 

4. WhAt is ybur age to the nearest year, that is, what la , 
your noarea\^ birthday - tenth, v<»levehth, twelfth,*.. 
All of you who say ■"IS" must be between . and 
years old. \. • 

5^ What lis your as9 the nearest 1/2 year? All of 'you who 
say **12 1/2" must have birthdays betw«'en the months of 

Usually stsientlflc Dwasujjejnents are expressed in decimal 
forat. For Instance, it is known that one meter (a unit iir^'^ 
the i^etrio system of measures') is about 39.37 inches. This 
means that a meter is closer to 39.37 inche^ than it. is. to 
39.38 inches or 39.36 inches. In othsr words, one meter li^ 
between 39 •375 inches and 39.365 i?hcho8, 

. In the case above one can tell from the way, the number 
la. written how precise it is supposed to be. But if we were 

.... ^ ^ ' ' 1 " . 

told that something is 37800 feet long, it is not clear 
whethsr the zeroes at the end are just to keep,. the decimal 
place^ where it belongs or 4;o indicate the precision. ^ Olhe ' 



unit of .mdaBUrement may hayo been 1 fo'ot, lO^eoit, or 100 % 
feet.' Various ikterpretationa .»i^ht be: (X) "the length la 
cloaex* to. S7800 than to 37900 or 37700:* (3) the length is 

cLoaer* to 37BD0 tiian '37815 or 37990; or (3) the len^jth - 

■ * ' '. • ■* ' 

Closer .to 37£00 than 37801 pr '57999, * In a case like this, . 
we fret^uej^tly underline a aero to shoir hqir precise t|ie 

■ ■ ■ • ■ • . .■■ ■ . J . ■ : .•■/"• 

measurement ia« For example^ 37800 means that the. measure-, 
ment. is precise to the nearest 10 feet, while 37800 means it 

was made to fiW neareist foot , if neither, zero is underlined. 

■ ■ . < \ . ■ 

we underat.iSid that th& meaaWement was made to the nearest 
100 feet*. If a measurement 3^3 at a^t^ as 5.640 feet we undei^ 
stand, without underlining the zero, that th.e un.it is on<i- 
thousandth Qf a foot, for otherwise the zero would not be A 
writ ten 'af-all«' ^ ■ y^-*^ . ^ - • 

6« For each me^eurement below tell what unit of^ea^uri^ent 
was used and the greatest possi]3le error, \ • , 

' a.* 52700 'ft. 'hj S270'ft. . c. 52700 ft. ' 

d. Sfe.7*"ft. e. .52*^0 *ft. . fV- 527^ ft, 

7. Whijjh of^the n»asureraents' in Sx. 6 is most precise? 
• Which is least precise? Do ;any two measurements have the 

^ , *■ '■•-'a,' 

same precision*? , 

8. Show by UMierlining a. zero th« precision of th/^ollowine 
meaauzUments : 

— ' -^•k ^200 ft , measured to the nearest foot . 



b, 23000 m^lds, me£^9uro4 to the naardj^t bundrod mll08. 
o» . 48,000,000 popple reported to the nQareat ten- 
thousand, 

. ' ■' ■ • ^. . . - . 

* . ■ 

Relative Sr3?or. 

While 'tva measurements may Xi6 cimde with the same pre* 
cislon (thftj; Is, with the same unit) and their grea^st po^al- 

orrpr Is the.reTore the same , this error la more Iciportant 
income cases than in others. An erroi* of 1/2 inch in measup- 
ing your aelght. would not he very misleading, but an error of 
1/2 inch in measupinij "your nose woCild be misleading* We can 

■ ^ ■ ■ ■ . 

g«t a Tueasure of the importance of the pogsibl'e error by coai'- 

paring it with the measurement* Consider these, meaauroaenta 

- : .» . ■ ■ ^ ..... 

and thetr possible errors t 4 in, t ,5 in*«" 

■ .■ ■ .'.58 in. t .5 in, '. : 

Since these m^surements are both made to the nearest Inch, 
the greatest possible erfoi*^ in each case is ,5 inch* But •& 
la a much larger fraction of 4 than it is of 58. If we divide 
the possible error by each of the measurements we get those 
resulta; . , ■' ^■■5 ^, = 5 = .125, or 12. 55^ 

.. .. . ■■.4 : . . ■ 40 , .■ ■ .. ^ . ' .• . 

'■ '-W- '-' -gir = -pose, or .86^ • 
We sea tbat In the first case the possible error is 12.5^ of 
the g e ft s tirament , and Sn 4; h e s eco nd .tho-^ftossjlblo error JLs iessr 
than 1^ of the meisuremBntji 



• fhe per cent of the great set po'eaible error la of the 
maasuroaont ''is called the per cant^of error or relative error 
of the meaaur-enent. ' " ' " " 



li 



, .Exerciaea , , - 

State tha greatest poaslble error fo^ each of theae 



meaaurenfflnlia . ^ *. 

a, . 52 ft. . ' b. 4.1 *in.. 

e. . 7.03 In. f . ;006 ^ft. 



c, 2580 mi. d. 360 ft^ ' 
g. 54,000 mi. h. 54,000 ml". 



2. 




Find the per cent of error, or relative error, of each r 
meaaurenent vih Exercfae 1.^ . ^ 

. • ' ' ' .♦<■•• ., , ' ' ■ . 

3* vPind the greatest possible error and the rotativo error 

. ■ y ■ • • ■ ■ • ■ - ' 

for each of the following measuramenta. ' 
Va. 9.3 ft. b. .093 ft| c. 930 ft. d* 93,000 ft. 
4» What do* you obaerye about your anawers for Sxerciae 3? ' 
*'Can you Qiplain* why the relative errora,. or pei^ cant a of 
' error, should be the aaae for all of theae lOBaauromenta? 

' > . ' , ■' ' ' 

■ . V ' • ■ ■ ■ • ^ ■ ■- * ■ ■ . • • - ■ 

; ' Significant pig its (Accuracy) . 

■ - . • 

Look again a.t Bxerciae^S above.* Notice that in Part n. 

9.3 feet, the unH^of jjfeaaureraeht la ,1 foot, so. the meaaure- 

mont might be written as follows; 9.3 ft. =^3 x .1 ft. " ^ 

.In 3- b, .093 ft. ' = 93 X '.001 n. . ' ' . 

In 3 c, 930 ft. . ? ,93 X 10 ft^^ ' 

"lir:3 d, ^93 ,OPO TtV^'= 93 x 1000 f t . ' . 
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The units are dliTorent, but In each caae 'the number of 
•untta Is V/e^cfill the 9 and 2 in 93 similf leant dlalta . . 

Jn raeaaurements, the figures In the numdrals which indicate 
the number of ^^tts in the measureaent are ai^if leant' dij^itdi « * 

•'.■Exercise^ , ■ -..^ 

1. V/rite each measureaent below to show the unit of measure 
. and the. number of units, Then' write the aignif leant 

' digits. ' •■ .• ■ ■ . , \ 

a, 520 ft* . ^p. 32.46 in. c. .002 in. ^ d. 403.6 ft. 
a. 2^>,800 ft. fV .00X5 in. s. 38,90 ft.^ h. .0603 in. 

2. Find the relative error for the following measureiuents, 
a-. 26.3 ft; b. .263 ft.^ _ 2630 ft. 
d. .51,000 ml. . e.i 5.1 ftT > f .051 in... 

3. - What is the precision of each measurement in "Exercise. 1 

.and-2?' ,'■ ■ '■■ ' ' ' ■•; ... ' '; - ' : 

The per cent of error of a measurement, or its relative - ' 

.error, shows its accuracy . The. smaller the per cent of error, 
the greater is the accur'acy of the measurement. 

4. Which of the aeasurements In Exercise 2 have the same 

■ ' • ■ ■ . 1 ■ , .Ji ■ ■ ■ - - 

accuracy? Which have the same significant digit's? 

5. -How many significant diglts'are there in each of these 

measurements? 

a. 52^1 in, b. ' 52.10 in. c. 3.68 in. d.- 368./0 in. 



6. Find the relative error of each of the raeaaurenents In 
Exercise 5. ' ■ • 



7, From your answers for Exercise 5 and 6, can you see any 
•rejrat ion between the number of si^ificant di^sits ln\a" 
fljeasuroment and its relative ej^or? 

8. Without «6mput.ins, ccm ypu tei^ whiqh of. the. neiisurements 

below has. the" greatest; accuracy? V/hic^i is the least ' 
■ ■ . accurate? "} / , 



83.6 in. .043 in* .v 7812 in. .2 in. " ■ 

^ Addi ng and Subtract ii:^ Measunements " 

Since meaauremehts are ^hever exact, the answer a to any 
•tiuestlona which depend on those meas\irements are alap approx- 
Innate. Ppr instance, suppose you measured the length oT a 
ropoi by making two marks along a wall, c^ll them A and B, 
then, measured the distance from the corner 'to A, froa A'to 
a, iBJid then f rom B to the other corner .V Measurement a which • 
ar0^ to be add6d should all be made with the sane .precision. 
^Suppose, tJo. the nearest fourth of an i>ich, the measurements 

■ . ■ • ■ ■ ■ ■ ■ , ■ ' 

were 72 1/4 inches , 40 2/4 inches^' 22 3/4 Inches. Yqu would 
add the ^e amounts to get 155 2/4 Inches, Of course, tihe di8- 
tances might have been shorter in. each case. They could have 
b^en almost as small as 72 1/8^0 3/a, and 22 5/8 in which 
pase the diistence would have been' almost 'smsll. as 135 l/s 



inches, which la three-eighth of an inch less than 135 2/4V 
A l« o, each distal^ e night Ixave I3© en longer hy i^early one-* . 
eighth of an ^ch, in which case the* total len^h ni^ht hsve 
been almost threQ-eight 8 of an inch Ipngej? than 135 2/4, TKe 
error of a sua could be the' sum of the possible errors, but , 
usttally the errors* will to a certain extent cancel each other, , 
on© Measureme'nt ^eing too ICns-ahd: another too shorts 

In general, therefore, the sum of several measuyeniepts, ' 
all made with' tirxe. same precision, lias the same precision as ' 
the measurei^nts which wore added. That is. If a-11 the measure 
ments sdd^ are preoiae to. the nearest tenth of an inch^ their 
sum (or difference )■ is also precise to the nearest tenth of 
'ao 'inch*. - . .■ . . ■ 

Spjaatimes measurement a to' be added or sufetracted have 
hot been made ;^wj.th the same precision. One may, have been 
ij»de ^o the nearest inch, anothe?:' to the neareet fourth-inch, 
and so on. In that case,, their sum (or <iiffer«nce) is" only 
as precise as the least precise of the measuroiponts « For 
example, 5 ,?^/8^ in,' ♦ 2 1/4 in, ♦ 3 l/2 ixu gives a sum of 
It I/B in". But sine© the least precise measurement was made 
with' a 'unit- of 1/^ inch, , the sum is precise only to the ' 

/ ■ . ' ■ ■ ' ■ . ■ ■■ 

• » ^ _ ... 

nearest half ^ihch. The sum should therefca^e be rounded to 
11 0/2 inches. ^ . . . 



* Exorcises ^ < 

Wltl^H^iat previa Ion should the films of these measures*/ 

.1. 5 1/2-in. ♦ 0,1/2 in, * 3 0/2 in. - - 
' ' .,. 2, 3 'l/4, in. 6 1/2 in, ♦ 3 in, * ; * ' ' 

.3, ■ 4.&"-ln,-» 5i03 in. , " ' . "•. 

^ 4. ,42'. 5 in. 36.0 in. ♦ 49.8/in. ^ 

• 5, , .004 in. ♦ 2.1 In. 4- 6.135 in. 
• ' 6. 2 3/4 in. ♦ ! 5/16 in.. 4. 3 3/8 in. 

Approximate Meaauranient^ of Area t 

You knar that the area of a rectangle is found by mult i- 
.plying the number of .units in the length by the jiumber, of the 
same units in the width. Suppose that the dlnensions of a 
rect%n^le are 3 1/4 inehisfl^nd 1 3/4 inches, since the 

measuriBfi was done to tihe nearest l/^ of an inch, the measure- 

■ ■■ . ■• . ■ . •■ ■ , . ' • ,• ■ 

ments can b^ stated as 3 1/4 ♦ 1/8 and 13/4 i 1/8.. This 

means' that the length 'might, be almost as small as 3 i/8 inches 

and th'e width almost as smell as 1 5/8 Inches, Or the length 

might be ftlm,ost *6 3/8 inches and the width almost 1 7/8 Inches. 

Loo^ at the drawing to see what this means, "Bie outside, lines 

show how the rectangle woiad look if the diraensionia were as • 

Ittrge as possible, 1?he inner lines show hg/ it would look^ if 

the length and width were as small as posJlbleV And the 



X - u 



fi^mded part shows the dlfferewc© between itho largeat ppsaiblo 



area ei\d the amallest pbesible area with the glvon measuremei^tc* 




To figure out thee© areas, we multiply 3 X/8 x 1^/8 to 
find the' amiilieat possible area, and 3 3/8 x 1 7/8 to find 
the area If, It la as large as possible • ^ 
• 3 1/8 X 1 S/SVSS X 13 = 325 » 5 5/64 - : 

AT" ^ IT.* ' •;. 

. 3 3/8. X 1 7/8 - 27 X $5 a 405 = 6 21/64' 

■;8- ■ Q . , -64 ... \ ' ' ■ / . ■. 

.- : ■ ■ ■• ■ , ' y I • ^. ... ■ , , • ; 

Those results show that there seeins to be^ a d^.^'fep«»c« 
of more than 1 square, inch In the -two possible are&s, ^ 

If we fipd the ar«a by using the measured length aM 



width, we find that 

3 1/4 X ^1 3/4 =^ X 7 s 91 = 5 11 
. ' 4 4. Te l6 

■ *. ■ . ^ " * " . 

4iowever, since we have seen thaU the area mi^t be el^lCar 

larger or smaller than this number pf square Inches, it would 

. ■ - ' - ■ . . ■ ^' ■ - • * ' • ■ ■ . 

not Jb'd correct to £iv© the restilt In tbj.a way, which meana 
that the area has been found to. the nearest 16th of a square 



inch . The arjsa co^jld be as much as .41/64 square ihohea 



X - Xs 

^ greater or 39/64 square inahQs less than 5 1X/I6, 'Since both 
41/64 and 39/64 are about 40/64, which is 5/8; we could 
.express the area as 5 11/16' * 5/8 square Inches. One- gqcd 
. way of expressing; .the result to Indicate the accuracy would 
"be to write 5 1/2 square inches 'since the ares cannot be less 
t'han 5 and not much more/than, 6. \" - 

■ ■ • ' 'V^- " ' - . ■ ' ' ^ ■ 

■ , ., ^Exercise. ' 

1. Suppose a rectangle is ^ l/g inche^s' long and 1 t/2 Inches 
. * \ wide. JJake a drawing of the rectangle. Show on the 

drawins that the lehgtlj is 2 1/2 1/4 and the wm^^^ . ^ 
■1 1/2 i 1/4. 'Then find the largest ar&" possible and the 
smallest area possible, and find the difference, oi^ 
uncertain" part. Theh find the area with the- measured' 
dimensions, and find the result to the nearest 1/2 square 
inch. * 

* We can tee a little better what is happening in general 

■■■■■■ 6- . ■ > ^ - • . ■ . ■-■■■•/ 

if. we. do the problem above somewhat differently. We noticed 
that the dimensions of the rectangle 'mi^t be as big as 
'{3 1/4^* 1/8) and (1 3/4 > l/S). Suppose we multiply these 
nviabers without" combining." (We are^using t^e dls.tr ibutive ^ 
property), n^en. we wpiild have - 



<3 X/4*l/8)(l 3/4*l/ai*={5 1/4*1/Q)(1 a/4)*(5 X/Ul/Q)il/B) v 

. . aC3; 1/4x1 3/4Ml/8n-3/4)^(3 1/4x1/8 )>(l/0xl/8 J 

. -(3 1/4x1 ,3/4)* (1/8x1 3/4)* (1/8x3. ^V^^^^ 

^ • ^ "(S 1/4x1 3/4)* (1/8) (1 3/4*?^ 1/4)* (1/8x1/8) 

• The first prodyct is/ judt .the ,p3:*o^uct oT the api>rbximate . ■ ' ' 

■ • ' ■ ' . ■ ■ * ' ' • , ■ ' ' ' 

flxeaourements. The second product 1b ^he amount of possible 
error multliJlied by the sum of the approxluiate ra^ftsurements. 

^ The last proSluct is very^ amll. Hecca the •©jf^^-oip li> the nuAber 
of square units of the conpute4 area is just about the product ■ 
pf the possible error in the linear units multiplied by^^e 
sum of the approximate len^jths. To Che cK this against our 
previous ccinputation notice that (1/8) (1 3^4 ♦ 3 .1/4) 
= (1/8) (20/4) • 5/8. ' ^ V 

^e noticed in the example which we just fin i^ahed thfet 
tho error in the 'nvuaber of square unit s ©f the computed area 
is just abo\it the7same as the product of the possible error 

; in the' linear units (assuming the linear measurements are of 
U^saae .precision) multiplied by the sian of the ap^irox^mate 
lengths. One can see , that this #ould be true for any numbers 
by seeing how the above example works. A slightly better w^y 
of seeing this is to use letters in place of the nuiabera. We 
could use the letter a in place of 3 1/4, aiid the letter b in 

^ place of 1 3/4. !^n .the ncasurecl length of the rectangle . 
would be a incho-s and the width woujLd be h inches, l^e com- 

■ ■ ■ ■ " ■ ■ 

~pu|l||i i^ea would ttie product of aTand^ which is usually • 



written ab. "Kien if the possible error is 1/8, the dimen- 



•iona could bd *a large aa (a |. 1/8) azxi '(b ♦ l/O), TUan the 

< . " ' V- 

«rd& coul4 be aa large as 

(a ♦ i/a) (b ♦ 1/a) * ab * (l/8)b > ^{1/S) ♦ (1/8) (1/S), / 
'Since a aad b ara.nisabersj a (1^8) la equal to^ U/8)a. Then,* . 

ualng the distributive property, we have 

(a ♦ 1/8 )(b *. 1/8) • ab ♦ (l/8)(a ♦ b)^ ♦ (i/8)(l/8). 
jEbe product ab ia Juat the product of the approximate mBasure- 

aents* The nc^t product (1/8) (a * "b) ia the amount? of poaoi- 
^1© error in the linear iaeaaurement a multiplied by the ilffof 
'the approximate meaaureoents. The product (1/8) (l/s) la vary 

email, Hiua we have the a ame general conclusion that we had . 

before. Purtheinaore , we could Replace a, arid b by Any other 
-•leaauj^maenta and the general result would bo the same. 

' Exercisea .■ ■ . .. ' / 

1, If • instead of coaaidering how large ' the dimensiona of 

the rectangle in the above exaiiple could be, we conaidered 
how »na}i^ they could be, that j,a (3 1/4 - 1/8 )>u^ • 
(13/4-1/8), find the product aa we did above and draw 
aimilar cbnclusions. 

2. Suppose the lengths of the sidea of a rectangle are 

^ measured to be 46.2 and 23.4 inches precise to the neareat 
tenth 5 "that is, that the greateat possible error fe .05. 
About how large ia the posaible error in the area founj 
by, multiplying the 'measuromenta of the aidea? » - - 



5*/ ;Suppos9 tlie l«i)gth8^ of th9 sldos of a x^otangXe ar« 
mflaBurad to tha.notreat tentti of an Incb and that eacU 

• . . , ■> ^ 

:~ lenisth la laas t^an 100 Inchea*. By hqw much may tha 

trua.vaiua of tUo area dlffer^frpa tha cMiputad vaXuo? 
4 • if 0 aad<d raproaant two meaauraaent a given with a 

.groatdat poaaibia error of what ia the poaalbla 

error of the product of ? c anc^ d? 
5(m Answ tiie pre.vloua <au«sti<m if the gre^^^ 

arror la •OX Inatoad of a# 

\' ■ *. • . ■ , ■ , ' . . ■ I ■ ' ' ' 

O ' ' Signif icantvDisita in a Product 

' You have a e'en that when' an arjea ia -computed hy multi- 

■ .. ■■ 1- ■ • . ■ . ■ . ■ 

plying two liz)ear meaaur^ents which: hav« the aame"^ preoiaion, 

you can f ijjd .<>ut about what the greateat poaelbla area ia • 

Soientiata maka use of aignif icant digit a tp decide how auch 

products ahould be atated. . • • > 

Suppoae a rectangle haa the 4iinehaiona 3.4 Inc^a and 

" . " * ■ ■ . . * • ' ' ■ ■ 

2*86 inohea. You know that these miJaaurement^ are really 3.4 
in. ♦ .05 in. and ^.^6 in. * .005 in. So the 4 in 2.4 and 
the 6 in 2.86 are both appj^Dqciaate, not^exaot. The mult i- 

plication of the two dimenaiona ia ahown below in two ways. 

■ *' . . ' ' , , ■ '■' ■ 
2.86 2.86 - 

: ' ■ ' ■ /■ '"■ > 

; 3.4" 3.4' , 

• . , 1 14 4- ^ 1 i 4 4 . V 



8 5 8 8 5 8 



9.7 2 4 . 9.7 2 4, or 9.7 




la tha worjc oiv^the Xef t-, the product 9.724 a\isgefits that tho^^„^ 
precision of the area ia to, the nearest one-thonsandljh of a 
iaquare Inch • But aihce. the original measureme?ifc a on- which 
the area ia- baaed were preciae only to the nearest tenth and 
hundredth of v4ui inc^, such prepiaion in atsting ^the area'la , 
not justified. . , ' y 

In. the work on the right , a dot ( ) ia placed above the „ ■ 
6 in 2.86 and above the 4 in -3.4 to remind us ' tha,t th^ae 
figurea are not exact. Then dbtis are placed in the producta 
above the figurea obtained from t^e '6 and the 4, aince theae 
figurea. wi^ alao be approxiioate. We-can aee, then, that in 
the f inal product the figures 7, 2, and 4 are not eaaiot either. 



a product is therefore stated as 9.7. The 7 ia- approxinate,, 
aa ia the, last figure in any meaaureiaent. 

Notice that 9.,7' luia the sama number of significant digita 
aa the linear measurement (3.4) with the amaller number of 
aignificant' digit 8;^;^^Tn general,, acient lata" 8^ 
obtained by multiplying two measurements ualng as many 
aignificant digita aa there ai*e in the original measurement 

> • . . . . • I - . . f. ■ , , 

with the smaller number of aignificant digita. 

* . ■ ' ' . . "- , ■ ■ * - 

" •Sxerciaes ■ ■ . 
1. In the muitiplication below, dots are placed over the , 
digita which are approximate in the factwa. Copy the 



work and put dots -ovar tlw f Igur©^ In the producto irtiich. 
will al«o b« approx.lmato • 

.0 6 8 4 62 c. S,l 4 

4.7 9.5 ' *6 

. . ... , ... ^ 

4 7 6 ^1 4 4 6 5^0 8 4 ^ 

, 2J7_2_ ' 4 3*5 8 ^ 

" .5 1 9 6 4 4 8-2.6 '. . . 

, • , ; ' • ; ■ .;, , ,, . ' • ■ ; 

Kound dach product In Sxerclse 1 to the saho number of 

algnlTio&nt digits as there are *in the fact with the 

smaller number of fli^lf leant, dibits* 

nuaiera3,8 in the" mult Ipllc at lona below represent 

number of inches, * 

a« .■ 4.96*'x.3,l / ■ 

b. 280 X 6*035 / 

C. * 4600 3C 3,8 ^ 
' 4. •5423 jt .7a0 * V . 

o.- How many significant digits are there in each factor? 

f» How many signiflcanj; digits should each product have? 

g« Multiply .the numbers, and write each product with the 
. correct number of significant di^^lts. 



XI." TrlE^ SOXENTI FIC SEESAW 4)R KATi-lfiWATICS AT WDKK^ IN. SCIENCE y' 
Have Tou ever played on a, seesaw? 

If. yotfxi vreightMs 100 pounds and your partner the other 
side of the seesaw weighs $5 pounds, where does .he have to .sit 
so that .the two sides, will just- balance? Will he be closer to 
the center or farther away from it than you? How* far? 

The seesaw is a Xorm of 3;imple machine that 'la used a 
great deal by' s-cienti^ts-. It Abe longs to the family of machines 
,called- "levers-" Scientists have investigated how it worHs, . 
hpw to balance weights on it, and they have expressed their 
findings in a mathematical formula. 
iifSly ways. 

*^ .Today you will be the scientist. /You'will set up the • 
equifMnent, make the observations, discover the rule or law, 
and^^Stflite it in'mathematical fomf. 

The following experiment is one example of how a scientist 
makes certain observations in the laboratory, studies them ' 
mathematically and draws conclusions from them, states the ^on- 
. clusions^Vby iheans of a mathematical fonnul^^ makes predictions, 
and then goes *back to' the laboratory to test whether the formula 
works in any .similar situation. . ' ^ ". 

EXPERIMENT ' v . ' 

To begin to study this scientlfiCT^^ seesaw, your equipment 
will look something like: this; ^ 



Levers are used in very- 




-r-rr 




Materiala: • ' ' . ^ ' ■ 

A weter stick or yardstick . • ' . 

> String arid 2 pans or bags to bold Cne weights ^ 

A set of -metric weights* (If "a set of weights Is not . • 
'available, a batch of pennies can be used.! 

1; Suspend the bar by tying a string somewhere near the 
middle . 

. 'a. Place one weight on one -^side of the fulcrum and another 
weight on the/ other side, and try to make the lever, balanced' ' 
Try some other we i^ts' and ma k^ them balance. Do you find that 
you'have to change the distance according to the size of the 
■weights?'-; 

Note: Scientists do not usually make their discoveries 
w^th haphazard trials a^s you have just been doing > but only ^ 
after they have set up a very carefully planned experiment. 
^ Let lis set up a plan and see what we can discover about 
the lever ^tfith the aid of .mathematics. \ ' 

- 3.(a) . Hang a weight of 10 grams (or 10, pennies *if you 
do not *have metric weights') at a distance of 12 centimeters 
from the fulcrum, and balance i-t with a 10 gram weight pn the 
other aide. Observe the distance of this second weight when 
the .lever: is in balance and record the distance in a table, 
coliiW-ii), similar to the one below. > 

^: • (a) (b) (c) .(d) ^(e) \(f): (g) . ' . 

. ' . / >f - 10 10_^10 10 10 10 10 ^ ' 

■ \- d - 12. I2~'l2 12 * 12 12 12 ,\ • 

V ■ : ' W - 10 20 5 a 15 24 12 

Note: "w and d represent the weight and distance respectively 
on one side of the fulcrum^ W and D the weight and._dlstaace_ 



on the othfr side of the fulcrum. 
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r 1. 



•(b) Now 'double the weight of "W ; (make it 20 grams)/ 
find where it must .be placed to balance weight iit. Write 
the distance- in your tabl^ under "20,* .column (b ) • 

(c) Makd weight W only half as large as. it was in the 
firsjb case (m^ke it 5 grams) , adjust the balance and read the 
distance, from the fulcrum. V/rite it in the table, colum^i (c) 

under '•5»* ' - V ' ^ 

(d) Notice that in th/se first. three trials, weight w 



and its distance from the fulcrum remained the same, and change 
were made in we^ht W. Make at least three or four other 
change^ a^d write the results in your^^able as in Table I, 
columns (d), (e),*(f), and (g)'. ^ ^ ^ 
4. No^j;, as indicated in Table II, let weight 



w be 16 

-grams and - its distance firom the fulcmim 6 cm ^ Find how hj^yy 
W«ight W ^'will have to be to' balance at 6 cm', on the other / 
side of the fulcrum... What weight wi^Tl balance th« lever 4^ 
NM. from the fulcrum? *16 <W? xTry ^several oth^r distances 
fj^ the fulcrum, find what weight will v just balance the lever, 
and fill' in your Table •'II. V - • 

. ■ : ■ ' Table'- ii. " . ' ■ 



I 



w 

W 

4) 



16 
6 



16 
6 



16 
6 



16 

"6 



6 



16 
6 



6 



ERIC 



:5. Try other wei^ts and distances "as. suggested in 
Tables m and, IV and fill in similar tables of your own.. 

, : ■ . ■ ■, . ' , ■' ■'Emk III ; , • .. 

w ?0 ./ 40 10 . * . . 



d 



tf 20 20 ' 20 20 20 20 20 
D ' 15 15 ' 15 15 15- 15 15 



% , " • ' : ^ TABLE IV 



•w 18 18 IS 18 IB 18. 1^ 

■..>,-. , ■ • d. 5^ ,"5 ' 5 ,■, ■ 5 ■ : 5 •■•■•■5 5 

W ^15' , .10 ,30 45 ' • 

' ' ■ ■ 10 ' -15 yl8 . ■ ■ ' 

Let us now study the t^les to see if there seems to be 
ajiy law which expresses al^ relationships and which'could be 
expressed mathematically. If there is such a law, we could 
use it to rredict where to place any weight to balance any ^ 
other weight. . T 

Exercises . ' ■ : ■ 

1 . (a) From Table I 'vfhat do you notice between the placement 

; of equal weights on two aides of al fulcrum? 

(b) If only weight W is doubled, how does its distance 
froiij the C^lcrum change? " i 

ic)] If weight W Is made half as much, how does its 

distance from the fulcrum chaise? 

/ ■ ■ ■ ■ ■ ^- .■ . , ■ • ■ 

(d) State a^ rvde that seems to hold concerning w. d, 
W, and D? / : 

■'■'*" ■ * * ' 

2, ' Use the laws that you found in llxercise 1 to predict the 
. correct jaeasures in themljising parts of this "tabl^. 
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tabu' V 



¥ 


25 


35 


.12 


45 


21 


15. 


33 


11 


» 


14 


10 


•100 


.100 


loo : ' 




^ ' 


4 

* 


5- 


3.- 


5 




4 


$ 


7 




50 


50 


500 


5000 ■ 


W 




• 


7 


• 


14 


20 


12 


'? 


13 


, 10' 


? 


1 


? 




D 




" 7 


m 


9 




4.5 


"? 


10" 


a 


• * 


5 


.5 


5 





3. Go lJ^tjk to your equlpmejit and check your results ia several 
•of the above exercises to see if there iis a balance. . 

•A Graph of the Experiment 
\ In order to study a set of observatioijs from an experiment, 
scientists often make a graph or. drawing of them on a set- of 
.axes.< "■' " . ' ' ■'■ ■ 

^If you have not drawn su6h graphs, J^f ollowlng^^>rfcai give . 
you the .general idea, . ' " , , 

Sxercises . 



1 . 



(a) Use graph paper and begin withtwo perpendicular 
, lines called axes. The intersection of the axes is. 
named point 0. (See attached graph.) 



(b) 



V 



• One aoci S is named W aftd the other. D, and we will-, 
locate the points corresponding to pairs of weighta 
and distances in your Table I.^ 

In Table I, the first weight was 10 and the distance 
12. Locate 10 on the W axis. Follow the vertical 
line through 10 to the. point where it meets the 
horizontal line throu^ 12 on the D axis. ■ This 
. point is called (10, 12). s , 

Similarly, from Table I, when W « 20 and 'D - 6, 
locate ' 20 on the W axis. Follow the vertical 
line through 20 lio the point where it meets the horizontal 
line through 6 on the D axis. This point is' called-^ 
(20^ 6). . • . ^ . , 

Locate the other point from your Table I. These 

are (10., 12) , (20,< 6)f (5, .24), (g, 15) etc. ^ ^ 

^ ., . .... ^ ... ■* ■ . 

Draw "a smootii , freehand curve through the points you 
have located. This curve gives you the general picture 
of 'the relatl>sin between' the weights an4 the distances. 



0> 
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•SI'S"''. i*--' 



2. 



-3. 



4. 



If any point seems to lie rather far fixiin a smooth 
; curve through the otherf^nts, check your .computation 
for that one. Maybe you.»ve'made a mistake in arithmetic 

By exAmiriins the graph, find ensVi^rs to, these questions: 

(a) What happens to the 'distance as the weight increases? 

("b) What happens to the weight as the distknce, increases? 

Now that you have a >graph of the ^elati^6n between weight 
and distance, you can do what a scientist does - you can 
predict the value of the distance for any weight which 
will keep he balance, , 

In order to find the-^^alue of W \^en D- is 24, locate ' 
24 on the D . axis and follow the horizontal line through 
24 until it meets the curve. Read the value on the W 
scale directly beneath this point. You jshould have 5..'" 
{The dotted line and arrows on the graph may help you.) * 

Find the values ^ of V from the graph. ' / /* " 

0 D - 30 Jb), D • 15 ^ {c) D - 9 

(w - ?) • (W - ?) V (W 




Tel 
graph 



ther or hot each pf the f olljpwing poi^iiia is on the 



tf • 5 



Cc) 



i 

W « 20 

D > 15 



5. Fill in the following table by selecting a value of W on 
the graph and following the perpendicular through that 
point -to the curve, thus locating the corresponding value 
of D on the curve. 



if • tf 
then D 



- 6 
•20 



7 



16 . 17 21 23 25 



1 



Note; T^atheraaticians call .the curve that you have drawn 
a hyperbola. It ^s a very interesting 'and useful curve 
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S«ver»l forma of th$ lever are illustr^i^te"d by the ' ^ 

. followiog: . ■ * / 

Pictures or - (seesaw • C 

Sketches of- (crwbar ^ . /. 

^>Ketcties or,, (nutcracker 

(Archimedes lifting'the earth vXth. ,a X'^n g lever. 

Arqhimedes once said that if he could have a loi^g enough 
lever and a'^ilace to rest it, he could lift theSarth. Explain. 

Special projects- • " v : ' 

Many s cienti f ic facts were undiscovered ^f or thousands 
of years until an alert scientist carefully set up an experi- 
ment in a manner similar to the one you have done and made ^* 
discoveries on the basis .of observations. y 

(a) For thousand sT of years, people assumed that if a 
heavy object and a light object were drop^)ed at the same time, 
the heavier one *would.>f all much faster than a light one. . 
. • Look ud the^story of GaHleo and his experiment with , 
failing objeV^s and see what he discovered. 
\^ ^ (b) Fr oil time inaaemorial, people Watched eclipses -of. the 
sun and moon and* saw the roiind shadow of the earth but did not 
discove.r that the earth was ro^»d. Erato^jp^enes, irf^.30 B.C.', 
computed the distance around the world by his bb&ervat^ioha of 
the sun in. two. locations in Epypt, yet seventeen hundred years 
later when Columbus started on his journey, many people still 
believed the world was fJat. 

Look up in a history of mathematics book or in an encyfclo- 
•pedia the story of Eratosthenes and this experiment. , 

(c) People had watched pendulums awins for nan.y centuries 
before Galileo did some measuring a^nd calculating and discovered 
the law which gives the relation between the length of the « ' 
pend ulum '^ahd "th> ^time "of It s • s winj 




Look up t^iis experiment. in a- hiatorr bf mathematics book. 



...w 



Notice that j^il such experiments are baaed 'on many c&reful 
med$urQme]at3 and observations in order to discover the scientific 
law, and th^ the law is stated itt jnaUiematical terms* Thus . 
\ire see the dependence of ScCience on mathematics/ 
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OncX« Su AS i Statisticiij) 

■ , . ■ • , . • ' -N- 

WlM« you «twU«d Uj« CoMUtttti<»^^ tbt CtolUd St*t««, 

carry tl^m out? for Ixwtiojc*, nc^co th«M aoction* in iirttci^i^; 

S» ApjportioMwnt. Repr«8int«tivd8 fnd direct tAXt» ^ 
•b»n bi «pportioaod.> .accordiiig to thair r««p«ctiT« 
auBbsrt. Tb« actual aouMration aliaU bo iaMi«-«««vitl^ 
, ..«T«iy...t»ra.ortiD.yoar«. ■ 

Sg£. ^. Tho CopgroM ahall havo poweri 



to lay and coUoct taxoi, dutiw, impoats, and , 
•xciMs, to pay th« d«bti and provide for tho 
coaawn dtfanae and ganerid wlfara of the United 
Stat«»,_ 1 



■t 



. ■ I ' To. borrow Money on tija'^cpiHiit^or t£a United State*. 

Vb«n you eaaini the above provialciis speculate a^ut the 
patbaaatice needed to carxy them out, you vill protably imiae questions 



«ucb aa theaei 



(a) How doea Uncle Saa gb, about \(?ountix^ 170 ailllon people? 
' How doeabJ sort an 'that infpri^ 

What uae wouM'be aake of eoaputixig aaobinea? 
Vhat doea the Cenra Bureau do bfetwean cenmiaea? 
• *^1)ifter .tha. ^ij A«m< b f tb» tfioitf^^gtatea are caanted every 
tan yeara, and the inioraation la uaed to decide on the 
nuBbor of representativea in Qongreaa froa each diatrict*, 
what other uaea can be mde of the information, that bfts 
been collected? , / | 

(b) ik)w doea Uncle S«ib eatijtate the goveraisent ezpenae for any 

yoar and Iww doea be know bow ouch to collect in taiea? 

. ■ - ■" ' .. - ' ' ' " ■ ■ 

How doea be decide^ whether to lower taxea or not? So«^ 

people think that if tazea are lowered, the govemas^at will 



not c<xLl»ct «&cm^ to pty^ thla rttr'a fn{>a]ui«#} dt^^ 

■■■■'.'■«* ■ ' . , , ■ ■ . ' \ • '■ 

tmnk tlMkt It t«x«« Xowttr«d, p«opI« will lu^ Aora goods, 

acr« p^idt will lAk* aoDty, m4 tlM iOT«n»iBst vill aiUw . 

«ort OA 4pi:oM UXM» Vbo la rd^t? Such quaatlcoa caacot 

ba 4acld«d %gr p^raooal t>pinioix» or \ff aitpar^efit a^jica a 

trl4l of OQ* or.tha othar pXafi «ight oaiiae a graat leaa to 

tbi^gOTariiMnt. tba dbaa who 4«clda muat atudj iba 

ata.tlatl(pa and baaa thair dacialona po iba». 

How doaa I&^eXa Sam dacida what dutiaa to cbarga od f oraiffi 

ifl^porta? If dutiaa ara Xow^ wiXl peopla bUQr foralgn |uroducta 

■ ■ • . * .. . ■• ' ■ 

'. ratiiar than AsMrlcan-aada ooaa? If dutlea ara MgB, how wlU 

that affact Assarican i&duatrlaa Ilka « clothing iaUxBtrj 

which samifaeturaA Ita products out of iJiportad aataarialy 

or a watch aaaaiabljr i^oduatry which ussa forelgD*f«ada Morka 

■ -for watchaa?' ' • ' • ' ■ . . . 

(c) Aod how does .Unc|« San dadSa what lutaraat to pajr on 

aonay ha borrowa that la, os U. S. GoYaroaa&t BoodaZ If 

paya a high rata of i&taj^at m hi a bonds, which of couraa 

\sra a vary aafa i&Yfiataaiit| will paopla i^Tsat thalr 1& 



banka, raal astats, wining oaaqiuiaa, etc., ^ thay pay tha 
rata of istaraat 7 UlU auch ocopanlaa hava to pay a . 



,L highar rata of lataraat than Oncla Saa in ordar to get people 

■■'"■^ ■ ••■ •■' .'■ ■ ■. .■. ■ V - ■. ' . ' ' .' 

■ .■ to inveajt^o the»? ' ' ■/•'' 

V All aufih qu^aaHoiia ara aftawarad onlj after a vary careful atudy- of 

tha data or atatlatics that faaye. been collected* Saturally we will mot 

'ha able to as8W|r tha sbora quaations Ija this unit, but we will be able 

' to study » few.idaas ab<wt atatiaUcs J In fia^the wjrd •st«tiatica» 

Is dariirad fro« tba word {|^tata",Tor govemt&Bbta have ^^waya^had to 



k««p v«ry. careful records and collect awiy data in order to be able to 
Mice Wise 4«cisioiis about questions/ such as thQse that were suggested, 
•The method of diravdng conclusions or aaJdng decisions on. the basis of 
saaples of data iji called "statistical inference." " ' 

^ The stu4y, sorting, and handl i n g of s.Utistics require matheaatifcal 
akiUa, and the fuudamentais can be studied in junior high schools. 

Can you list soi&e reasons Hh^r Uncle Sub. z»eda to have such infor- 

' (a) The naaaber of sen wJk) will reach the age of 18 neoct year? 
.(b) The total national incooe? 
_^(c) The-nuaber of uneaplqyed people? ^ 

(d) The of tl^ labor force? . ^ 

(e) The niiber of people who will be 65 next, year and collect 
Social Security peymenta? . 

. (f) The anount i)f gasoli^je used in a jse^r? ^ ' 

■ • ' ' ■ f • ■ ' • J ■ 

Uait other information which you can think of which might be ne< 
the federal govemaeat. 

The federal govtraoent has always ne^ed to collect stati'stics of 
MX^ kinds. Even before the first census %ms taken in 1790, 
llexaiMier Ha^lton started collecting statistics for the Tl^sury Depart- 
ment on foreign tra^. * He saw -that such figures would be laportant f or 
the developing of new industtdes in this country and for expansion' of 
foreign trade. In the third census (1810) Thooas Jefferstm ordered "an 
account -isf .tha-seTeral aanufacturlng establiahnjints and oanufacturers." 

A list of the agencies which collect statistice for tMc^Sas is 
very extensive I ' • .• ■'^ ■• • > ■ 




G«MX«1 XdortllaatipQs Ome« of StatisMcaX Standards 

* (Bur«*u -of tii« Budget) 

GeD«ral«tPurpQ«a St#tiaticil Ag«nei«« 

Statistical Branches of i^iculturaX Jiarkating Service ^ 

(Departaant of Agriwiltupc)/ , * . " » 

Bureau of Labor Statiatica 

(ptpartMHit of I*bor) ' ' ■ ■% 

■ " ■■ ■■ ■ '. 
Bureau of the Censua, 
(l)epajrtaoAt of CgmBcroe) 

Uaticoal Office of Vital Statistics 

(DepartaaBt of Health, iiiucatioo, Welfare) 

Analytic aad Seseardb Agencies 

Council of Econaaic Advisers (Eai^cutiVe Office of the President) 

Office of Defense )iobiliia;^||^ (Executive Office of the President) 

Division of Agricultural E«»poics -(Department of Agriculture )- 

Office of Business Econoodcs (Departoient of Ccoaerce) ' 

Ci vision of Besearch and Statistics) (Federal Reserve System) 

Production Econo«ics Research B«uich (Department of Agriculture) 

Buidx^aas and Def enae Services Adm.^^partnwnt of Ccmarce) 

Bureau of Foreign Coomerce (Department o^ Ccooerce) 

Bureau of Mines (Department, of Interior) ' 

Other Administrative, Eegula^tory, ^and. Defensolttewicies 



. A study of Data by a Table and a Gr*pb - 

So aa^y d^elslotxa of Uncla Saa de^ood os^Jia Kmabar of p«opla io 
tha countiy t^t vt aiiauld first axso^e the population is various 
years: ■.♦ ' \. . 





• Tahl« I 

^ Population Facts about the Onit«d States 




Tear 


PoDulAtlfm In 

Milliona 


Incraase Per cent of 
^ Increase 


1790 


3.9 






1800 


\ 5.3 


1-4 


35.1 


mo 


^ 7.2 


■ . . , , " -■ 

1.9 


36.4 


^1820 


9.6 


- . 2.4 ■ . ' 


33.1 


1030 


12.9 


' '3.3 ■ ' 


^3.5 


1840 


17.1 


■4.2' 


32.7 




* 23.2 


O.J. 


35.9 


1860 . 


3r.4 




35.6 


1870 


39.8; 




* 26.6 


1880 


^ • $0.2.. 


10.4 


26.0 • 


1890 / 


62.9 


12.7 . ' 


25.'5 


1900 


76.0 


13.1 


50.7 


1910 


^ " 92*0 . . 


16.0 


- 21.0 r 


1920 ^ 


105.7 . 


13.7 


Ul9 


1930 - 


122.8 


-1R.1 


16.1 


1940 


131.7^ 


8.9 


7.2 


1950 


A50..7 


19.0 . 


>14.5 - 



Trm STATISTICAL ABSTRACT OF THE milTED-STATES, 1956 



A c«r«ruX study of such a atatistickl t«bX« will help you to «n»iitr 
the que'stioiu in EbcBrclses 1 through 8. . . - 

!• Do you sfte ««y general. tTfods dn the table? 

■■ ■ . ■ ■\- ■ ..V- * ■ ■ ■ . 

2. Do any particul^ figures eeea out of line? Why do they »e«n eo? 

3* In jfhich decade va» the. perc«at of increase the hig^et? f^pom 

your study of M story do^ you know the reas^ 
4, In which decade uas the per c<mt'*^f increase the lowest? '!^ 

explain.it: any hietory of that period that you ha^e etiKiled? 
5« In which d#cade did the secoxKi lowest per cent of increase occur? . 

Why?- ■ ' ■ , ■ • : ' ■ ■ ■• 

6« Wben th» ^IrXBh Faaina^? !k)v did that affect, the population 

... ■> \ ' ■ . ■ 

of the United" Stjktes? - * . ' 

7| What v»s the increaiw £» j» /" " 

(a) laoo to 1850? (b) 1850 to 1900? (c) ,1900 to 1950^ 
8* What ,w&s ihe per cent of 4l^erease in each of t^ periods Aentioned 
■ in' Exercise 7? • ■ . v '* ; ' ' . 

of the tJ. ^S, A, at 
the ezui of each decade as given in the table/6i^ page 5« Then 

answer the foUowing questions: ; 

(a) What general trend does tiie graph show? 

( b) In" ^diich ^"ijupar period did the^^ population irow the fastest? 

(c) If the populaticm increases at the iwme^rate| froa 1950 to 
~ ^ . I960 ai in the gfevious decade (if the gxmph cliabs in^a 

- strai^t line froa 1940 to 1960) what will be the pop(aiati<ai 

' - .. '\ in ; 1960? • J^' 

(d) WhQT 4oes IJncle Sas need l^o know,- at l^st approximately, how 
* aany people there yill be in the U« S. next year? I960? 

■■■■ ■ ■ -,*^^.. . . . ■ " - ■ ■ 



9* Construct a broken'' line graph of jt^ populati 



.Th» folXowlng tablt tboW' th^teigriitlon to country In 
^laftifrAticm Ftcta about th« JUnit^d Statoli 



1820 - 1830 . 

as^i - 1840 
'i8a-i8io 

1851 - li^ 
1861 . 1870 \ 
1871 - 1880 
;i881.-» 1890 
1891 -a900;, 
19Q1 - 1910 
1911 - 1920^ 
1921 - 1930 
1931 V 1940 I ' 
19a> 1950 ! 



"5^ 



Ifianbcr of Imii^ants 
151, 824 - 
599,125 
1,713,251 . 
2,598i;2U * 
2^314,824 • ■ 
. 2,812,191 • 
^ 5,246,613^ ; 
3,687,564 
8,795/386 

• 4,107;2d9 ^ 
. , 528,1431 ' 
^ 1,035,0: 




MilUona 

..6.' 

;■ V.1.7'. 
2.6 
2.3 
2.8 . 
•5,2 
3.7 
8.8 
5.7 

t 

Vl.o 



0«« TftUft II to wiiiwfr tht f oiiowiag^^ ^ V ^ j^' 

1. ]>Q you SAC «Q7^;eaii^ tr«nd0 In cartaljii jia&rs? 

2. Vhich r4gur«a out of lipe is thoM trends* Sxpl^ 

3* Exaoine tMa table along with the one on population and' see if 

i ' ' I ■ . , ' • ■ ■ 

^^ere are any siallaritiee*. 



X* If you have not done' Exercise 9, ' page 6,, prepare a broken line 
graph showing the increase in population in each decade fro& 1790 
to 1950. (Table I)' 
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d«oadt» f*o« tht aboira t»bla« , 
(&• For Kbich pariocU %m« the i^craaayiif' iomigrfttioir 'iaao m period of 

■ J ■ • " ..■ ' ' • , ' ■ " 

7* ^ Vhfrt was tba ganml trand is iaadfratiosi 



; (a) I*«a ia30 to 18907 Wjyt . /" 

. (b) 189Q.to 1900? Wiy? . V 

.(c) 1900 to 19;^)?' Hby? 
; (d) rroa 1920 :t<> 1940;? ^ 
8. Is botf sany periods m ^Ut«re an iiicreaaa iB iatigration? In hov 
aaoy parioda %«• tbart a d«or$«M7 ^ ^ ' 



9. Thai^' Wwra naw'quoU laws" iff 19^ How did tbey affact imi^- 



' tioo? .... • • .-^ ■ . 

10. Dascriba the tjftad in iwtigratiop. lf it toDtiiousa in tha mjm vvy 
as in th« iaaS^ 20 yws. -Can 7011 oaka -an 'approsdJiata pradictioo 

* ' . ■ ■ * " . ■ ■ ■ . 

fot iha 'pariod 1950-60? Do you aaa why Unda Sss naaj^s to know > 
. such nunbars ^ordar to ^^alp get a corract astia^ta of populatiob? 

TJis AritbMiic Msan 
Xou bavs now axaainad aoaa of tha atatlatios coUaotad ^'Giwle Sm, 
you studiad tha tablas, you cpnstruetad graphs for a closer study, and 
you saw bow aom- predictldns sight ba aada on the basis of your study. 

. s ' ' ■ 

statistics can be stuqliad in anotl^r way^ tlat la tgr nsing Mthe- 
jaaties to a graatar axtant in- studying the s 

— It is difficult, axxl -often unnecassary, -Ui iava a clasr manlail " 
picture of a sat of data* It is helpful to try j^o describe the laost • 
^i^wtant features by • ^fm nuabers,' The aost useful aaOjers of this 1 
kind ara the arithiet^c wean ('sooetiaaS callad ai^ply the asan h the 
iiedlan, the mode, tlm range, and tim a^tsraaa deTiition* 



Xpu hiT« pi^batiX^r averaged severid nta&eri^ grades in aoiMi cIaM«f 
^ adding thaa and dividing bj the nuaber of grades* This is a useful 
icind of average and is called %h» arithsetic mean or. the aean » Ve will 
use it to stiidjr a fet of statistics collected by the fedez«3y^verxMent 
in a recent jrear* 

Table III 



'lear.. - 


VuBber of l][a«Bnloyed Pers«is,in tbe JS, 

U) ^ f (b) 

Kuaber of * * ^ Mumber of 
Thousands Hundred \ \ 

■ - ■ . ■ T^usajbds ■ 


s.- "■. 

(c) 
lhaber of 
Hillioas 


1932 




' , 121 




12 


1934 




113 




11 


1936 


9;03O^ 


90 






1938 


10,390 


104 . 




■ 10 


1940 


8,120 


81 


.< 


8 


1942 


2,660 


27 




3 


1944 


670' 
2,W 


■ 7 . 




. ~ .' 1 


1946* 


23 




. . 2 ^ 


1948 ■ 


2,064 • 


21 




■ 2 


» 1950 


, 3,142 


,31 . 


n 


. 3 ■ 


1952 


\ 1,673 


17. 




2 


1954 


3,230 


32 






1956 ' 


2,834 


28 






One of the first and easiest facts to find 


in a..««b of data Is 



the range, pr the d^ff^rence betveian the highest ai^ lowest numbers. 
In tiw previous table", we see that tl» range (in nuaibers of oillions) 
is 12 - 1 or 11. ' 

TO find |in arithmetic ^verage or. aean^ find the total of the set ^ 
of nuaibers and divide the^nuaber of items: 



Thi tQt4a of th« iuteb«r» to col»» (c). i« 69. ^ • 

fbt niM^ of itfliiA is 13. ^ > ' 

il«tlc« tl^t tbe Mfn do«s npt t«XX jou tb« suabar for any oqo ytt*r 
but JLf th* uni^ploya^t v«r« 5*3 ilIUqBi Mch jft^ tor )3 yettTB, th* 
toUX would b« }3 X 5.3 aiHioni or 69 »illion«. ' . 

Did ftx^ purticular 7«&r lkT« th* "Ava^^ftg*" nuibar of mtm^jed 

Ave7«ges «!r« oft«n o«llod "oiMsiurvs of codraX t«xkdancy"» 

Do you flt«« why? , • , 

1. Find tba of tb« folloviAg s«t of toat aoorasi 

78, 9a,' 85, 83, 90, 8$, 85, 86, 91 ^ 

2. ' FroD Table III fisd tba auMu of tha aiaber of xmaaployad paraOEia, 

-in iumbar of^houaanda, columa (a) from 1932 tbrough 1940. 

3. tFroa Tabla III find tha aaan of tba maber of unei^l^ad paraoni, 
in nuiaber of tbouaanda, ccOwan (a) froB 1942 throu{a^ 1956". 

4. Tba fbUoving taa^)arati27aa vara tha noon raadinga f ot a week; 
Find tha oean noon ttaparatura for tha vaaki 

52\48°, 65^.62^ 67°, 70°, 56*' 1 
J^^^Jimy vaa un«i^ploj^ 1934? 
-Srrnn^qr «aa it loW^^^ 1944? 

7. Bow doaa tha aaoit of laiai^iloywant^iffact . , 

f 

■ f*f 

(a) tha mab«ir ^f^autoabbiiaa that are aold? ^ 

(b) tha aaount of imao^lo^mant coMpanaation to ba paid? 

(e) tba aaount of food and clothing that i a bought? ^ 
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j . Th« liadijm aoai the Mode 

In & set of da-£ky it i a often useful to k2iow< what would be the 
iai£ldle number if thfiy wsre- arranged from safest to largest. In such 
a case, half of the ntosbers would be larger and half would be aiaaller 
than the middle number is ^led the median . 

* , ■ • * 

For an exaaijple, lat ua eacsaine the. hel§ht^ of pupils in a certain 
class of 13 pupils. 



Pupil 

• 


Inches in Height 


1 
2 




3 


61 




62 


5 


51 


6 


61 


7 


54 


8 


59 


9 


• 61 


10 


60 - ' 


11 


65 


12 


52 * 


13 


53 



To find- the pupil in the group, so that half the group is taller 
and half the group ia shorter, picture the pupils arranged in ordar 
of height, p*^ a»4c«urefflehts, arrang«i in order, would be: V 

51, 52, 53, 53, 54, 57, ^9, 60, 61, 61, 61, 62, 65 

counting froai the left or right, the middle of the set of 13 

! ■ ■ 

items would bo the 7th one. In this case, it is 59, so we say that 
the median of this set o^^numBers is 59. ' ^ 

If the largest number in this set of figures happened to be 70 
instead of 65, would that affect the median? Why? 

y 

It the lowest numbers were 41 and instead of 51 and 52, would 
ithat change the median? ' 

Let us compare the mean or arithmetic average of this set of 
figures with the median. The .sum of the numbers is 749, 




., XI 1-12 

■ \ ■ , ' 

^ » 57,6 • Tiaui the^^w.la 57»6 . Bow iooB tMs ficaapare vitb th« 
^ If the larg©it ou»ber in^thi* set of fl^ur#« were 80 Instead of 65, 

, • • • 

vould th&t affect ths mean? Vi^? 

notice that even though the Gotedlan and i^tan are called ** ayer& geB*f 
they may oot be the ease number. You will f ix^ that eac)r^s useful 
for particular kisds or caees. 

Exercises 

I. Fizid^ha median and the mean of'tjiis set of scores on an airltltimetic 
• test: g3, 81> 76, 94, 87, 71,' 90, S$, 73, 95, 67, 86, 877^, 93 
MaJce a table for the heights and weights of the pupils in your 
class. C&lctilat'e , 



(a) the average height (mean) 

(b) the median height 

(c) the average weight (mean) 

(d) the median weight 

3i, Find the median temperature of the data in Exercise 4, page 10. 

Grouping Data 

• If jou were listing ijeightS of a very large group of pupils, you 
wuld not be able to list each one separately • You might ^oup the 
figures in .some such way as this; 

Height in inches Number of pupils 

y" . ' ^ ' 

46-49 U 

, 50 - 52 33 

^ 53-55 57 

• 56 - 59 . 42 

,'60 - 63 17 

64 - 67 12 
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■. ■ 

In order to find the middle pupil, find the tot*i nuasber and 
divide fcy 2.^ U + 33 * 57 + 42 + 17 ♦ 12 = 175 ^ = 8?! . So the 
Biddle person will be the ^tb one, counting frois the top or bottom., 
if we count down from the top, 14 33 = 47. Ve need 41 more to re&eh 
88. (kamting down 41 more in the group of 57 brings us to the lower 
part of that group. Since the Sdth person is^Rthin that group, we say 
that the xoedian height of the whole gyjup of pupils is between 53 and 
55 inches. Since the ^S^b^person comes rather low. in that group as we 
csuiat down, we say that the median height is likely to be nearer 55 
than 53. 

Let's check our work and count up froa the bottom to the 88tb 
person. 12 ♦ 17 = 29. 42 more makes 71. So the 88th person is not 
in the lowest three groups. Ve need 17 Jiore than 71 to make 88, so 
we count 17 more and that takes ua into th^ 'group of 57 as we found 
when we counted down from the top. Again you sf ixid the person in 

the group of 57 whose height is between 53 and 55. Thus the median 
height of the group is between 53 and 55 inches. 

An important set of information which \hxcle Sam needs each year 
ij the _data on incomes, since db-er 50% of the national income comes 
rpoa iiHiiV|dual income tax. J 

Following are the data for a recent year. 



9 



< 



• « ■ ■ 

(Tb<Hi«a»d§) 

/ ^"^Under $1000 \^ 3,227 

1000 - 2000 ^ 6,.022 



2000 - 3000 




3000 - 4000 V 8,192 

4000 - 5000 ' 7,4: 

5000 V 6000 . 5,580 

6000 ^ 7^ 5,323 

7500 - 10,000 . 3,390 

10,000 - 15,000 ^ 1,899 

15,000 - 20,000 ■ 523 

20,000 - 25,000 274 

25,000 - 50,000 336 

Over 50,000 95 



the mode 



In « 9ttt of statistics, the value that ooq^s most often is c&Hed 

\ . ■ ■ . 



at oomiri 



Vhiob income was earned by more people than any other? In other 
vords, which is^ the mode of this set of figureaf? 

^ou can find .the mean of such a set of figures if jou can f ix»i the 

total amount earned in each bracket. But do you know how much each of 

* ' . " 

the 95,000 people eam«5 in the "over 50,000" bracket? Might some have 
•amed $500,000? Or $1,000,000? Or nrare? It is not possible to find 
the mean of this set of fi^^s since we do not know hoM large the 
incomes are in the last ^up* Such a set of figures is called "open- 
ended". * • 

It is possible, however, to find the mediax^ or the salary bracket 

f 

of'ths middle family. Thei^e will know ih&t half of the fimilies 

•amed more than this an^t and baU^ earned le^s. 

S ■ ' ' t. •■ 1 
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First find the total nuaber pf fwailies and divide by two to 

find' the middle number • Then count down from the top figure or up 

\ ■ • • ■ ■ ■ 

from the bottoin figure, as isaugl^ on page 13 f until you reach that 

\ ' . . \ ; 

nuBber. • \ - 

■ j^. / 

^ Exercisea 
1* Make a bar graph of the data in Tahle IV. 
2» How can^ you identify the mode on the graph? 

3m Estimate, if possible, the median salary by examining the graph 
carefully* 

4e Find the mode in the /following list of test scores: (Do not 
group.) / 

85, 79, 82, 93 , 8^, 78, 82, 91, 85, 74, 93, 86, 90 , 85 , 78, 81, 

85, 86, 94, 85, 84, 68, 83, 91, 82 

/ ■ ■ ■ 

5* Find the median score in the data, Exercise 4. 

f . . ■ 

6. Find the median by grouping the following data <m tesperatXirea : 

(use intervals of 5, Hke 70-74, 75-79, and so on.) ^ 

• 62°, 74°^73*^, 91°, 68°, 84°, 75°, 76°, 80°, 77°, 68°, 54°, 68° 

'72°, 71°, 86°, ^2^^ 74°, 55°, 72°, §0°, 6>y 71°. 




I 




Period 



Tabla V ^ 


4 

1955 


Total 


TbouMuods 


Total alfico 1900 
(TbouMndsi 


US, 291 


148 


148 


175,60.8 


176 


324 




194 


518 


207,1081 


207 


725 ' 


^7,525 


218 


943 


23i,S57 


235 


U78 


<5o,21y 


256 

r 


1434 




230 


1664 


184,573 


185 * 


1849 \ 


163,122 


. *163 




209, as 


209 


2221 : 



1 



7, a vertical bar graph of the^ number of thouaaiide of pateats 

ifcuad ^.fiife periods since 1900 (Table V), 
^. Draw a blrokec line gr*ph showing the total nnaber of patents, by 

five year periods since 1900. 
9^ Do yon see^ any trends in the graphs of Exercises 7 and 8? Vhat 



are they? 



•r 



\ 



The Mean (or Arerage) Deviation 

Another useful aetluxi of studying a set of xmabers is to find the 

deviations or difference of each nujBj>er froa the mean. 

Consider the set of numbersj 1, 2, 5, 5, 6, 7, 9. 

^ The Boafi = X*2'»5»5-*-6-»7'>-9 15 
• 7 "7=5 

The deviations. (differences) from the mean are; 
.5 ^ 1, 5 - 2, 5^ 5, etc., or 4, 3, 0, >0, 1, 2, 4. 
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Tb* average of these diviations iis 
4 ^ 0.-^ 0 ^ 1 2 .t^ ^ 2A 



Let u» aee^how the above aeasure helps to throw light on a set of data. 

The total receipts of the federal govemmeot in the years 19^6 - 
1955 w«re as follows! 





Billions 


Deviations 






frttB Mean 


19A6 


44 


- 11.5 


1947 


^ 45 


\ - 10.5 


19i^ 


46 


^ - 9-5 


1949 


A3 


- 12.5 


1950 




- 14.5 


1951 


53 


- 2.5 


1952 


63 


♦ 13.5 


1953 


73 


♦ 18.5 


1954 


73 


♦ 18.5 


1955 


6? 






555 


126 



mi 



of these receipts is the total, 555, divided 

« 



The arithaetic 
hy 10, or 55.5. 

The second cohimn sIkjws the differeno^of each year's receipts 
from the aean, 55.5. The - 11.5 means that 44 is 11.5 below the mean, 
for inst^uice, and + 14.5 means that 69 is 14.5 above the mean. Have 
you seen minus signs used in a similar way to those in this 'Uble for 
temperature? Any other place? 



Exercises 

1. In which year was the deviation froa the mean the greatest? Can 
you think of reasons for this? 

2. In wh^ch year was the deviation frim the mean the least? 

3. Find the average deviation by finding the total of the deviations 
and divtWBg'by lO.^^e signs before the numbers are disregarded 
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fisee we wmt to know the siie of tlie deviatioua, no a»tt«r wl4ch 

direction they are from the siean. 
^. find » to the nearest tenth, ihe mean «nd eyerage deviation of the 

following teit scores: . ' . 

85, 82, 88, 76, 90, 84, 80, 82, 84, 83 
5* Find the mean and average deviation of, the test scores (same teat, 

but in anothex^ class): 

94, 84, 68, 74, 98, 70, 96, 84, 76,|96 ' 
6. (a) Compare the means of Exerciser 4 and 5. 

(b) Compare the average deviations of Exercises 4 and 5, 

(c) What information does the average deviation toll about the 
data which cannot be found by just using the mean? 



/ 

/ 
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Svimoary Exercises 
• • 
T«bl« VI 

Gross D«bt^of the United States for tbe Years Xd6l to 1955 

(Five-year Periods) 
jV; U) Cb) (c) (k) 

Years MiUioss BlH^s , Deviations froa Mean 



1861 - 65 ' 


2,678 


• 3 


1866 - 70 


. 2,436 • 


2 


1871 - 75 • 


2,156 


2 


1876 . 80 ■ 

• 


2*091 


; 2 








1886 - 90 


1,122 


1 






1 


1891 - 95 


"i,097 


. 1 


1896 - 1900 


1,263 


1 , 


1901 - 05 


1,132 


1 


1906 - 10 


1,147 


- 1 


1911 - 15 


:^,191 . 


1 


1916 - 20 


24,299 , 


_24 


1051 « PS 


' 20,516 


\21 


1926 - 3a 


16,185 


16 


1931 - 35 • 


28,701 


•29 


19^6 - AO 


42,968 . 


43 


19a - A5 


258,682 


259 


1946 - 50 


257,357 


257 


1951 - 55 


274,374 


274 


(a) What is 


the mode of the set of 




la other words, which gross debt ap^'ears moat often? 
(b) Does this number tell you very much about the total debt 
^picture of the United States Treasury since 1861? 



2.. (a) Find the awUao of the fet of figia?«« ic coliam (e) which 
will give yoQ th^ me&iMn aatibnal d«bt froa 1861 to 1955. 
Thi« o«ftn« that ygu vill ne«d to find the ttiddle figure 
betvatn 1 and 274. In order to do this, lift the nuahers 
' frcm colukn (c) in order, and find the middle one on the ^ 
list tcr counting up fro» the bottoa or doun frott the top.^ 
(b) the ausdlan teH you «2ch ab«it the total debt over 

this period of yearsj? 

Do yqu see tl^t it is necessary to flM the mean in ordar 
to take into consideration tt^ very large numbers in the 
table? 

3. Find the »san of the set of numbers in CKiliam (c) to the nearest 
whole nunber* * 

4.. Find the deviations Trcm. the mean and then the avera^ deviation 
to the nearest whole number. 

5. ^ Ri ^ l a in the large deviations both belSv^^Qd above the mean. 

6. The following information is on ^i^Uriess 

^$4,000, $6,000,. 4.12, 500, $5,000, $5,500, $4,500, 

$5,000, $6,500^ $5,000 ' 
(a) Find the mean of the data. 
^ How many salaries are above the iMan? 

(c) Kov many salaries are below the mean? 

(dy Does tjM mean seem tya be a fair way to describe the "average" 
of this data? 
. Ce) Mnd the median o^ the set of data. \ 

(f) Does ^ mediJto se^ to be a fair way 'to describe the •average" 

of this data? ' - 
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• • • 

7. Repeat. th« perta of Exercise 6 using the following datji on. 
taaperatures: 

47*", 68°, 3B°, 80°.\ 42°, 43°, 68°, .74°, 43°, 46°, 43°, 76°; 48^ 

* . ■* ' • ' . . . 

Froa tht lHustratioiis glveni jy^ou have studied how tncla Sam ne^s 
mathamtica to collect aixL study statistical ' , 
^ You have seen how matbeuoatics is used to interpret these statiatrics 
and^'help the govexfment in makir^ decisio^is "^bat ai'fect you and me and 
every citisen. * ^ ^ 

Th^ next^^ii^e ^that you see a.ge^ of figures in the nQWspaJ)er, 
loolp th^ over carefully, try to recognise trends, and consider whether 
decisioi^s based on theqt^ and affecting you, nill be m^e. 
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CHANCE 



o 
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Recently the picnic of the employees of a weather bureau 
was Qalled off on account of rain. Even an expert weather 
forecaster cgnnot sa^ for sure what toaorrow's weather will 
be. i ' 

. If you plan^SsL picnic you. may first read the we^^tjxer 
report for the day of the picnic. This report may read 
"probable showers'* or "Clear and warm." Sometimes the 
weatheraian is correct and some times he is wror|ig. His fore- 
oast is an example of his best available estiittate of what 
will happen, ilia forecast is a "chance Statement" . He, him- 
self -does not know Vith complete certainty whether it is true"*- 
or false. In this unit, .we sViall study some ideas -^ib out chance 
statements like, "!rhe Yankees will probably win," or "There 
is a 50-50 .chance that a head. will show if a penny is tossed 
and allowed to fall freely, »• , 



The table below shows a number ofi wd,^itg^|r^i;orec«Sts' f ro« 
April 1 to April 11 and, als(>^ .|^^<^^^^|^^ weather*. 



Date Porecas^^-^,^?^,, ."Actual weather Truth Value of the Forecast 

Kair-^'*'^- ■ 




True 
* vJFalse 
True ^ 



7 



1 



26: 



Date 


Forecast 


Actual weather 


Truth 


4^ 


Clear 


Clear 


True 


5. 


Scattered 
'Showers 


V/arm fi^nd aunny 


False 


6. 


Scattered 
showers 


^ Scattered 
showers 

§ 


True 


7. 


Windy and ^ 
cloudy 


Overcast- and 
windy. 


True 




iutmcior*' , 
showers 


Thund e r show»r s 

t 


True 


9. 

« 


Clear 


Cloudy and rain False 


10. 


Clear 


Clear 


True 



Each forecast is an example of a^ "statement" * A state- 
ment, is a collection of words or symbols which we can say is 



either true or false (but naturally not both'). In tlje case ' 

• , ■ ■ . • ) 

of the first forecast the statement was- found to be true 
after o^bserving the weather. Also, observations show that 
statements .3, 4, 6, 7, 8,' and 10 were trCie, "However, state- 
ments 2, 5, and 9 proved false since the observed weather was 
different from the forsoast*-*^ Hereafter we shall write ^true" 
as "T** and "false" as "P" . The T's' and P»s are called "Truth 

* 

values of the' statement,." 

In add'itiqn to these" symbols it is useful in dealins 

with chance staternents to have a number which measures the 

■> . . ■ ''j^ 

chance vthat a statement' is " true , The weather^ man was xora 



7 out of 10 , times.' Written as a ratio this" is TViis"|^ 
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is used' as the best estimate which we can make from the given 
information of the measure of the chancis that the next 
weather ^forecast will be true. 

In this case, since w© had such ft small number of^fore- 
castfe. It; would not be fair to say that the weatherman will 
be cotfrect of the t;i:ner In future forecasts. To make such 
a conclusion recjuires /an understanding of much more mathe- 
mat ic^/^ t'hat ^e^can study ijnthis Cinit. It does, however,.. . 
give ujs some clue as to tWe chance that tha weatherman may 
"bQ i2orrect • ♦ 
- . V/hen,.»ce find the measure of the chance that statements , . 
will.be true, we shall say. that we are estimating the true 
raeasure from the best, information we have. This might be 
cairted estimating the true value of the chance statement*. 

V/rltten a^ a formula this is: 
The measure of the chance- tha,t , a statement is true s ' . 

The number of times the statement is T ' 

The t«tal number ot times the stat-ement is T or P 

7 - ' ■ 1 ' • /I 

C = ^, where T means the number bf times the stape- 
ment is true, S mean"? the sum of the numnj§t» of T's anc^ P's, 
and C is the raeas^r||^?|^^ 



■ - : Bxerciaas 
1. The following statement is made"^ 

"The stoplight "at Main Stt»eet a\d Center street will be 




< 



1 
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een whenever I em arriving at the ^intersection'.' • 

a. Why is this a "statement"? 

b. Below is & table of the" actual colbr when I was 
arriving; at the intersect ion. Copy the table and in the 

m 

col'omn at the _rlght , write whether the statement above is 
T or F. You nay ^se "T^for true fend f or false iT you 
like. 

• Table 

^Truth value of the jst^tement 



The 


light 


1. 
2. 


Green 

hed V 


^ 3. 


Amber 


•4.. 


Green- " : — ^ 


■5. 


Red , - ... 


6. 


Ambe»- . 


7. 


Red 


8. 


Green 


9. 


Green % 


IQ. . 


Amber 


11. 


Red 


12. 


Green ' . 


^l^i- 


Red 


14. 


Amber 
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c. Write a nuinber or measure for the chance that ihe 
. statement Is correct • 

2. Change the statement in Sx, 1 to read "Red" i-nstead of 
"Green". Use the same observations as in pm't h and find a 
number -or meaaiu*e for the chance that the new, statement is 



correct. ^ 



I 



3, Given: 3 ]*ed marbles and 2 white marbles are in a'box. 
You are to take out of the box, without Ibokir-g inside it, 
two marbles. V/hat Is the chanc^uJihat both marbles will be 
red? (Sometimes we merely aa-y "Whfiit* is the chance?" when we 
mean "What is the nural^r which measures the chance that the 
.statement is true?") , 

In this problem the chance staterrfenf is: In a drawing, 
two red marbles will be drawn *from a box containing 3 red * 
and 2 white, marbles, , 

♦ 

The following table lists the possible pairs which may 
be drawn. 7/e assunje that each red marble halt the some 
likokihood of being drawn. Let's "call the 4;hree red marbles 
^1* ^3 similarly the white marbles shall be 

called Wi, and V/g. Complete the table of truth values and 
find the number for the chance that the statement is correct. 
Mark as T those draws which consist of 2 red m.arbles. ' 
-'^aws Truth Va.Tne 

2. R3 ■ ^ ■ ^ 



Draws 
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•I 




fif 




T J 

Hi 






^2 




6. 


1^2 


^^2 


7. 




^3 


8. 






9. 




10. 




% 



4,. Two black laarbles and ona white, marble are in a box. 
You are to take out, without looking inside the box, two 
marbles, V/hat is the chance that one mai'ble is black ^md^ 
the other ia white? 

. Suggestions^; Make a table as in Ex, S, List all 
possible pairs and find the truth value of each pair. You 
shq^ld have tVu^ee pairs.' \ 

5. In Ex". 4, wViat la the chance that both marbles drawn are 

black? ' ^ 



0. Tlireo hats ere in a dark closet. Two bel^rfig to you and 
the other to your friend. Being a polite person, when your 



friend is ready 'to leave with you, you reach in the closet 
and draw any t>j> hats, ^at is the chance that each of you' 
gets his 0¥/n hat? . . 
7, A coiunittee of tWo is selected from a group of 4 people. 
You are one of the 4. If the person selecting the conimittee 



ERIC 
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has no favoi^ltes and, therefore, salecta vrithout a plan, what 
13 the chance that you will be on the conraittee? 
8, In Bx. 7, your favorite friend is e.lso one of the 4 
people. V/hat is the chance that both you and your friehd 
will be selected? 

Models for Chance Statements 

You may have noticed two kinds of problems in the set ^ 

of oxeroisea above. One kind uaep obeervations to determine 

whether a statement is T or F. (Exs 1, 2, and the 'example 

page 1). However, in the marble problems and the hat problem 

e)Kpor imant a V observations were not used. All possible events 

were Hated pnd th§- measure of chance was based upon these 

poasil^ilitles , Thu^s, in these cases a "model'* was made to 

represent the- problem. It is also necessary to 'point out 

that each event in a model, say the 10 pairs in Sx. 3, ha^^ 

the sane chanbe of occurring, • In the case of Ex. 3, each 

pair has a ^ chiance of occurring. 

In the exercises above finding an estimation or measure 
* 

of the chance that a statement is true was a matter of , 
counting . First we were talking' about a statement and, 
secondly, we were able to count all possible (or available) 
T's and F's. Although more advi^^d mathematical processes 
have been set up to find measure^. of chance where counting Is 
impossible, counting i^ essential in many situations, 
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I t 

An. easy typa of model to talk about tossing a penny 
or pennies. A penny has a head" and a tsilj (let*,s o'issume here 
that the coin cannot stand on ec|ge if-4t,jis tossed and allowed 
to fall f l*eely 15H a flat surface). Also,' in all problems 
about coins^ we assurae that tho ooin is balanced (honest). 
V/e than expect heads to appear about as many times as tails 
if the coin is tossed a ^^ireat number of times* . 
Example 1: Find the measure of the chance that the statement^- 



It T 



If 1;v/o pennies are tossed, exactly one head shov/s is true. 
Solution: - ^ ^ 

a. Make a table showing all possible events.- " 

H^fc penny 2nd penny Truth value 

Hdad Head - . P . 

Head Tail ■ T ' . 

Tail ' Head # T 

Tail - .Tall ■- P 

^ Note: In this n^odel, each event (each possible result 

of the tossing of two Ins), one of which is, for example, 

a head and'^ ^sl^^i has- the same chance of occurring; 'that is, 
1 

b. There^ are 4 ipossible- ways the pennies ,may fall. In 
tliC tabTe' above the truth values of each event has Been 
written, • ' . 

; If both pennies are heads, the' statwi.ient above is F; if 
the first penny is a head and the second is a tail, the above 
statement is T; and so on. 
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.*c. Count the number of times the statement is true. 

This number is the numerator of measure of phance,. The sum 

of the number of^'s and P*s is the detrSminator, 

The chance that ejcactly one head will show if tWo coins 

are tossed is £ or i or c • i in this case. 

4 v2 2 

Example 2i Find the measure of the chance that the statement, 
"IXthi^e pennies are tossed, exactly two heads show," is 
true, _ ■ ^ 

Solution! 

a. Make a table of all possible ways the 3 coina^iaay 
fall and after ea6h event write T if t)ie event makes the 
statement true and F if the event makes the statement false. 



1st penny 


2nd penny 


3rd penny 


Truth 


- Head , ^ 


Head ' 


Head 


. P 


Head 


Head 


Tail 


T 


Head 


Tail 


Head 




Head 


Tai^i 


Tail ^ 




Tail 


Head 


Head^ 




Tail 


Head' 


• Tail - 




_ Tail 


Tail 


Head 




Tail ^ 


Tall ' 


Tail 






(Complete 


the table ) 





b. Count the T'a for the numerator and both the T's 
and the F's for the denominator. Then, xf 3 pennies are 
tossed the chance that exactly two heads show is ^ or c ^ ^ . 



8 



8 
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Sxerciaos 

Por ea6h exercise fin^ the measure of the chance 
statement. * 

1. I{ two pennies are tossed, exactly two heads show* 

2. If two coins are tossed, at least on'e head shows, ] 

3. If two coins are tossed, ^exactly one tail^hows, j 

4. If three coins are tossed, exactly cjne head showd. 

5. If three coins are tossed, ^actly thi^e heads shjow, 

6. If three coin are tossed, at least one head. show^]. 

1. 

V^^^n example 1^^ the table shows four events. ^ 

a. P^d th'S'Tneasure of the chance statement for jeach 
, , event. ^ " 

b. Find the sum of the four measures of chance. J 
8, Do the same for example 2, - • ' 

If four coins are tossed, what is the^chance of exactly 
3 heads showing? Of exactly 1 tail showing? Of exactly two 
heads showing? Of exactly four heads showing? 

« . ' ' ' ' I 

lOw, Three cards are numbered like the 'ones below^ 



V/ithout" looking at the numbers you are to draw any two 
cards. V/hat is the chance that 'the sum of the two numbers 



1 h. 

is odd? 



il-*. You are to be placed in a line with two girls (or boys), 
one of whenn-is your favorite. What chance is there that you 
will stand next to your -f^vprite? In such a problem we 
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asfliine that you are not -pftticed according to any plan (includ- 
ing your own). If yqu crowd in next to your favorite, chance 
would rtot play a role. 

Decisions and Chance 

Suppose a person must make a choice between^© possi- 
bilities. Should he just chose one by guessing or Is there 
a better method for him to try? A person may make a wiser 
decision by observini^ and comparing statements abqut the 
chance of the two events in question. . 

Example : Which of ^e two following statements is more 
likely to be true? ' 

A. If 3 pennies are tossed, exactly two heads appear, 

B, If 2 pennies are tossed, exactly one head appears. 
Solution : ,A - 

The measure of the "chance of A = 5- ^ ' 

The measure of the chance of B = ^ 

Concfl-uaions Since ^ is greater than ^ 
ft' V 
more likely to be true. 



^, stat8ment.,-^-~ls 



In order to solve a i^oblem of this kind, fihd for each 
statement the measure of the chance that it will be true 
and select *the statement corresponding to the larger measure. 

• •» Exercises 

For each exercise find a measure of the chance statement 
for each event and choose, if possible, the event most likely 
to happen, ' ' 
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!• Statement kt If three coins are tossed, exactly 2 tails 
show, • •' • 

Statement Bs If two coins are tossed, exactly 1 head 
shows , 

2, A: If 3 coins are. tossed, at least 2 heads show, 
B*. II" 2 coins are tossed, exactly 1 tail shows. 

3, Aj If ,4 coins are tossed, exactly 3 heids show. 
B: If ins are tossed, exactly 2 heads show. ' 

*4. A: It rains on Friday the lijth, 

Br The sun shines on Friday the 13th. 
The following table shows the weather on 20 Friday the 
13tha. Prom the table decide which is more likely to happen 
over a groat number of Friday, the 13th' s, 

• ^^^^^^^ 

Truth Value of ^ Truth Value of 
Statement A ' Statement B 



1. 


Heavy rain 




Liyht rain 


3. 


Sunny 


4. 


Usually sunny. 




no rain. 






5. 


Sunny 


6. 


Scattered 




showers 


7. ' 


Showers 


a. 


Sunny 


9. 


Sunny 



V 
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10. 


Sunny 


U. 


Cloudy, no fSiin 


12. 


Partly cloudy 


la. 


Cloudy with 




some showers 


14. 


Showers 


Lu • 


kjunny 


16, 


Sunny . 


17. 


Hot and sunny 


10. 


Sunny. *»' ' 


19. 


Cloudy and 




a one ishowers 


20. 


Sunny 



Truth Vialue of 
Stk^eciont A • 




IS'uth Value of 
statement B 




Bxperlmenta, 

1.' a. If one penny Is tossed what is ihe phanoe that a 
head shows? ^ , 

b. How many heads. would you expect to get If the penny 
^ is tossed 50 times? ♦ 

c, * Toss a penny 50 times and cximpfere the observed 
results with the measure found in part b. You are 
extremely lucky if they agree --exactly , 

S. Keep a record (as in the Example on^ page 1) of weather 
forecaats of a morning paper and an evening paper. Find 
chancei^tatements for each paper and compare their measures 

/ ; - , • ■ . , 
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3, In Ex. 4, paga 5, the chance waa estimated by making a 
"modal"' 9fl' th§ possible events. : ' 

solution of this problem could -be approached by 
ciirrying on an experiment. For example, repeajb the drawing 
oi*, a pair 50 tim^s (after e^ch di'awing replace the 2 ^rbXes 
that you h^ve drawn). Each dr^w then makes the statement T 
or Apply our methl)d f'or caaijulBt itig a measure of s chance 
statement,^ - , • 

Qompare this measure to^^e measure chained from th^ 
model. It is' not very Likely t\mt the ^wo measures each 
found a different way, will be exactly alike. In a further 
study' of chance you will study more about how close you could 
expect the two measures ^o be,' , 

4, Set up an experiment to answer the question; V/hat cbance 
is 'there that, ^actly two heads will show if three coins are " 

^ - - , . V - • . f 

tossed? , - , • ' . - * 

- ' ■ / ■■■<''■ . ..'^ ■ ^ , 

5, ^ Set up 6n experimint to a^iswer the questi'OT.^ VThat chance 

is there that exactly. 5 heads^ will^ show' ifj*en coins are 
tossed? ' ■ • • . I : . 

6, a. Mark. o|*f on he^vy cardboard "i)arallel li;ies; t?wo 



inches apart, . « . - < 

• • ( . ' • - ■ 

, bv Make ten sticks from wooden matches (or topth picks) 

1« inch- long, - • ' ■ •" 

'%c. Hold^the torTsti'ck's about 8 or 9 inches above the 
fardboard and drop theni." J| 
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f 



d. Count the number of sticks which couch or 'cross a 
line of the cardboard, 

e. Kepeat the experiment 50 times, each hime counting 
and recording the number 'of sticks which touch djrjcrpss- 

\ a line. . 

f. Find the average number of stiokd ^t hat touch or 
'cross & line out of the 10 that are ui'opped". 

7.' You aro to decide whether or not comraercial fertilizer 
helps seeds germinate and grow rapidly, 

.Set up" the following experiment to help you make a 
decision: Br in^ two boxes about a foot square and 6 inches 
deep, P'Jill each with soi|L from the same area. With the -help 
of your science teacher make sure tjiat the moisture in the / 
two boxes ;of soil is about equal. T^en add commercial 
fertilizer to one of the boxes. Make a gric^^th strings^ 
like the- sketch below for e ach box. ^\ 
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Two sots of 10 strings. 
The sjiringa' of each sdt 
ai^ 1 inch . apart . 



At each intersection, plant Qorn seed's. There will Jbe 
>f „■ . ■ '. ■ - 

100 seeds planted. in each box. Add the same amount of water 

to each box and place both boxes, in the same part of th^' 

room. Consu;if your science teacher in regard to the amount* 

of water to be .added. The se^ds should all be planted the 
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same depth in the soil. 

a. Decide how you would use chance to Hfl^p decide 
whether or hot fertilizer helped the seeds geminate. 

b. -Decide .how you would further your experiment tb ' 
decide whether or not the plants grew more, rapidly under the * 

* conditions of commercllLl fertilization^ ' ' 

8, Some members of the class may carry on the experiment- 
described in Ex, 7 but first they, -should test the' soil tc^ 
determine t\^Q best kind and amount of foi'bllizer to use. 

The science teacher My be able to help with this, the county 
agent may have soty testing kits to lend, sell, or giy^ awwy. 
9Pi finally, there 'may be a nearby soil testing; station to \^ 
which a sample may be taken. ' ' ^ . • 

9. Kepefit the type of experiment described in Ex. 7 but put \ 
fertilizer In both boxe^. However, add twice as much in one 
and decide If the extra fertilizer produced better result^* 




DNIT XIV 

HATHEM4TIGAL SYSTEM 
A New Arltbmatle 

.1*2 -.3 
2 ♦ J = 1 
2*2 = 0. 

H«r« &r« fOM n»v nimb«r facts. Do they 8«eia « little strange to 
you? Ve aigfat^cslX this "clock srithsetic." Ve hsve used a four-ioinute 

• '■ . ' , " ■ • 

clock — one- which might be used to time rotmds and intenoissions in s 

at 

bc^Uig astch. 

liSt's see bow this kind of sritlmetlc works. If the hand is at 1 
' sinute, and aoYSs for 2 ainutes, then it is at 3. Ve cai^ write 1 2 = 3 
If it-ia At .2 and aoves. for 2 minutes- then it is at 0, We write _ 
2 ♦ 2 * 0. ^ If it is at 2 and moves for 3 minutes, then it qtops »t 1. 
\ We write 2 ♦ 3- ^ 1- . . * , 

Ve can make an additloipta^e for this system of , arlthnetlc tteiss 

0 1 2^3 




0 0 12 -3 . - 

112 3 0 

2 2 3 0 1 ' ^ 

2 ' - . 

We read tables of this *o|-t ty followi^ across horisontaUy frcn 



\ 3 3 0 1 
s »0|-t ty folic 



any entrj*dji the^ le^ column, say 2, to .the position below acoM entry ^ 
In the top rotf7 »*y 3. The entry In this posit ionHn the tahle*(s) is. 
then taken as the ret^t of com)3ining the element in the top row with 
the element, originally picked out in the ^ left hand > column ^ In the case^ 
/above 'va wrltt 2 ^ 3^ = 1. .Check that 3 ♦ 1 = Q ia this t^able. 
studying our table, is 1 f ^ 's 2 ♦ 1? U t + 3 = 3 + 27 What does this 
su^st to us about this kind of arithsieticf . 



Is (1 ♦ 2)* 3\= 1 >C2 +3)? ^ 
I« I ♦ (X ♦ 2) 1) +2? 

CiMck Boaw otb«r •xaaplcB. What doss thif suggeii* to ua? 

Ufa CQBipftrtf^his new arithaetic with ordinary arithaetlc. 

1. * What are the tobera of the ordinary arithaetic? Of thia new^ 

' ■ ' ■ . . r 

. arithmetic? ^ " 

2. Doea addition have the coaaBitatire property in thia new arithaetic? 

3. Doea addition have the aaaociatlve property in thia new arithaetic? 

4. la there an identity element C*n elesent which when ccaihined *iith 
any other element producea the "oth^f eleiaent itaelf ^a the reault) 
foe addition in this new arithmetic? 

We -call thia new kicd of arithmetic ■laod^jur arithaetic", and the 

number 4 ia called the modul-a^. Ve aay'thia ayatea ia arltlwetic aod 

The .arithaeticAof the three-ainute ej^g' timer ia' arithaetic mod 3. Ve 
" w .1 * • . . > . \ . 

can- write an addition table for aod 3, aod 5t nod 8 — we- can ^ave^aa 



aany modular arithmetica aa we haVe natural numbers. 



" ^ Exerciaea - 1 

Mce an addition table fbc mod 3, mod" 5, mod 6, and mod 8. 
are the nuabera for each? 

Using the mod 5 ^ditioh table, fi^ simpler *hame8 fors 



What. 



1 + 2 
3-1 
0- 3 

r 

4 + 1 
3 ^ 2 
3 + 4 
1 - 2 



2-4 
4+0 

(3 + 2) ♦ 4 
3 + (2*4) 
(4 - 2) % 3 



.'b - 1) * (2 + 4) 
A - (2'- 3) 




4\ ^ 



3« You have only « flve^niinute clock* How many times would the hand 

go around if you were using it to .tell you when i} minutes bad 

♦ 

passed? Where would the hand be at the end of the 23 minute 
interval? If you cpntinue then for 15 minutes where is the hand? 
Can you figure out an easy y&y to worlc prtblems likejbhis 
^ without counting on the clock? Try it. 



What is aa Operation ? 



Ve are fasiliar with the operations of ordinary arithmetic 7- 

^ • ■ ! • 

addition^ multiplicationt subtraction, and ddvisioh. In the preceding 
exercises ^e did a different kind of oji^ration. Ve loade a tabTe f or 
the new addition* I^s opera^on is defined by the tabl^, 'because it 
tells us what we get when we pit two numbers together < . Stu^ the fol- 
lowing tables. 



. 1 

' 3 

*5 



1 2 3 L I 



(b) 



2 
3 
% 
5 
1 



5 
1 
2 



k 

5 
1 

2 
3 



§ 

'1- 
2 
3 
4 



1 

2 . 
3 
4 
5 



+ 




5 


7 




3 




8 


10 


12 


5 


^ 8 


10 


12 


U 


7 


10 


■12- 


U 


16 


9 


12 


u 


16 


Ig 



(c) 



1 

2 
3 
4 
5 
6 
7 
8 

'9 
10 

11 

12 



2 a 

3 ^4 

4 5 



5 
6 
7 
8 



6 
7 
8 



4 

5 
6 

7 

8 9 10 

9 10 11 



9/ 10 11 12 



9 10>aa 12. 1 

10 U IT 1 2 

11 12 1 2 

12 1 (5- 3 
1 2 - >e 4 



• (d) /? 



0 

i 

.3 



0. 1 



K 

2 3 



7- 8 9 10 U 12 ' 1 

8 ' 9 iO 11. 12 1.2 

9 10 11 12' 1 2 3 
10 11 12 ' 1 . 2 3 4 
U ■ 12 1 2 .3 4. 5 
12 1 2 3 4 5 6 

1/2 3"4 5, 6 7 

2 . - 3 ■' 4 5 6 7 8 

3 4 5' .6 7 8 9 

4 5 6 7 *8 9 10 
,5-6 7 . . 8 9^'. 10 11 

6 7 B 9 10 11 12 



(e) 8 



2 3 

1--3 ;4 5 

2 • 5^ 6 - 7 

3 7 8 9 



. 1 
2 
3 



2 
1. 
2 



1 

2 
3 



J 

2 

3 

1:. 



■J 



•erIc 



Uft fl«a that these t«hles show us a way tb put' two things together 
to get qne and onl^ on© thing. For axaapla, 

2 + 2 * 4 iB both t^hXea (a) and (c) 
"(^2£7l = 5*nd2£72 = 6ixi table (d) 

• ^2 * ^3 = ^5 ■ 1 « 1 - 3 

When we have a way of putting two thinga of a giveis set together 
to get a third, we say wr have a binary operatieap . For instazice, 
8 tod 2 when added gives us 10. 
. S and 2 when, multiplied gives ua 16. . 

8 and 2 when 'sumptifled* gives us 13. Vhes 6 asd 4 are 
«umptif-ied we get 16. 5 and 1 when Ktaptified give us 
11. Were any of the tables a "Kuaptification" table? 
This doesn't mean that we can alii^ays put things together in any 
order. For example, 

2 £7l = 5, but 1 Z7 2 = 4 
- For this rea^m^ we must first remember that when«Ve expJLained how 
to read a table we^ decided to write the element in the left hand column 
fir^jst and tbJs^elemeat in. the top^-row second with the operatioti's symbol 
betweep them. Vfe must then remember to a Amine each' new operation to 

see if i^ is. commutative and associative. 

*■'."'■ • f > 

Eiercise'b - 2 

1. Use the tables of operation on page i to answer these questions.. 

■ f ■ » ■ * 

^ . • ■ • , 
(a) .3 + 3 = 7 if we use table, (a) ^a) 12 + 12 = ^ 

^ '3- ♦ 3 =,t 'if we use-table (b) (b) 10 + 6 = 



• ■ ■ ■ \ - ■ 

xiy-5 ■ 

id) 2 9 2= (d) 1 £7 3= ' • 

(f ) 11 "I- 12 = (f > 2 9 3 3 - 

VfMcA of the binary operaticma de»crlb«i in the tables on page 3 
are coBBBitatiTe? associative? Is there in easy way to tell if an 
operation is coaaiutative when you exuiiae a table of operations? 
What is it? ' 

Are the following binary operations ccsaBUtative? ass.ocimtiTe? 

(a) Set: ill natural mopbers l^ss than 50. 
Operations Twice the first added to th;e second. 
Example: 3 cdabi^ned with 5 prodttces H (2 3c-3 5 -11) 

(b) S^t1 ill natviral mmbers between 25 and 75. 
Operation: The first or liaaoi^ nml»r. . 
Eausple/ If the two manbers ;are -28 and 36,' the third number 
asppciJted' with them by this operation is 28. 

(c) ' Sets ill naturajL nambers bettojen 500 and, 536. ^ 
^Operations The second or greate*- numlber., ' 

r ■ Eaaple: If the two numbers -are 520 knd '*509, the third number 

^ is 526. / , 

. ' . ■ • ■■ . ■ 

/ (d) 3ets Tlbe priae nmbers " - ; 

Operati<ms The larger number,. • * ' , 
(e) 'Sets All natural numbers. 

^ Operation:' l^st Cobfton M^ltlpi^V ^ 

, ' Examples If the numbers a^rer 4;,and 6, the third niomber determined 

. • . •• .". ■■ . ■ 

by this binary operation i« 12.- ' . - 

* ( f ) Set ; , All natujwi^t numbers . ' ' ^ * V 

Operations Gr^atast C^anpn Sactor* 

(g) S«rt: ill natural nv«b«jrs.' ; ' - ' 



OpsratioGS GiT«ii two zuitural nusbers, m azid th« result of 
th» operation is a^. 

* . ■ . . ■ 

(h) Ssii^Thf priiBe^Btaabers, 

Operstion: The lsp|;«r nuabeir, ' 

(i) Set:\ Gslloa cans of p&int in diffsrent colors. 
^Op*ratioB; Mixing paiat, 

4* Mal^e up a ti^e ^of an operation that bas the coanutatiTa property. 
5* Malca up a taKla for^An operation which does not have the coaantatiTa 
property. ' ■'' ■ ^ ; 

>' , ■ . ■ * ♦ 

More about Clo'aure 

Ve alrea^ have an acquaintance- %dth the idea of closure* Vhat do 

you remeaber from that brief introduction? 

Ve recall that a set is closed uodesr an operation if ve can ali«ys 



do 



that^pperation on a^ tvo imibers of tb$ set and get a third iiaber 



which is a meBber of tha sauxe sat. The tvo uranbers ve start with aay 
be the. saaie one, 'For example^ 

> ' "a • 

(X) Ve obsarvsd that tto sat of even ntaabars is dosed 

under addition.' This asans that if ve add any two even 

nuabers-y ve get a third even ifuaber. 

2*2=^ (Ve used the saoe nuaber.) - ' 

■ U 6 = 20 ■ • 

... ' - ■ . ... - ^ 

■ U ♦ 86 = 130 • / ♦ 

(2) Va observed that the set of odd numbers is not closed 
under addition. This aeans that if , ve add two odd nuabers 
ve do not gat a third odd mmber. For exuaple, 3*5 = 8. 
J a this a case where one exaaple is enough te show that 
"closure does not bold? Ve can actually give labre examples. ' 
/ - ThB mm of tvo odd zmmbers is alvaja outride set of odd 
ntanberse- ] ' ■ -f v 



(3) W« obaervad that tj» sat of natujral nuBbers is oot 
clbssd usder subtraetioc, th^t is, take a pclr of auabars, 
6 axKi 9> and subtraci* 6*9-^ but zk> nattzral niuitber has 
the name, "6 - 9«" let, ve can subtract 6 froa 9 to ^ive 
us the number, 9 - 6. The standard sjp&ol for this nunber 

.is •3«. , : 

♦ 

(4) Ve observed that the set of natural numbers is not 
closed ^pder division. It is true |t^at | i^ a natural 
number, but there is no natural maibsr, Vhat-are sons 
other^\^llu8traticms of closure, that is, sets closed 

undei* an operation and se1!S'*Sot dosed under an operation? 

./,,.■ 

Exercises - 3 

Studly again the tables on page 3. Which sets are closed under the ^ 
operation? Vhich sets are not closed under the operation? How do 
70U knov? 

Which of the systems described below are closed? 

(a) . The set of even iiumbers under additico. 

(b) The set of even mnbers .under multiplication. ^ 

(c) The. set of edd numbers under miltiplication. # 

(d) The set of odd numlfers um^er additico, ^ 

(e) The s^t of multiples of 5 under addition. 

(f ) The set of multiples of 5 under subtraction. 

fg) The set of even numbers u^d^in telling time under clock addition. 

(h) The set bf odd numbers used in telling time under clock addition 

(i) The set of numbers mod 7 under subtraction, 
(j) The set of natt^l numbers less then Sounder Jhe operation 

%^ere the third number is the aitaller of the two nmbe'rs. 

28./ ( ■ 
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(k) The set of priae numbers tander addition. , 
(i) The set of nijabere whoe* munermls io base 4 ead in «Q« or '2^ 
uoder m4ditioQ. 

^a) The let of numbers vhose nuaerals in bese 5 ezid in '3' under 
-addition. ^ r ■ 

Identities . ^ 

In our study of the number one in ordinary arithmetic, we obsenred 
that any nuaber usiltiplied l .gave that same nuaber, that is, the 
product of any number and 1 is the number, like, 

2 x 1 = 2 3 x 1 = 3 156 x 1 = 156 | ^ " | or, for 
any number in ordinary arithaietl&,--B~^ 1 = n. * 

In our study of the number sero, we*^bseiTed tjiat the sum of 0 
and any number in ordinary arithmetic gare thB number, that is, 
2fO=i2 3*0 = 3 468 * 0 = 468 | + 0= |or for any number in 
ordinary arithmetic, n + 0 = n. 

One is the identity for multiplicatloo in ordinary aritlBBetic# 
, Zero is the identity for addition in ordixiary arithmetic. 

What it the identity for the arithmetic of the 4-miDute cloclc? 
for our ordinary clock? C ' ^ ^ 

What tables of operation in Exercises 1 have identities? What is 

' C ' • 

the identity for each? 



Imrerses 

If we add two things, and get the- identity for a^di^tfion, then we 
call them additive inverses of each^c^ther. For esq&mple, in the table 
01 2 3 0 is the identity. 



2 

.3 



0 12 3 
lV^2^ 3. 0 2+2=0 
2 \3 0 1 3 +,1 = 0 

1 



3 0 1 2 C 1 ■»^^3 =i 0 
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These pairs of niiiabera/2 and 2, 3 atid 1, 1 and 3, are said to b« 
inverse* of each other. Each element of the set has an inverse. The 
inveFse of 0 is 0, the inverse of 1 is 3, the inverse of 2 is 2, and 
the inverse of 3 is 1. ^ , "'"^"^^ ^ ^ 

^ \ 
i;3rarcifles - 4 ^ 

1. Stuiij tables on page J^"*^ ' 

(a) Which tables have an identity and what is the identity? 

(b) Pick out inverses in these tafeles. Does i^ach oember of 
• the set have an inverse? 

Some Algebraic Systems ' . • 

•) ■ ' 

We have an algebraic system vrtien the following statements are true: 

1. There is a set of things ^ these things need not be nurabers. 

2. There are one or more operations. 

3. There are some properties concerning the operations and the ^ets 
of things — such as the commutative .property, the a'ssociativo 
property, closure^ identities, inverses. 

Let^s look at egg-timer arithmetic — arithmetic mod 3. 
12 0 



V 



1 
2 
0 



2 0 ,1 

0 12 

1 ? 0 



ERIC . 



(a; It .has a set of things. These are numbers — 0. 1. 2. 

L - ^ 

(b) It has Xlx9 operation, +. ' \ 

^ , * *■ " 

(c) The operation of + has the coanssutative property. Can 

you ^ell by the table? ff so, how? Ve cam make some. 
1 checks too, 1 + 2 = 0 and 2 + 1 = 0, so 1 + 2 = 2 + 1. 
Cd)/ There ia an identity for the opej^tion, + (the number O). 
e) Ev^fry i^ber of thfe set has an inverse for the ope^tion + 

* 
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Algebraic Systems without . Nuab«j;s ' ' ^ 



aura 

F 

■i ij 



-^^V• ia»y -bare aOgebar&ic systeaia without auabari io them. Suppose 
w isYfmt Q2ie« What do need? , 

He must have a set of things. Thi&, we need siscos kind of operation 
something we can do wit^ two of the things to get a third. And there 
■QSt be properties concerning the operation and the things in the Set. 

Let ' s start with a post card — re&liy any rectangular shaped cart/ 
will do. Instead of a set Of numbers we have a set of changes of 
position. Ve will ta^ onl^ those changes which make the card look 
like it did in 'the beginning ^ except that the B^ks on the vomers may 
be a4ved' around). How many of these. change* are timers?. 

We may start -with it in soae . posit 5^on whi^wo will call the ^ 
original |>osition. Ve win say it looks liie this: p 



A 


B 

7 , 







Lettflirs in the comers of the card will help us sea the different , 
changes. &i^h^w position aa^ be like this. The change of position • 
Ajras turning the card from its original position on its horisontal axis, 





D 






A 





A. second change of position this: 
{Tvccn the card from its original 
' position on its vertical axis.) 



Horixontal'^tls 



( 


B . 


A 


c ^ 


, P 



Vertical axis 



There* is a third change — we^iaay turn the card ftom its \original 
position halfWay a^tmd its center. It looks like this: 
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inother changa^is to leave 
Hare are tbjj^^ur changas of 





1 




We c*n BOW aaks up our oathaaatical agsteaa.^ Th« set of things in 
our aystem ia the set of chan^ I, H, V, and R. We vdll need an opera- 
tion. Let'e so&kt up one ~ it is - , • 



H * V ae&na to first do change H 


D 


C 




A 


. B 


1 


Then, do change V 


C 


D 


This fina^poaition is the 


B * 


h 


aaae change as change R. So, ' 


• H ♦ V 


= R 




V 



What »h%ll we ^ail this operation? 
mplete this tablet 






I I 




V 


R 


J 


I ■ 


H ' 


V 




n 


H 




R 




V 


» • 




1 


"h 


R 






H 


I 



Is, this/ really an operation? What properties exist between the* 9|)eration' 
and set of things? ; • > ' 



♦ - Exercises - 5 ^ 

1. Examine the table of operations for the changes- of the 'rectangle. 

(a) Is the set^ closed to this operation? 

(b) Is tha opa^tiok c<xaautativa,f ^ ^ ^ 

(c) Is the operation .assoclatlTa? 
'(d)^Is there an identity for^the operation? 

: ' ■ . . ' . . .■ - 



ERIC 
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2* Here is anoth'er system of changes. Take a triangle 
with two equal sides. Label the corners" A", '"B", • 
"C"^, so it will look like this: 

The eet for the system viil consist of t^o chaagesY 
The first change, called I, will ibe "leave alone". 
The second ch«ngQ||^called M, will be "flip the 
triangle around its verticar"ajd.s." 
M**! will mean flip the triangle about the vertical axis and then 
leave the triangle alone. How will the triangle look. — ' like it 
left alone, I, or like the change M was done^ 
The operation, called -I^M is: First do , and then do 




was 



Alyajs start the operation with the triangle in this position. 




Does M**l M or does M°I I? 



(a) Cffloplete the table below: 

J 

M 



I 
M 

(b) Is the set closed for this operation? ' 4 

(c) Is the operar^on cooaiutative? associative? ' ' 

(d) . Is there" an identity for the operation? 

(e) Does each aiember of the set have an inverse for'the operation? 

' ■ : , • 

3. Make a triangle with three equal sides, Ubel its comers "A""l "B". 



■C», UW this: 




The set for this system will 



be made of six ci^gos. Three^^of these will be flips about the ^ 
aaCes, and three will be^ turning'the trian'gle around its center. - 



4 



V 



V 
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}iake a tfthle for these changes.' F.yaalne the table. - Is, this 
Operation cocaflmtative? Is there an identiiy change? \ Does each 
change have an inverse? . ^ 

Try laaking a table of chaii^s for ,a square. ^ . 
There are eight changes .r What are they? Is there an identity 
|hange? Is the operation c<^amutatiVe? ' 
This is the^ table of changes of a 'triangle j^ith two equal sides. 

Pill in this table of operation for addition 





-I 


M 


I 


I 


M 


M 







Bodulus two. 



0 
1 



Suppose a "C'ls-put in place of every "O:" in the table of symmetry, 
and a."!" is put in place of every •m" and a * * i» put in place 
of the "O", What would the resulting t^ble be? 
The two tables use different aymbols^but have the saise pattet^^ 
We may then eJcpect them both to have the s^e properties. 
Another math«satical system which does not use numbers is th«' 
syatea of changing tires on a tricycle. Suppose tires on a 
tricycle are labeled lil» this: AO 

By switching two tires we could got ' ' 

or ^ or \ 

. ^iB . ec • bo " ^Oa 

3y switching all three tires we could get 

Ct-., AO-fr-\ ^Cb 

TlM set is jsado of tire switches, not tires. 

Cm") What vill the oppratiojo be? ' ^ 

V ■ , . ■. ■ ' _ 
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Cb) Give & naaft .to each of |he five switches above. Let "I** be 
ti^ "identity svitch*^! phat is the dvitch which makes no 
chuige at aXI« Make a/table for the sydtem of switching 

tires on a tricyclp. . 

■ . > 

(c) J}oe« this table have the ^aae ^ttem as the tablfe of changes 
^ for a triangle with three eq\2al si^as? ^ 
(^) Was" the operation for changes of the triangle ccinamtrntive? 
(e) Is the oj^ration tire switching ccsmutative? Qheck and 
see. 

7/ There ai^' three pictures on the mwXLh Ve pan leave them idcme^ 

switch two^ or switch an three in various ways. ^ See i^* you qui 

make a system and a table for switching picturea* Remember to 

have a systra you^ need a set of things , ahd an operation* 

y , — 

properties do you. find in this systes? * 
Algebraic systeos may be defined without even having a ^(»&etric ^ 
jxxxiel. This can be/ done h(y merely giving the set of eleiiienta , and the 
resiilt of combining any two of them* Each of the following three tables ^ 
defines an algelSraic^stem* ' ^ ,^ ^ 




M ttI 


R 


¥ 




* a 




w 


'r 


V 









.^2 














Pi 


^3 






Po 






h 


^2 




f3 


h 


'^0 


P3 


P2 



ERIC 



I 





A CZ] X V 


■A 
CD 


A n X V 
n, X V A 


X 


x:-*v AD 


i V 

■ 


V A LJa 



^ Exerciises 6' ' . 

• ■ ■ / ■ ■ . ^ ^ . 

1 . Us© ihese tabids to complete ^he folipvrLng staiementjB correctly. 

(a) '\ ir ■ ' (e)/ * = ' (i) V a;0 = 

(b) ^/^X= P2 * P, = (j) 'l^TrV = 

. ^d) R IT W =■ • /(h) ,U3 rK>^l = (1) 'p^ ♦ = 

"2. Whlcii one, , or ones, of the binary operations ir, *,aj has an identity 
^ •lemtfJat? . What is it in' each ca^e? , , 



' . wnar is it in' 

J. 



3. Which one, or onaa, of / the operations tt, ro ±s comnnitative? 
Prove your strntement,*' 

Use the tables to "cc^pute** the follovdng [Assiuno that parentheses,- 
(), mean that the qxi^ntity en<Slosed by them is to be computed first 
aim then treated as. pi single, element]: 

(a) Pq * (^1 * P2r|= ' (f) \^0 * ^1 = 

(b) (Pq ♦^Pl) * P2|= (g) A^ /A^I) J . 

(c) Pq ♦ (Pi ♦ P3)|= ^ (h) (A^ A ) 3t = > 

(d) (Pn * * P3! = (i) (V ^'C2)^A= ' ■ 

(e) (P2 * Pq) * ■P3j= (j) V'^^.^O^^A) = 

Does eitiar\t«~ble (b) op table (c) seea to represent an -associatiTe, 

" V ' ! ' ■ , ' 

operation? Why? How cyuld you prove your stateSaent? What would another 

■ ! . ■' ' , ' 

person have to do to pr<^ve you wrong? 

■ t ' - ' 

Sygteas of. Natural jfumbera and Whole SxMbera 
The natural numbers', form an algebraic system under both the op^ra- 
tions of additions and m^ltipliesation. What are some of their properties? 
The natural numbers have >n identity'element wi^respect to multiplica- 
tion. What is it? Do th^y have an identity element with' r^^pect .to 
addition? 



. ■ 3 ' 

■ IIV-15 • J 

If we take the^aystea of natural numbers and on^^ore element, 
the number lero, we get a new aiKi differ^pt Mtthematickl ajratem called' 
the syetem gX whole nxrobere ^ Which of the properties' listed for the ' 
natural numbers are also possessed ly the Trfhole numbers^ po the wiu^le 
number a have"^ any additional propferties? 

\ ExerSiaea - 7 

1, tiat th« properties of these mthekatic&l systems. How are they 
the same? In what" ways are they different? 

(a) The systaa of natural- cumbers aii addition and* multiplication. 

(b) The system of whole numbers under addition and multiplication, 
(c; The system whose set is 'the set of odd numbers and whoSe 
. ^ operation is multiplication. 



^ (d)' The system whose ^et is the set made up of xero and the / 

. ■ /' ■ / 

multiples of 3, «^d whose operation is multiplicatioiS. ■ 

\B) The system vwhose set is the set made up of zero and ^he 

y mailtiples of 3, and whose operation is addition. 

(f) The system wbpse set is the even numbers* and whose operation 
is addition. 

(g) The system whose set is the fractiona between 0 and 1 and 
whose operation is; aailti plication. ' ' 

(h) Tlie,saae set as in (g) ujgler the operation of addition. 

2. Maice up an algebraic systeia (a combination of a set -and an operation) 
• of your 'own. Make at least a partial table for your .system. (Could 



you make complete tables foj? the operations in Exercise 7 as we 

^' /f 

couldr/for those in Exercise 6? Why?)' List the properties of your 
system. ' , s 



2 r) 
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More about Modular Arlttmetic 
- Ve have seen, modular arithmetSq for addition. If we put in multi 
plication we will get a different laathematical system. "Wit"h both 
operations, modular arithmetic will be more like ordinary arithmetic. 
Complete the mult i^icat ion tables for 



0 
1 
2 
3 
4 



0 



mod 5 

1 2.3 



and 



mod 8 



0 
0 
0 
0 
0 



0 
1 
2 
3 



0 
2 

1 



0 0 
3 4 



X 


0 


1 


2 




4 




•6 • 


7 


0 


0 


Q 


0 


0 


0 


0 


0 


0 


1 


' 0 


1 


2 




4 


5 


6 


7 


2 


> 0 


2 


4 




0 


2 


4 


6 


3 


0 


3 


6 


,1 










4 


0 


4 








1 






5 




5 














6 


0 ■ 


6 














7 


0 

















/ 



List the properties, (conmutativ^, associative, closure, identity, 
inverse). Does the distributive prbpert:)^ for multiplication over 
addition hold? Is it true that if a prodilct is zero a,t least one' 
of the fa-ctors ia' airo. in mod '5? in mod 8? 

Modular arithmetics jay be thought of as mathematical systems 
r'with two . operations. Just j^f-s^" can solve problems using ordinary 
arithmetic, we can solve problems using mpdular arithmetic. 



Exercises - 8 



1. , Find the sum of: 



(a) 1 and 5 mod 8 

(b) 4 and 3 mod 8 
* (c) 4 and 4 ^utsd 8 

(d) 4 and 5 mod 8 

(e) 0 and 6>inod 8 
.(f) 6 and 7'ifbd 8 



B 



(a ) 3 and 2. mod 8 

(b) 6 and 5 mod ^ 

(c) 7 and 7 mod a 

(d) 0 and 2 mod 8 

(e) 7, 3, 5 arfi 1 moij' 8 
Cf ) 6, 7, 7 and 5 mod 8 



(g) ;|, 5 and '2 mod 8 

(h) 7, 6 afid 4. u^d 8-^ 

(i) 3, 7. and 6 aod 8 
( j ) 4 and 2 mod 5 

. (k) 1 and 2 nod 8 
(I) 7 and 2 mod 9 ' 
(m) 7 and 2 jaod 10 

the firat three aven 
/numbers, mod 9 *(0, 2 and 

(0) the multiples of three 
that are bet>#een 5 .and 
10 in wslhaaetic aod 12 



'Find the prodxicts: 

(a) 3 X 5 mod 8 

(b) 2 X 3 mod 

(c) .2 X 3 mod 4 

(d) 2 ^ 3 mod 5 

(e) 2*3 mod 6 

(f) 5 X 8 mod 7 

(g) 3^ mckJ 5^ 

(h) 72 mod 8 
-(i) 6 X 4 mod%5 

U) 3x4^6^^' 

\ 

(k) 4^ aod 



(g) .5 -and 4 mod 7 . ' ' 

(h) 6, 3, 5 and '5 mod 7 ' ' 

(i) 10, " 3, 6 mod 12 
(j) 12, 3, 9, 2 mod 15 
(k) the first four even numbers ' 

t 

mod 12 (0, 2> 4 and ''6) 
(!) the first three prime numbers 
mod 9 

(in) the multiples of three that are 
between 0 and l4 in arithmetic 
mod 15 

(n) the greatest comiBon* factor of 
4, 6 and 8, and the greatest 
coamuin factor of 6 and 9 in • 
az\phinetic mod 12 

(o) the nmbers less than 10 in 
aritlme-^ic mod 13. 

(a) 2 x 7 mod 8 

(b) 5 X 3 mod 8 

(c) 5 X 3 mod 9 

(d) 5x3 mod 10 

(e) 12, X 14 mod 18 



(f ) 6^ mod" 8 

(g) 10^ mod 12 

(h) 7 xH X 



7 mod 9 



(i) 8 X 2 X (5 ♦ 4) ajbd 11 

Li) '(3 * 4) X (9 - 5) X (5 - 2)^mod 12 

(k) $^^aod 9 . 
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3.' Find the ' quotients : - * . 
.» *' ' ■ •' M ■ • , 

> ' Reaeiaber that division is always defined after we kiio\^ab6ut multi- 
^ -plication* Thus/ in ordinal^ arithmetic the ^tiesticn ^six divided 
by 2 is what?^ means, really, ^six 4|t-i^i!rt»i«^gd by Biult iplying 2 by 
'Vhflit?^* An operation which begins with one of the numbei^s and the 
"answer" to another binary og.eration and asks for the other number 
is called, an inverse' oj^erat ion'.- pivision isr the inverse operation 
of .fflultiplicatiorr;, . ^ *• , 

. . (a)^f ^bd S / N 
" * (b), t mod "fe ' • , : 



'I 



(c) ^ mod 8, 

(d) |mod5K 

(e) ^ I mod 5^^^ ^ 



(r)§ 



mod B 

^. Compute: Remember, subtraction is 



(a) 




'5 mod 8 


(b) 


1 iBod 8 


■■(c) 


2' mod 8\ 


(d) 


mod 5 

**• 


(e)' 


1 mod 5 


' (f) 


2 mod 10 
J « 



(a) 


7 




3 mod 8 




(a) 


7 - 


5 mcaid 8 


(b) 


3 




7 mod 8 




(b) 


5 - 


7 mod 8 


(c) 


9 




2 mod 10 




(c) 


10 . 

0 


- 3 mod l!S^ 


; (d) 


2 




9 mod 10 




<d) 


3 - 


10 mod 11 


: 


3 




4 mod 5 




(e) 


2 - 


5 mod 6 




3 




4 mod 5 ' 




(f) 


2 - 


5 'mod 10 


(g) 


2 




5 mod 9 




(g) 


■ 2 - 


6 mod 12 




3 




6 mod 9 




(h) 


3 - 


7 mod 12 








7 mod 9 




(i) 


4 - 


< 

8 mod 12 


ii) 






8 mod 9 




(J) 


4 - 


9 mod 12 



(k) , Does U-7)=(l-4} in 



arithmetic^ DKxJ 8? 



(1 



the inverse operation to addition. 



(1) Does (6-2)=^(>9) in 
arithmetic mod 10? 



?or what modulus does 1 - 3 = $? 
For what modulus does 5 - 9 = 10? 



Stud^- this modular .^ithmetic table: 





» 0 


1 


2 


3 


A 




0 




0 


0 


0 


0 


0 


1 






2 


3 


4 




2 








0 


2 


4 






3 


0 


3 


P 


3 








2 


0 




2 


5 


0 


5 


,4 


3'^ 


2 


/ 1 



(a) What is 5 x 5 mod 6?. In this product the factors were the. ^e. 
Wherx a product , has two identical factors we call one 'of them 

- the square root of the product . 5 is the square root of 1 in 
arithmetic mod 6. Are any other examples like this listed in, 
th6 tabled , , 

(b) Does 1 have >any square roots other than S?-' ' ' ' . 

(c) Does every number have two different square roots? 
.(d)^ Does any nuBbel* have just cme square root? 

(e) Does any nuaiber have .no square roots \at all? ^--s. 

i 

(f) Fill in this chart: ' y ' ^ 



Number Sauare Roots of the Number 


0 




1 


t . ■ ^ 


2 


*. 


—} . , 


^_ - 











Consider the system of natiural numbers. - 

> ' • * \ • 

(a) Can^ou find a nujabter that ha^ a square root? What is it? ^ 

(b) Does more than one number have a square root? 

(c) ^ Does everj^ number have a squarf root? Prove -it. 

id) Does any natural number h^ve more than one sqiiare root? s 

Fill in the chart with names of natural nuabers y^ss than 110. 



Nwaber - 




9 " 


Square Roots 






of the 


1^2 


3 


-Nuaber - 







